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Resumo

Este trabalho fornece algumas contribuicoes originais para o estudo geométrico de equagoes
evolutivas que descrevem superficies pseudo-esféricas (equagoes PEs). Por defini¢do, uma equagao PE
para fungoes z = z(x,t) é equivalente as equagdes de estrutura dw; = w3 A wa, dws = w1 A ws, dws =
w1 A we de uma variedade Riemanniana 2-dimensional com curvatura Gaussiana K = —1, com 1-formas
wi = fadx+ fiadt, i =1,2,3, satisfazendo a condi¢do de nao-degeneragao wi Aws # 0 e com f;; funcoes
suaves de x, t, z e suas derivadas com respeito a x e t. Usando a nocao de representagao a curvatura nula

(RCN), pode-se dizer que toda equagdo PE admite uma RCN a valores em sl (2, R).

A primeira contribuicao deste trabalho diz respeito a uma classificacdo completa e explicita de
equagoes PEs evolutivas de segunda ordem da forma z; = A(z,t,2)z2 + B(z,t,2,21), com z = z (z,t) e
zi = g;i, sob as hipéteses que f;; = fij (x,t,2,21,22) e far = 1. De acordo com a classificagdo dada,
estas equagOes subdividem-se em trés classes principais (chamadas de Tipos I-III) juntamente com os
correspondentes sistemas de 1-formas {wi,ws, w3} que, em virtude da hipétese fo; = 7, definem para
cada tipo uma familia a 1-parametro de RCNs associadas. Nesta classe de equagoes PEs encontram-se
em particular algumas equagoes ji conhecidas, dentre as quais as equagoes integraveis classificadas por
Svinolupov e Sokolov, a equacao de Boltzmann, e equacoes de reagao e difusao como a equacao de Murray.
Ulteriores novos exemplos explicitos sao também apresentados.

A segunda contribuicdo é relativa ao problema de existéncia de imersoes isométricas locais,
no espaco Euclidiano 3-dimensional E3, para as familias de superficies pseudo-esféricas descritas pelas
equagoes PEs da classificagao acima. O resultado principal obtido neste caso é que estas imersoes existem
somente para as equagoes do Tipo I, que possuem forma de lei de conservacao, e isso levou a uma
extensao natural deste resultado ao caso das equagoes evolutivas de ordem k da forma Dy (f(x,t,z2)) =
D, (Qz,t,2,21,...,2K)). No ambito da literatura existente sobre este problema, todos os resultados
obtidos nesta parte do trabalho sao novos; em particular além de equagoes de segunda ordem, como por
exemplo as equagoes de Boltzmann, Murray e as equagoes de Svinolupov e Sokolov, entre os exemplos
de equagoes PEs que admitem este tipo de imersao isométrica ha também equacoes de ordem superior
como as equagoes de Kuramoto-Sivashinsky, Sawada-Kotera, Kaup-Kupershmidt e inteiras hierarquias
de equacoes integraveis como as de Burgers, mKdV e KdV.

Finalmente, nés consideramos o problema de construir familias a 1-parametro nao-triviais de
RCNs para equagoes PEs. Este problema é de interesse especial para as aplicacoes da teoria das RCNs,
por exemplo no calculo de solugoes exatas e hierarquias infinitas de leis de conservagao, e tem sido
resolvido no caso mais geral de RCNs a valores em g, com g uma sub-dlgebra de gl (n,R) ou gl (n,C),
usando a teoria de simetrias classicas de equacoes diferenciais.

Os resultados originais deste trabalho sao exibidos nos Capitulos 2, 3 e 4. Em particular, os
resultados do Capitulo 4 tem sido recentemente publicados no artigo [15].

Palavras-chave: Equagoes que descrevem superficies pseudo-esféricas; equagoes integraveis; repre-
sentacoes a curvatura nula; imersoes isométricas; simetrias cldssicas; geometria das equacoes diferenciais.



