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Abstract We examine Galilei-invariant linear wave equations in a non-commutative phase
space. Specifically, we establish and solve the Galilean covariant Duffin-Kemmer-Petiau
equation for spin-0 fields in a harmonic oscillator potential. We obtain these wave equations
with a Galilean covariant approach, based on a (4 4 1)-dimensional manifold with light-cone
coordinates followed by a reduction to a (3 4+ 1)-dimensional spacetime. We find the exact
wave functions and their energy levels, and we examine the effects of non-commutativity.

Keywords Galilean covariance - Non-commutative phase space - Duffin-Kemmer-Petiau
equations

1 Introduction

In this paper, we exploit a higher-dimensional formulation of Galilean covariance to study
the non-relativistic Duffin-Kemmer-Petiau (DKP) oscillator for a spin-zero field in a non-
commutative phase space; that is, where both coordinates and momenta are non commuting.
The DKP wave equation, which is of first order, can be seen as a counterpart of the Dirac

G.R. de Melo

Nicleo Interdisciplinar em Ciéncia, Engenharia e Tecnologia Centro de Ciéncias Exatas e Tecnoldgicas,
Universidade Federal do Reconcavo da Bahia, 44380-000 Campus Universitdrio de Cruz das Almas,
Cruz das Almas, Bahia, Brazil

e-mail: gmelo@ufrb.edu.br

M. de Montigny ()
Theoretical Physics Institute, University of Alberta, T6G 2E1 Edmonton, Alberta, Canada
e-mail: mdemonti @ualberta.ca

M. de Montigny
Faculté Saint-Jean, University of Alberta, T6C 4G9 Edmonton, Alberta, Canada

E.S. Santos

Instituto de Fisica, Universidade Federal da Bahia, 40210-340 Salvador, Bahia, Brazil
e-mail: esdras.santos @ufba.br

@ Springer


mailto:gmelo@ufrb.edu.br
mailto:mdemonti@ualberta.ca
mailto:esdras.santos@ufba.br

Int J Theor Phys (2012) 51:2524-2539 2525

equation for spin-zero and spin-one fields. Its form is similar to the Dirac equation with
the gamma matrices replaced by matrices which satisfy the so-called DKP algebra [1-5].
The fact that the DKP equation has not received much attention in the literature might be
explained by the equivalence between the Klein-Gordon equation and the DKP equation,
and the more complex algebraic structure of the latter [6, 7]. Over the years, that equivalence
has been challenged; some of these claims have allegedly been put to rest in Ref. [8]. The
relativistic DKP oscillator is discussed, for instance, in Ref. [9, 10].

As far as we know, the first paper on the idea that configuration-space coordinates do not
commute was published by Snyder in 1947 [11, 12]. According to Ref. [13-16], the idea
first came to Heisenberg in the late 1930s as a possible cure for short-distance singularities.
Heisenberg mentioned his idea to Peierls, who relayed it to Pauli, who in turn mentioned it
to Oppenheimer, who asked his student H Snyder to develop this idea. The recent interest in
non-commutative quantum mechanics was motivated by studies of the low-energy effective
theory of D-branes in the background of a Neveu-Schwarz B-field in a non-commutative
space [17-20]. Among recent applications, let us mention the quantum Hall effect on non-
commutative spaces [21-24], the Landau problem on the non-commutative plane [25-28],
planar quantum systems with central potentials [29, 30], and studies of the relativistic DKP
oscillator in a non-commutative space [31-35]. Papers investigating Galilei-invariant sys-
tems with non-commutative geometry are in Refs. [36—41].

Our main interest in the present problem stems from the connection between non-
commutative coordinates and discrete space-time, following the original paper by Sny-
der [11, 12]. We expect that a Galilean version should be of interest in condensed matter
physics for the study of non-relativistic lattice models. Particle physics and condensed mat-
ter physics share many tools of quantum field theory, for instance: gauge invariance, spon-
taneous symmetry breaking, Goldstone bosons, and so on. The Galilean covariance with a
metric in an extended manifold is but one further unifying feature. It consists in enforcing
Lorentz-like covariance (ubiquitous in high-energy physics) in a (4 4 1)-dimensional man-
ifold in such a way that the resulting theory is Galilean invariant (encountered in condensed
matter physics and low-energy physics). Note that in this paper, a (4 4+ 1) manifold refers to
a (3, 1) space-time augmented by 1 space-like coordinate.