Abstract

This work provides some original contributions to the geometric study of evolution equations
which describe pseudospherical surfaces (PS equations). By definition, a PS equation for functions
z = z(x,t) is equivalent to the structure equations dw; = w3 A wa, dws = w1 A ws, dws = wi Awsy of a 2-
dimensional Riemannian manifold with Gaussian curvature K = —1, and with 1-forms w; = f;1 dx+ fi2 dt,
¢ = 1,2, 3, satisfying the non-degeneracy condition w; A wy # 0 with f;; smooth functions of z, ¢, z and
derivatives of z with respect to « and t. Using the notion of zero-curvature representation (ZCR), one
can say that every PS equation admits an sl (2, R)-valued ZCR.

The first contribution of this work concerns a complete and explicit classification of second order
evolution PS equations of the form z; = A(x, t, 2)20+B(x, t, 2, z1), with z = z(x,t) and z; = %, under the
assumptions that f;; = fi; (2,1, 2, 21, 22) and fa1 = 1. According to this classification, these PS equations
are subdivided into three main classes (referred to as Types I-III) together with the corresponding systems
of 1-forms {w1, we, w3} which, in view of the assumption fo; = 7, define for any such equation an associated
1-parameter family of ZCRs. Some already known equations are found to belong to this class of PS
equations, like Svinolupov-Sokolov equations admitting higher weakly nonlinear symmetries, Boltzmann
equation and reaction-diffusion equations like Murray equation. Other explicit examples are presented,
as well.

As a second contribution we considered, for the families of pseudospherical surfaces described by
above class of PS equations, the problem of existence of local isometric immersions into the 3-dimensional
Euclidean space E3. We found that only Type I equations admit such a kind of immersion and, on
the base of this result we also provided an extension to the case of k-th order evolution equations in
the conservation law form D (f(x,t,2)) = D, (Q(z,t,2,21,...,2)). The results and explicit examples
discussed in this part of the work are new, when compared with the existing literature, in particular the
examples include equations like Boltzmann, Murray and Svinolupov-Sokolov equations, as well as higher
order equations like Kuramoto-Sivashinsky, Sawada-Kotera and Kaup-Kupershmidt equations and also
full hierarchies of integrable equations like Burgers, mKdV and KdV.

Finally, we considered the problem of constructing nontrivial 1-parameter families of ZCRs for
PS equations. This problem is of special interest for the application of the theory of ZCRs, for instance
in the calculation of exact solutions and infinite hierarchies of conservation laws, and has been solved in
the more general case of g-valued ZCRs, with g a Lie sub-algebra of gl (n,R) or gl(n,C), by using the
theory of classical symmetries of differential equations.

The original results of this work are exposed in the Chapters 2, 3 and 4. In particular, the

results of Chapter 4 have been recently reported in the paper [15].

Keywords: Equations describing pseudospherical surfaces; integrable equations; zero-curvature repre-

sentations; isometric immersions; classical symmetries; geometry of differential equations.
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Introduction

Differential equations which describe pseudospherical surfaces (PS equations)
arise ubiquitously as suitable models in the description of nonlinear physical phenom-
ena as well as in many problems of pure and applied mathematics. Geometrically these
equations are characterized by the fact that their generic solutions provide metrics on
open subsets of R?, with Gaussian curvature K = —1. The first well known example of
such an equation is the sine-Gordon equation z,; = sin(z). This example was discov-
ered by Edmond Bour [3], who realized that in terms of Darboux asymptotic coordinates
the Gauss-Codazzi equations for pseudospherical surfaces contained in R? reduce to the
sine-Gordon equation. Then, the discovery of Backlund transformations first, and later
the construction by Bianchi of the superposition formula for solutions of this equation,
focused even more attention on the sine-Gordon equation, that in the end it turned out
to be an important model in the description of several nonlinear phenomena (see for ex-
ample [31, 35, 59]). However, it was after the early observation [56] that “all the soliton
equations in 1 4+ 1 dimensions that can be solved by the AKNS 2 x 2 inverse scattering
method (for example, the sine-Gordon, KdV or modified KdV equations) ... describe
pseudospherical surfaces”, that the general study of these equations was initiated. In
particular, it was with the fundamental paper [20] by S. S. Chern and K. Tenenblat that
initiated a systematic study of these equations. The results of [20], together with the
considerable effort addressed over the past few decades to the possible applications of in-
verse scattering method, gave a significant contribution to the discovery of new integrable
equations. For instance, Belinski-Zakharov system in General Relativity [8], the nonlin-
ear Schrodinger type systems [19, 24, 27|, the Rabelo’s cubic equation [6, 46, 47, 55], the
Camassa-Holm, Degasperis-Procesi, Kaup—Kupershmidt and Sawada-Kotera equations
[11, 14, 50, 51, 52, 53] are some important examples of PS equations which are integrable
by inverse scattering method. All these facts prove the relevance of these equations and
justify the general interest in their study and classification. This thesis provides some
contributions to the geometric study of evolution PS equations.

From a geometric point of view, every PS equation £ satisfies the following re-

markable property: to any generic solution (see below) z = z(z, t) of £, defined on an open

1



domain U C R?, it is associated a Riemannian metric defined almost everywhere on the
domain U with Gaussian curvature K = —1. Indeed, by definition a differential equation
€ for a real function z = z(x,t) is a PS equation if it is equivalent to the structure equa-
tions dwy; = w3 Aws, dwy = wi Aws, dws = wi Awsy of a 2-dimensional Riemannian manifold
whose Gaussian curvature K = —1, and with 1-forms w; = fi1dx + fiodt satisfying the
non-degeneracy condition wy Awy # 0 with f;; smooth functions of z, ¢, z and derivatives
of z with respect to x and t. Notice that according to the definition w; A wy is generically
nonzero on the solutions of a PS equation £. However, this condition does not guarantee
the property that, for any solution z : U C R? — R, the restriction (w; Aws)[2] of wi Awsy
to z is everywhere nonzero on U. Relatively to a given system of 1-forms {wq,wq, w3}, we
will call generic a solution z : U C R? — R such that (w; A wsy)[z] is almost everywhere
nonzero on U, i.e., it is everywhere nonzero except for a subset of U of measure zero.
Thus, for any generic solution z : U C R? — R of a PS equation &, the restriction I|[z] of
I = w? + w3 to z defines almost everywhere a Riemannian metric I[z] on the domain U
with Gaussian curvature K = —1. It is in this sense that one can say that a PS equation
describes, or parametrizes, a family of non-immersed pseudospherical surfaces.

For instance, one may easily check that sine-Gordon equation z,; = sin(z) is

equivalent to the above structure equations for the following system of 1-forms

wy = %sm (2) dt,
wy =ndr + %cos (2) dt, (0.0.1)

w3 = z, dx,

with 7 € R — {0}. In this case one has that I = w} + w3 = n%dtz + 2 cos(z) dz dt + n?dz?.
Notice that, with respect to the system (0.0.1), sine-Gordon equation admits non-generic
solutions. For instance, z = km, k € Z, is a non-generic solution of sine-Gordon equation.
PS equations can also be characterized in few alternative ways (see Section 1.2,
of Chapter 1). For instance, above structure equations are equivalent to the integrability
condition of an auxiliary first order linear system, and this naturally leads to study some
properties of PS equations by using the notion of zero-curvature representations (ZCRs),
(see Sections 1.2 and 1.5, of Chapter 1) which originates by the observation that some
nonlinear partial differential equations (PDEs) can be interpreted as integrability condi-
tions of an auxiliary linear system [54, 60]. Indeed, since the early applications of the
inverse scattering method to the computation of soliton solutions of PS equations like
KdV [1, 28], the notion of ZCR has been widely used in the study of PS equations as well
as of most general nonlinear PDEs (see for instance [2, 8, 9, 26, 54, 65] and references

therein). In particular, it is typical for an integrable system of PDEs to admit a ZCR