A Galilean covariant theory is obtained by the addition of an extra coordinate, s or x7,
embedded in a (4 + 1) Minkowski manifold [42-44]. This extended manifold consists of
five-vectors with coordinates

1 .2 .3 4 5
x":(x ,x7,x7,x", x ):(r,t,s),
which transform under Galilean boosts as

r =r— vt,

1
s'=s5s—r-v4+ =Vv1.
2
This transformation leaves invariant the scalar product
r,t,s)-(r,t,s)=r-r' —ts' —1's,

defined by the following metric,

100 0 O
010 0 0

¢'=l0 01 0 0 (1)
000 0 -1
000 —1 0
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Hereafter we shall refer to this as the Galilean metric, even though this is equivalent to the
Lorentz metric in (4 4 1) space-time. The term “Galilean” describes the procedure which
consists in projecting down to four space-time dimensions, thereby obtaining a Galilean
theory. We note that the extra coordinate, s, appears to be related to the quasi-invariance
of the free particle Lagrangian under Galilean transformations, since it transforms like the
phase of the quantum wavefunction that ensures the invariance of the Schrodinger equation
under Galilean transformations [42—44]. If we consider “energy-mass eigenstates” W that
satisfy ihd, W = E'WV and, in an analogous manner, i2ds W = m W, then we obtain

Pu= _iha/l. - (p5 _E7 _m)v (2)

so that p* = — ps = m is the mass, and p> = — p, = E is the energy. Thus, it suggests that x°
could be seen as being conjugate to m, similarly to time-energy conjugation relation. (The
consequences of this interpretation—including a “mass-x> uncertainty principle”—remain
to be explored.)

The relativistic analogue of the present work is described in Ref. [31], and we shall
compare our results with it. Let us consider the usual position and momentum operators, r;

and p;, which satisfy the canonical commutations relations:

[ri,rj]1=0, [pi, pj1=0, [ri, pj1=1h4;;.

Following Ref. [31], we consider a non-commutative space described by the operators 7;
and p;:

~ O;; (© x p);
i=r— S pji=r+—/F, 3
NN TR Pt Ty ©)
b — i & Qi (8 xr); )
Pi = Di 2hrj—pl 2% .
They satisty the following commutation relations:
[7;,7;1=10;;, [pi, pj1=1%;;, [7;, pjl1=1hA;, %)

with ©;; = €;jx Oy, Q;; = €;jx 2, where ©; and Q; (i =1, 2, 3) are real parameters. As men-
tioned in Ref. [32] (see also Ref. [20, 45]), the bounds on the non-commutativity parameters
are currently given by

0 <4x 1074 m?, Q < 1.76 x 107" kg? m?/s>.

The matrix A;; is given by

0 - Q,0;
Aij = 1+ 4h2 (Sij — 4h2 .

From the experimental bounds on ® and €2, we see that the second term in the parenthesis
is less than 10733,

Our purpose is to apply the (4 + 1)-dimensional Galilean covariant formalism to define
the non-relativistic non-commutative DKP oscillator for spinless fields. In Sect. 2, we begin
by outlining the commutative version of the Galilean covariant DKP equation. Then we
write its non-commutative version and solve it. In both commutative and non-commutative
cases, we can use projection operators, developed for the Galilean covariant DKP equation
in Ref. [46].
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2 Galilean DKP Oscillator in a Commutative Space

We begin this section by reviewing the Galilean DKP formulation in the commutative
phase space. In Sect. 2.1, we recall from Refs. [47—49] the spinless field representation.
In Sect. 2.2, we apply the projection operators of the Galilean DKP fields and focus on the
spin-zero field [46]. We shall establish and discuss solutions of the DKP equations for the
non-commutative Galilean covariant oscillator in Sect. 3.