which depends on some real parameter 7, usually referred to as the spectral parameter. An
example of this is given by the sine-Gordon example (see Section 1.2, of Chapter 1). The
presence of such a parameter is crucial not only for the determination of exact solutions,
via the inverse scattering method [1, 64] or the finite gap integration method [42], but also
to guarantee other remarkable attributes of integrable equations like, for instance, para-
metric Backlund transformations and the existence of infinite hierarchies of conservation
laws (see Section 1.6, of Chapter 1, and also [18, 20, 54, 56]). However, only nontrivial
parameters are suitable for such applications of 1-parameter families of ZCRs. Hence the
problem of deciding whether a parameter is trivial or not is particularly relevant in the
theory of PS equations, as well as in the most general theory of ZCRs. This problem
has been already studied in the paper [38], by identifying a cohomological obstruction to
removability and providing an effective method for the elimination of trivial parameters.
In Chapter 4, as discussed below, we consider another important problem which is that of
constructing families of ZCRs (or linear problems) depending on nontrivial parameters.

In [20] Chern and Tenenblat obtained characterization results for evolution equa-
tions of the form z, = F(z,z,...,2;) (from now on we denote z; = 9'2/0x"), under
the assumptions that f;; = fi;(2,z1,...,2x) and foy = 71, where n is a parameter. In
the same paper the authors also considered a similar problem for equations of the form
214 = F(z,21, ..., 2t). A noteworthy result of this study was an effective method for the
explicit determination of entire new classes of differential equations that describe pseu-
dospherical surfaces. Motivated by the results of [20], in a series of subsequent papers
[30, 46, 47, 48], the same method was systematically implemented and new classes of pseu-
dospherical equations were identified still with the basic assumption that fo; = 7. Then
in [18] the authors showed how the geometric properties of pseudospherical surfaces may
provide infinite number of conservation laws when the functions f;; are analytic functions
of the spectral parameter 7.

In 1995, Kamran and Tenenblat [34] generalized the results of [20] by giving
a complete characterization of evolution equations of type z; = F(z,z1,...,2x) which
describe pseudospherical surfaces, in terms of necessary and sufficient conditions that have
to be satisfied by F' and the functions f;; = fi;(2, 21, ..., 2¢), with no further additional
conditions. Another generalization of [20] came in 1998 by Reyes who considered in
[49] evolution equations of the more general form z, = F(x,t, 2, 21, ..., 21, allowing x, ¢ to
appear explicitly in the equation and assuming that f;; = fi;(z,1, 2, 21, ..., 2) and fo; = 1.
Then, in a subsequent series of papers [50]-[52] Reyes also studied other aspects of such
equations.

In 2002, differential systems describing pseudospherical surfaces or spherical sur-

faces (with constant positive curvature metrics) were studied by Ding-Tenenblat in [24].



Such systems include equations such as the nonlinear Schrodinger equation and the Heisen-
berg Ferromagnet model, and large new families of differential systems describing pseu-
dospherical surfaces were obtained. In particular, these families have relations with those
obtained by Fokas in [27].

Also we mention that a higher dimensional geometric generalization of the sine-
Gordon equation, characterizing n-dimensional sub-manifolds of the Euclidean E?"~! with
constant sectional curvature K = —1, was considered in [62] and its intrinsic version as
a metric on open subsets of R", with K = —1, was studied in [7], by applying inverse
scattering method. Other differential n-dimensional systems that are the integrability
condition of linear systems of PDEs can be found in the so called generating system (see
[61] and its references).

The several characterization results obtained in [20, 34, 49] are extremely use-
ful, either in checking if a given differential equation describes pseudospherical surfaces
or in generating large families of such equations. For instance, as an application of
[34], Gomes [29] and Catalano-Tenenblat [17] classified evolution equations of the form
2 = 25 + G(z, 21, 29, 23, 24) and z; = z4 + G(z, 21, 29, 23), respectively, under the auxiliary
assumptions that fo; and f3; are linear combinations of fi;. More recently, the same
assumptions have been used by Silva and Tenenblat in [14] to give a classification of third
order equations of the form z; = z9; + Azz3 + G(2, 21, 22), with A € R.

The results of [14, 17, 29] permit the explicit description of huge classes of equa-
tions describing pseudospherical surfaces which, apart from the already known exam-
ples, represent a great amount of new equations whose physical relevance is highly ex-
pected. For example, some applications of equations classified by Rabelo and Tenenblat
[6, 30, 46, 47] have been recently discussed by Sakovich in a series of papers (see for in-
stance [55]). Of course, the same should occur in the case of results obtained in [14, 17, 29].

In Chapter 2 we give a classification of PS equations of the form
zp=A(x,t,2) 20+ B (2,t,2,21), A#0,
with associated 1-forms
w1 = fudr + fizdt, wy= fadr+ foodt, ws3= f31dr+ fsdt,
such that fi; = fi; (x,t,2, z1) and
fa=mn, neR.

The main result of this classification shows that these evolution equations fall into three



classes, further referred to as types. In each type, differential equations and associated
linear problems can be easily obtained by choosing some arbitrary differentiable func-
tions. Examples of such equations are the already known Svinolupov-Sokolov equations
admitting higher weakly nonlinear symmetries [43], Boltzman equation, Marvan equa-
tion [39] and reaction-diffusion equations like Murray equation. Many other examples are
presented forward the end of Section 2.2 and in Section 2.5.

In Chapter 3 we study the problem of determining local isometric immersion
of the families of pseudospherical surfaces described by the PS equations classified in
Chapter 2, as well as for that described by some simple generalizations.

From the classical theory of Monge-Ampere equations of the form f . fu — f2, =
K, it follows that surfaces of constant Gaussian curvature K always admit local isometric
immersions in E3. However, due to Hilbert theorem, there exists no complete isometric
immersion of bidimensional Riemannian metrics with Gaussian curvature K = —1 in E3.
Hence, in particular, any given pseudospherical surface described by a PS equation £
admits a local isometric immersion.

Hence, in view of the Bonnet theorem, to any generic solution z of £, it is asso-
ciated a pair (I[z], [1]z]) of first and second fundamental forms, which solves the Gauss-
Codazzi equations and describes a local isometric immersion into E? of the associated
pseudospherical surface. However, the dependence of (I[z], [I[z]) on z may be quite com-
plicate and in general it is not guaranteed the existence of a pair (I, 1) which satisfies
Gauss-Codazzi equations and smoothly depends on the generic solutions z of £. In par-
ticular, the domain of the local immersion of the pseudospherical surface associated to
a generic solution z is in general a subset of the domain of 2z, and by passing to generic
solution z’ these domains could change as well.

Nevertheless such a pair (I,17), which satisfies Gauss-Codazzi equations and
smoothly depends on the solutions z, may still exist for some very special equations. An
example is provided by the sine-Gordon equation with wy, wy and ws given by (0.0.1):
indeed in this case one has I = #dt2 + 2cos(z) dz dt + n*dz* and it is known (see for
instance [61], Theorem 2.4) that Gauss-Codazzi equations are integrable and admit the
second fundamental form I = 42 sin(z)dx dt as an explicit solution. Hence one can
always find local isometric immersions of pseudospherical surfaces corresponding to generic
solutions of sine-Gordon equation.

Hence, in view of sine-Gordon example, it is natural to ask whether are there
other PS equations which admit such a local isometric immersion for the described family
of pseudospherical surfaces.

Recently this question has been investigated by T. Castro Silva, N. Kahouadji,
N. Kamran and K. Tenenblat in the papers [13, 32, 33], under the assumption that the



coefficients of the second fundamental form I depends on finitely many derivatives of z
and does not explicitly depend on x and ¢. In [32, 33| they provided an answer in the
case of k-th order evolution PS equations z;, = F(z, 21, ..., z) and second order hyperbolic
PS equations z;+ = F'(z, z1), by restricting the study to the classes of 1-forms {wy, wa, w3}
classified in [20] and [47]. Analogously, in [13] they provided an answer in the case of PS
equations of the form z; — 20, = Az25 + G(2, 21, 22), A € R, by restricting the study to the
classes of 1-forms {wy, ws, w3} classified in [14].