The Lagrangian density for the Galilean covariant free DKP field ¥ in (4 + 1) dimen-
sions is given by

1— 1. — —
[Z:E\Dﬂ“aﬂ\b—iau\yﬂ“\y—k\y\y, nw=1...,5. (6)
The adjoint of the spinor field W is denoted W. It is defined by W = W'y where

2
n=(B"+5) +1 @)
In Eq. (6), k is a constant, and 8 are matrices that satisfy the DKP algebra [1-5, 50]
BUBB" + BB =" B + 8" ",

with the metric g,, given by Eq. (1). The Lagrangian in Eq. (6) leads to the Galilean DKP
wave equation and its adjoint:

(B 0, +k)¥ =0,
— - ®)
W(B" 9, —k)=0.

With appropriate representations of the S-matrices, these equations describe spinless and
spin-one fields (see detail in Refs. [47—49]). The B-matrices are given by representations of
the Lie algebra so(5,1); this is analogous to the representations of so(4,1) in a 4-dimensional
space-time. For the Galilean DKP wave equations, the relevant representations are six-
dimensional for spinless fields (in Sect. 2.1), and 15-dimensional for spin-one fields. We
will examine the spin-one field with an oscillator in a separate paper.

2.1 DKP-Oscillator Wave Equation

In Ref. [49], we utilized the following 6-by-6 representation for the spin-zero DKP field:

B' =ei6+ee,
B> =er6+ e6.2,
B’ =e36+ €63,
B* = es6 — es.s,
ﬂs =€56 — €6,4-

The notation e j; is a shorthand for square matrices whose only non-zero entry is jk; that is,
(ejk)mn = Sjmgkn-

The spin-zero oscillator in described by substituting these matrices into Eq. (8), acting of
the 6-vector W = (Y, ..., ¥g)', where ¢ denotes transpose. The momentum representation
of Eq. (8) is

(B" p. —ik)¥ =0,
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into which we insert the non-minimal coupling,
p — p+imonr. )
The explicit form becomes
(8- (p +imonr) + B*ps + 7 ps — ik]¥ =0,
which leads to the equations
—ikyj + (p; —imor))ye =0, j=1,2,3,
—ikys + pars =0, (10)
—ikys + psye = 0.
If we proceed as in Refs. [47-49]), we obtain

P> 1,5, 3
El//(,: %—f—zmwr +§ﬁw Iﬂ(,. (11)

This result was obtained in Ref. [49] with the 5-dimensional Galilean covariant formalism,
and through a low-velocity limit process from the relativistic DKP equation, in Ref. [51].

2.2 DKP Projectors
Given a general representation of the DKP matrices §#, the selection of the scalar or vector

sector can be done through projection operators [46]. The spinless sector can be selected by
the operator P:

P (B BV () () (B

which satisfies the properties

P’=P,
Pt = PB, (12)
PEBY = Pgh, P'n=P', Pn=—P.

This operator allows us to write Eq. (8) as
(B 8, +k)(PW) =0,

where PW transforms like a scalar under Galilean boosts. Note that P*W transforms like a
pseudo-vector [46].

Instead of Eq. (9), we can consider general non-minimal couplings, that allow us to de-
scribe interactions between scalar bosons and a external vector potential C(r):

p—>p+Cn.

From this coupling, if we consider the action of the operator P on the DKP equation as in
Eq. (8), and p, as in Eq. (2) and Refs. [47-49], we obtain the wave equation

1
EPV =
2

—(p*-C*-iv.C)PV.
m

Clearly, the oscillator described in Sect. 2.1 corresponds to the special case

C=imor. (13)
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This leads to the following equation [46]:
2 1 3
EPY) =2 1 2o + 2ho | (PW),
2m 2 2

in agreement with Eq. (11).
In Sect. 3.3, we shall need the counterpart of Eq. (12),

kp=p"P, (14)
such that the wave equations for W and W lead to
1
P = ——3tPW 15
T (15)
and
— 1 —
PP =_—otPPpP, 16
o (16)
‘We shall use these relations, as well as

Bt ="P + P, (17)

when we normalize the DKP wave functions.

3 DKP Oscillator in a Non-commutative Space

In this section, we turn to the DKP wave equation in a non-commutative phase space. We
formulate these equation by substituting into the DKP equation (8) the non-commutative
coordinates and momenta, 7; and p;, given by Egs. (3) and (4). In Sect. 3.1, we consider
a general DKP wave equation and utilize the projector approach to obtain the spin-zero
equation. We determine the energy spectrum in Sect. 3.2 via the separation of variables, and
describe the normalized wave functions in Sect. 3.3.