The results of these papers prove that, in the class of PS equations, the property
of admitting local isometric immersions of the type considered above is exceptional since
it holds only for some special classes of PS equations. In particular it turns out that sine-
Gordon equation occupies a particularly special place amongst all these PS equations.
Indeed, in view of the second fundamental form /7 = +2 sin(z) dz dt, for the sine-Gordon
equation the restriction (I[z], I1[z]) of the pair (I, IT) to a given generic solution z, defined
on a domain U C R?, is still defined on the same domain U without additional require-
ments. On the contrary, for all the other examples identified in the papers [13, 32, 33|
the second fundamental form is only defined on a strip contained in the domain of a
considered generic solution. Moreover, on the immersed pseudospherical surface defined
by any given generic solution z of sine-Gordon equation, the normal curvatures a, ¢ and
the geodesic torsion b in the directions e; and ey dual to wy and wy (see sub-Section 1.1
of Chapter 1) depend explicitly on the particular solution z: indeed one can prove that
for the sine-Gordon equation a = +2/tg(z), whereas b = +1 and ¢ = 0. On the contrary,
for all the other examples identified in the papers [13, 32, 33] one has that a, b and ¢
are independent of z, and only depend on x and ¢. Hence we can say that the local
isometric immersions of pseudospherical surfaces described by sine-Gordon equation have
the property of having “z-dependent” functions a, b and c.

The aim of Chapter 3 is that of continuing the investigations of papers [13, 32, 33|
in the case of evolution PS equations classified in Chapter 2, and for a simple k-th order
generalization of equations of Type I. Indeed, by first considering PS equations of the form
2z = Az, t,2)z0 + B(x,t, 2, z1) with fo; = n classified in Chapter 2, we found that only
Type I equations admit these kind of local isometric immersions. Then, on the base of this
result, we found an extension to the case of k-th order evolution equations in conservation
law form Dy (f(x,t,2)) = D, (Q(x,t, 2, 21,...,2;)). As aresult, we found that in the class
of PS equations admitting local isometric immersions one also has second order equations
like Boltzmann, Murray and Svinolupov-Sokolov equations, as well as higher order equa-
tions like Kuramoto-Sivashinsky, Sawada-Kotera and Kaup-Kupershmidt equations and
also full hierarchies of integrable equations like Burgers, mKdV and KdV, which were not

covered by the results of previous papers [32, 33]. However, it is noteworthy to observe



that the special character of sine-Gordon equation is still confirmed by these results: sine-
Gordon equation is the unique known example of a PS equation where the pair (I, 11)
has “z-dependent” functions a, b and ¢ (see Section 1.1).

Finally in Chapter 4 we discuss a method which uses the theory of classical
symmetries of differential equations to construct nontrivial 1-parameter families of ZCRs,
for g-valued ZCRs with g a Lie sub-algebra of gl (n,R) or gl(n,C). The case of ZCRs of
PS equations corresponds to the special case g = sl(2, R).

While studying a differential equation, it is not unusual to know only a non-
parametric ZCR or even a trivial 1-parameter family of ZCRs [21, 37, 54, 60]. Hence,
the problem of constructing nontrivial 1-parameter families of ZCRs is of special interest
for the application of the theory of ZCRs. In such cases one is naturally faced with the
embedding problem of a given nonparametric ZCR into a nontrivial 1-parameter family
of ZCRs.

Due to the importance of this problem, various attempts have been already made
to provide any effective embedding method. Among these the symmetry method, first
suggested in [37, 56] and further developed in the papers [22, 21, 36|, is particularly
representative.

In its original formulation, the symmetry method allows one to embed a given
ZCR « into a 1-parameter family of ZCRs a,, of £, via the action on « of a 1-parameter
group A, of projectable point symmetries of £. However, in general, a 1-parameter
group A, may be not “good” in the sense that the induced embedding may result in a
trivial 1-parameter family a,. Hence, to solve this problem, the authors of [21] suggested
to compare the symmetry algebras of £ and its covering, and conjectured that “good”
symmetry groups A, can be identified by a mismatch of these algebras. However, that
conjecture remained unproved.

The aim of Chapter 4 is that of further developing the symmetry method, by
taking into consideration the action of any kind of classical symmetry, and prove an
infinitesimal criterion which is particularly effective in the identification of “good” in-
finitesimal classical symmetries, i.e., those symmetries which can be used to embed « into
a nontrivial family «a, of ZCRs of £. According to that criterion we show that, relatively
to «, one may distinguish classical infinitesimal symmetries of £ into gauge-like symme-
tries and non gauge-like symmetries. The first type of symmetries form a Lie sub-algebra
of the Lie algebra of symmetries of £ and only produce trivial 1-parameter families of
ZCRs. On the contrary, any 1-parameter family o, constructed with the flow of a non
gauge-like symmetry is nontrivial. These results are illustrated with some examples in
Section 4.3 and have been recently reported in the paper [15].

We note that Marvan also formulated in [40] an embedding method which is



alternative to the symmetry method discussed in Chapter 4. Both methods may be
considered completely algorithmic, however the symmetry method is computationally

more simple than Marvan’s method, when a non gauge-like symmetry exists.



Chapter 1
Preliminaries

For the reader’s convenience we collect here some useful facts, and notations
used throughout the thesis. The interested reader should refer to the general references
[12, 20, 34, 38, 41, 44, 45, 53, 61, 63] for further details.

In particular, in Section 1.1 we review some useful elements of classical theory
of surfaces in terms of moving frame formalism. Then, in Sections 1.2 and 1.3 we collect
the material on PS equations used in the Chapters 2 and 3. Finally, in Sections 1.4, 1.5
and 1.6 we review the basic material on the geometric theory of differential equations and

zero-curvature representations (ZCRs) in the form which is used in the Chapter 4.

1.1 Elements of surfaces theory with moving frames

In the 3-dimensional Euclidean space E3, with the canonical scalar product <, >,
let T = r(z!,z%) be a local chart of a regular surface M. By naturally extending the
scalar product to E3-valued 1-forms, the first and second fundamental forms of M are

respectively defined by

2 2
I :=<dr,dr >= Z gijd:pi - da?, Il :=— <dr,dn >= Z aijdxi - da?,

i,j=1 i,j=1

with
R AT
C o raATel
denoting the unit normal to M and
Gij =< r;r; >, Qjj = — < r;,n; >=< ri,n > .

The principal curvatures and principal directions of M are the eigenvalues and eigenvectors

of the shape operator P defined as I[1(X,Y) = I[(PX,Y), for any pair X, Y of vector fields
9



10

tangent to M.

According to G. Darboux and E. Cartan the geometry of surfaces can be conve-
niently described by using the formalism of moving frames on M, which in the context
considered here are orthonormal frames {e;, ey, e3 = n} of vector fields with e; and e
tangent to M, and locally parametrized on the domain U C R? of the chart r. Indeed,

since dr takes values in the tangent plane to M, one has that
dr = wie; + wsee,, (1.1.1)

with w; and wy differential 1-forms defined on U. On the other hand, in view of
< e;,€e; >= 0;;, one has

de; = wyzes + wises,
de2 = wy1€1 + Wa3€3, (112)
des = wsz1eq + wzey,

with differential 1-forms w;; defined on U and such that
Wij = —Wjj.
Hence, in terms of these 1-forms the first and second fundamental forms read
I:wf—i-wg, 11 = wq - w13 + Ws - Wag,

where w;(e;) = ¢;;. In particular, this means that {w;,ws} is a coframe on M dual to the
orthonormal frame {eq, es}.