3.1 DKP Wave Equation in a Non-commutative Space

The DKP equation with a non-minimal coupling C, in a non-commutative space, is written
as

(B"m, —ihk)W =0, (18)
where 7, = (p + Cn, ps, ps) with C = C(7). If we apply the operators P and P* to each
term in Eq. (18), we obtain

ihkP/W = (p/ — C’) P,

ihkP*W = —m PV,

ihkP°¥ = —EPV,

ihkPW = ((p; + C))P' + EP* + mP°)W,
so that Eq. (18) becomes

_ 1 a2 2 A X
EP\IJ_2 (P° = C*+1[pi, Cil)PV. (19)

m
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This is the wave equation for the scalar field PW in a non-commutative space with a general
non-minimal coupling. In other words, if we have the functional dependence for the vector
potential C(7) in a non-commutative space, then it is possible to write down the complete
wave equation that describes the interaction.

For instance, the free field corresponds to C = 0. Then we can recast Eq. (19) as

1/, 1 1
EPLI/_2m<p hﬂ.L+4h2
This equation can be interpreted as a non-relativistic free particle in a commutative space
with spin-orbit coupling in the presence of a constant magnetic field, given in terms of the
non-commutative parameter vector €2.
Now let us couple the scalar field to the three-dimensional harmonic oscillator in a non-
commutative space. From Eq. (19) with the potential given in Eq. (13), we find that Eq. (19)
reduces to

(rx @)+ h2k2) PW.

1 1
EPV =— |:p2 +mw’r® = 3mho — — (R +m’0’©) - L
2m h
+ L((r x @) +mle?(p x ©)) — @ . @+ KX [PU.  (20)
4h? 2h ’

Let us denote the field simply by ¢ = PW. From now on, we choose the non-commutativity
vectors to point in the z-direction,

0 =(0,0,0), € =(0,0, Q).
3.2 Energy Spectrum

Hereafter, we substitute the previous expressions into the explicit representation utilized to
obtain Eq. (10), and reduce these equations into a single equation for ¥¢. Equivalently, we
can use Eq. (20) and substitute the values of ® and 2. With cylindrical coordinates (p, ¢, z),
we obtain

- LAY LN R A R B W AT oyt
=l-l—+————=—p— —— —mw
2 T8 N\ op\Pop) T 02092 2 gmnz )°
PY 1 ,, 3
e _2h
[ maz 12" T “’}p

1 (Q+ 2 2®)L + w 00 hzkz w
— | =— m-w — - — |
2mh Y 2m

We perform the separation of variables as follows:

V(p,9,2) = x(p)P(P)E(2). 21
The function ®(¢) is given by

D (¢) = exp(ilm|9), (22)

with m; given by
After dividing each term of Eq. (21) by x (p)®(¢) E(z), it becomes
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R 1d d)( P mo’©\m}
E=—r——— + —+ —L
2m p dp dp 2m 8 X

n 1 2 Q? 2 mw*©®? 1 d d)( 1
—mw —
2 gmnz )° 8 p dp dp X

th2"1+1

m(,()

2m d2 & ' 2 3

3 my 2 2 ﬁ2k2

“Zhe- "0 0)- Lo+t 23
2 o (BT M@ 0) = L OQ+ - (23)

Note that the terms of the first two lines on the right-hand side of Eq. (23) depend on p
only; we set their sum equal to the constant E,. The third line depends on z only; we set it
equal to the constant E, . The remaining terms (E from the left-hand side, and the fourth
line of Eq. (23)) are independent of the coordinates. Thus each set of terms is equal to a
constant, and when we separate the variables, the third line of Eq. (23) gives

h* d’E
2m dz?
and the first two lines of Eq. (23) lead to

h2+ma)® 1d d)( +(E h2+mw2®2 m,2
2m 8 pdp dp . 2m 8 02

1 22\
+\Eq, — Emw z7)B(z) =0, 24)

bno? + =2 )2 ) x(0) =0 (25)
— | =mw =0.
2 gmn2 )0 )P
The constants E,,, and E,, are related to the fourth line of Eq. (23) as follows:
5 5 h2k2
E, +E,=E h —(Q ® O — —. 26
.+ + = w+2(+mw )+4h p (26)

Of course, Eq. (24) is the one-dimensional Schrodinger equation for the simple harmonic
oscillator, whose solution is (for instance, see Chap. 5 of Ref. [52])

cony —aenerg (MmN mo mw
B(z)=2 (n.h o exp 2hz H,, - z ], (27)

where H,, denotes the Hermite polynomial of degree n, with the corresponding energy
eigenvalue given by

E,. = (nz + %)hw (28)

Let us return to the radial, or p-dependent, part of Eq. (25) by first rewriting it as
([ d? 1d m} 1
(S 2L ) 4B, — S M@} o0 |1(0) =0, 29
[ZM(dp2+pdp p2>+ P Meel ]X(p) @)
where
Amh?

= ap2 2,202’
4h + m*w’® (30)

Do = ——=+/ (Am22w? + Q2) (412 + m20?©2).

4m h2
We notice that M becomes equal to m as the non-commutativity parameter ® approaches
zero.

@ Springer



2532 Int J Theor Phys (2012) 51:2524-2539

If we change the variable from p to

= oap (1)
then Eq. (29) can be cast into the form
(ngrj—y—;n—;—erﬁ)x(y) (32
where
et
hwe o

This equation is the same as in the relativistic DKP equation (see Eq. (22) in Ref. [31]).
Let us introduce the function ¢(y), given by

x () = ey 2p(y). (33)

If we substitute this into Eq. (32), we obtain the following differential equation for ¢ (y):

d2

[ e + (- 2y)—+ﬁ V]w(y)—

where y = |m;| 4+ 1. By taking w =2y and —2a = 8 — y, we finally obtain

d2<p

W

This is Kummer’s differential equation, whose solution is given by the confluent hyper-
geometric function (see Sect. 13.1.1 in Ref. [53]), so that

@(w) = N[ Fi(a; y;w)], (34

where N is a normalization constant, and

+()/—w)——oz<p 0.

(@)w? (0)nw
F =14 —
Fitesyiw =14 554 T @)an!
with the Pocchammer symbol defined as
(@p,=aa+1@a@a+2)---(a+n—-1), (a)p=1. 35)

From the boundary condition, w — oo (which follows from p — 00), which implies
¢(w) — 0 (so that Y — 0), we obtain

1 E,
lmi|+1—-——|=-n, n,=012,..
hwe o

so that
E,=(2n,+ |m| + Dhwe q. (36)

To summarize, the energy eigenvalue, E, ., of the DKP oscillator is obtained by sub-
stituting Eqs. (28) and (36) into Eq. (26) and solving for E. If we absorb k within the energy,
we find that

Enympn. = (0. — Dho + 2n,, + [my| + Dhive o — 2—(9+m 0) — %@Q, 37)

where we q is given in Eq. (30). The resulting energy spectrum is non-degenerate.
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3.3 Normalized Wave Functions

The total wave function ¥ (p, ¢, z), given by Eq. (21) (with x(p) obtained in Egs. (33),
(31) and (34), ®(¢) given in Eq. (22), and E(z) obtained in Eq. (27)), can be expressed as
follows:

—_ . mw ME', ME_ maw
V(. .2) = N plMilcimio =32~ 25%“”21F1<—”p;|m1|+1; {)'“ﬂ2)Hm(v ?Z)

where N is given by

1/4 — |my|/2
_ B _ Mo o
N =N 27"/2(n_1~1/2 mw ’ .
A 2h

Our normalization follows from the fourth component, j*, of the conserved current j* =
‘2%‘\1!/3“\11, so that we have

ihk [

WA Wpdpdp = 1.
2m 0

If we use 8* =*P + P* from Eq. (17), the previous equation becomes
ik [

L 4 _
o ), V(*P+ P Wpdpdp =1,

so that when we substitute Egs. (15) and (16), as well as Eq. (2), in the previous equation,
we obtain

ihk [ _— <im im

v + —

o0 o0
— PWpdpdp = — / W PWpdpdp = / Vi ypdodd = 1.
hk ' hk o 0

2m J

Note that the Hermite function, which describes the oscillating motion in z, is already
properly normalized. Likewise, the exponential in ¢ is already normalized. After integrating
over ¢ and p, we find

% / M L M 2
(271)2"’”"N2f <ﬂp2> e~ ’?Q"Z<1F1 [a;b; wO’Qp2D pdp =1.
0

h h

(The factor 27 follows from the integration over ¢.)
Mwe.o 2

Let us define x = —>* p*, so that pdp = MEZ)‘Q dx. Then we find

o0
N2h Z (@)i(a); /Oox|ml\+i+jefxdx -1
2T Moo At ()i (b)) Jo ’

where the sums are from the Kummer functions and (a), is given in Eq. (35). Next, we
utilize the integral [, y*~'e™dy =T'(a), we have

2 > (a);

2 Mo g At B): (b);11]!

This result can be written in the form

NI (| + 1) i Ul + Dij@i(@); _ (38)
2 Mg o o’ (b)i(b);i!j!
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as well as

N2hL (|my| + 1)

St o Pollmil+ Lasasb b =1, (39)

where we have used the following expression for the Appell hypergeometric series:

Z (@D msn (B (D) x™ x"

FZ[a7bvb,; C,C,;X,y]: (C)m(C,)n m' n‘

n,m=0

On the other hand, the result in Eq. (38) can be rewritten in another way by redefining
the index as i 4+ j = n; this leads to

(@)i(@)n—i B
2lm"MU)o Q ZZ b)i (b)p—iil(n —1i)! (i +m)t =1,

N S (] + @) @i
2 Moo, §§ Gy ili—iyt

which agrees with the coefficient obtained by Yang et al. [31]. Then, we can express the
constant N in two forms: first, with Eq. (39),

(40)

2 2\m1\M5®’Q
AT (Imy| 4+ V) Fallmy| + 1,a,a; b, b; 1,17

or by using Eq. (40),
_ 2 M@e. 1

Amyl+m)(@)i (@n—i
b RN T B

Then N is given by

1 1 Mwo Q 1 1/2
ﬁ Z"Z/Z'an'( )‘mll+ (mw) /

) (IMIHH)!(a); (@n—i
200 Xm0 "Gy By

N:

Now let us return to the complete spinor W, given by Eq. (18),
_ 1 ﬂ“ 1]
ks
With the expressions (14) and (17), this spinor can be written as

1
U= hk( P+ P*)m, v,

as well as

W= P(p; —Ci)+ P'(pi + C)) + (*P+ P*)ps+ P + P°) ps| P,

i

where the operator p; and C; are written in terms of cylindrical coordinates. This expression
shows us that all we need is to obtain the wave function P W, so that all the other components
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of W are obtained by the derivatives with respect to the coordinates. Also, if we use the 6 x 6
representation presented at the beginning of Sect. 2.1, we can express the spinor as follows,

-C
p2—C
1 —
= |5 pu
ihk D4
Ps
1

Next, if we apply

51— Cy = —ih, + 2 99,
— C; = —iho, —1i
pr—=t o e 2h

. sin ¢ Q
= —ih 9. —— "9 2
i (cos¢ b ) ¢> 2h,osmgb

®
—imw| pcos¢ +ih—| singd, +C0S¢8¢ ,
2h P

to PV =, we find

(pr— COY = —ih(cos¢ + i% sin¢>> 3,0

< hlmy| . ihim|
+| — sing +
p p

Q
cos¢ + E'D sin¢ — imwp cos qb) .

If we perform the same operation for p, — C,, we find

. Qx
—C2:—1h8y—ﬁ—1mw( o )

Q
= —1h(sm¢>8 + COS¢8¢> — Epcosq&

o .
_ ima)(p sing — ih—— (cos 69, — Sl;¢ a¢)>,

which, when applied to PW¥ = i, gives

(p2—Co)Y = —ih(simt) — im;;@ cos¢> ¥

hlmy| ihlmy| . Q .
+ cos¢ + sing + — psin¢ — imwp cos ¢ | .
P 0 2h

Note that

— : Mweg o mo 2_MBe.0 2
hpy=N p‘"’l'_le"’”l“”(Imzl e e

Mwg maw
X 1F1<—’1p§ [my| + 1; %lﬁ)an( 72>

Mw,
2 0.Q 2
mo

" z%pﬁ p|m1\ei|m1|¢e 2R 2h

Mwe mw
><1F1<1—"p§|ml|+2; hO’QPZ>HnZ< ?Z>
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Therefore, we can write

p Mg
(pl—CI)W:G” |F1<_np;|m1|+1’ (),sz)

h
Mg mw
+Gu 1 Fi{ 1 —n,; my| +2; 0'9102 Hy, | .[]—/—z2],
h h
where
_ ® Mwe
G =N|—-ih cosd)—i—imw sin ¢ |ml|—|—ﬂp2 p!
2h h
hlmy| . ih|my]| Q . mw
+|(———sin¢g + cos¢p + —psing —imwpcos¢ | |AH,, —z),
0 P 2h ‘ h
and

= mw® [me
G|2:_21NMC()®‘Q<COS¢+1 oh SIH¢>,0AHHZ< 72)

The symbol A is a short-hand for
A :p\m/\ei\ml\qﬁe*ﬁz Iy

For p, — C,, we obtain

o Mowg.
(P2 = C)Y =Gy 1 Fy (—np; lmy| + 1; hO'Q,O2>

Mg
+Gn 1 Fy (1 =y ] + 25 =25 p2>,
where
— C] Mg
Go = N| —in[ sing — i cosd | [ my] + —22:2 2 ) o
2h h
hlm| ihlm;| . Q. . me
+ | ——cos¢p + sing + —psing —imwpcos¢ | (AH,. —z,
P P 2h ‘ h
and

S . .mw® mw
Gy =—-2iNMwg | sing —i cos¢ |AH,, —z).
’ 2h ‘ h
If we proceed similarly for p; — C3 = p3 — imwz, we find

(p3 — imw) Y = (—ihd. — imwz)y = —ihd, ¥

Mwg
ZGalFl(—np;|m1|+1; hO’Q,O2>,

. /mw— |mw
G3=—21 ?NAI‘I,,Z_1< TZ)

Therefore, we can rewrite the spinor W as

where
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G
Gy
i G Mwoe,
ihkW = ]; lFl(—np;Imll—i-l; 7;)9,02)
m
1
G
G2
0 Mo,
+1 1F1<1—n,,;|m,|+2; ;%2).
0
0

4 Concluding Remarks

We have obtained and solved the Galilean DKP wave equation for spin-zero fields in the
oscillator potential for a non-commutative (both for coordinates and momenta) space. We
obtained the equation by a Lorentz-like approach called ‘Galilean covariance’ where we
begin with manifestly covariant equations in a (4 + 1)-dimensional manifold using light-
cone coordinates, and then reduce to the Newtonian 4-dimensional space-time. We have
determined the exact wave functions and the corresponding energy levels.

In order to discuss the effects of non-commutativity, notice that Eq. (30) leads to

We=0,0=0 = ©,

1
5@=0’Q = —th 4m?h2w? + QZ’
EQ,Q:Q = %\/ 4h2 + m2w2®2.

If we take 2 =0 and ® =0 in Eq. (37), then the energy eigenvalues are given by
E=Qn,+|m|+n)ho, (Q=0060=0).

If we take only ® = 0 in Eq. (37), this renders the momenta commuting among themselves
while keeping the coordinates mutually non-commuting, and the energy eigenvalues become
_ m1§2
E =, - Dho+ 2n,+ |m| + Dhwe—.a — o (©=0).
Instead, if we take only 2 = 0 in Eq. (37), so that we have commuting coordinates and
non-commuting momenta in Eq. (5), then the energy is given by

1
E=(n,— Dho+ 2n,+ |m;| + 1)hwe =0 — zm,ma)z(a, (2=0).

We are currently extending the present work in two directions: to the non-commutative
Galilean covariant Dirac oscillator (or ‘Lévy-Leblond oscillator’) and the non-commutative
spin-one Galilean DKP oscillator. The commutative version of the Galilean Dirac-like equa-
tion was examined by Lévy-Leblond in Ref. [54]; its Galilean covariant version is discussed
in Ref. [55, 56]. The relativistic Dirac oscillator in a non-commutative phase space has been
investigated in Ref. [57]. Finally, it should be interesting to consider the analogy between
the oscillator in a non-commutative space and a constant magnetic field in a commutative
space, especially since there exist two Galilean limits (so-called ‘electric’ and ‘magnetic’)
of electromagnetism (see [58] and Santos et al. [55, 56]).
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