Equations (1.1.1-1.1.2) are the Gauss-Weingarten equations of classical theory of
surfaces, in the form of a first order system, whose compatibility conditions can be easily
obtained in view of d*> = 0. Indeed, from d’*r = d?e; = 0 one easily gets the Cartan’s
structure equations

dwl = W12 AN Wa, dUJQ = W1 A W12, (113)
W1 AW13—|—WQ/\LU23:O, (114)

and
dwiy = w13 A wsg,

dwiz = wiz A was, (1.1.5)

dwoz = wa1 A wis.
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It follows that, in view of (1.1.3), the connection 1-form wis is completely determined by
wlg(ei) = dwi(el, eg), 1= 1, 2, (116)

whereas, equation (1.1.4) entails that wy A ws A wiz = wy A wy A wez = 0 and hence one

can write wiz and was3 as
Wiz = awq + bLLJQ, Wo3 = bw1 + Cwao, (117)

with a, b, ¢ differentiable functions on U, whose geometric interpretation is as follows (see
for instance [12]): functions a and ¢ are the normal curvatures of M in the directions of

e; and ey, respectively; b (resp., —b ) is the geodesic torsion in the direction of e; (resp.,

82).
Therefore equations (1.1.5) reduce to
dw12 = —le /\WQ, (118)
with
K =ac— b, (Gauss equation) (1.1.9)

being the Gaussian curvature of M in terms of its extrinsic geometry, and

dwiz = wiz A was, . _
(Codazzi equations) (1.1.10)
dwiz = wayy A wis.

This way one easily gets the Gauss and Codazzi equations of the classical theory of
surfaces.

Equations (1.1.8-1.1.9) and (1.1.10) are the compatibility conditions of Gauss-
Weingarten equations (1.1.2).

It follows that the 1-forms wq, ws and the connection form
W3 = W12
satisfy the equations
dwl = Ws VAN Wa,
dwz = w1 N ws, (1111)
de = —le A Wa.

In particular, the structure equations (1.1.11) describe the intrinsic geometry of the surface

M. Moreover, since in view of (1.1.6) the 1-form ws is completely determined by {e;,es}
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and {wy,ws}, and hence it only depends on the intrinsic geometry of M, then the third
equation of (1.1.11) provides a proof of Gauss’ teorema egregium, which states that K
does not depend on the extrinsic geometry of M and is completely determined by first
fundamental form I. The extrinsic geometry of M, on the other side, is described by the
Gauss-Weingarten equations (1.1.1-1.1.2), provided that their compatibility conditions
(1.1.10) and (1.1.9) are satisfied.

Finally we remember here the classical Bonnet theorem which states that given
two symmetric bilinear forms I and IT on U C R?, which satisfy (1.1.8-1.1.9) and (1.1.10)
and with [ positive-definite, for every p € U there exists a neighborhood V' C U of p and
a diffeomorphism r : V' — r(V) C R3? such that the regular surface r(V') C E? has I and
IT as first and second fundamental forms, respectively, and r is unique up to isometries
of E3. The mapping r is a local isometric immersion of the Riemannian manifold (U, I),
and in the particular case when [ is pseudospherical, i.e. when [ is such that K = —1,
it is also classically known that such a local isometric immersion of (U, ) in E?* always
exists. Observe that, in the case of a pseudospherical surface, equations (1.1.11) reduce

to the structure equations of pseudospherical surfaces used throughout this work.

1.2 PS equations

If (M, g) is a 2-dimensional Riemannian manifold and {w;,ws} is a coframe,
dual to an orthonormal frame {ej, ey}, then g = w? + w3 and w; satisfy the structure
equations: dw; = w3z A wy and dws = w;i A w3, where w3 denotes the connection form
defined as ws(e;) = dw;(eq, e3). The Gaussian curvature of M is the function K such that
dws = —Kwq A ws.

We say that a k-th order differential equation £ for a real-valued function z=z (x, t),
describes pseudospherical surfaces, or that it is a PS equation, if it is equivalent to the

structure equations of a surface with Gaussian curvature K = —1, i.e.,
dw = w3 Awe, dws =wi Aws, dws = wi A ws, (1.2.1)
where {w;,ws,ws} are 1-forms
wi = fudr + fi2dt,  wy = fadz + feodl, w3 = faidz + f3dl, (1.2.2)

such that w; A we # 0 and f;; are functions of x, ¢, z(z,t) and derivatives of z(z,t) with
respect to x and t.
Notice that according to the definition w; A ws is generically nonzero on the

solutions of a PS equation £€. However, this condition does not guarantee the property
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that, for any solution z : U C R? — R, the restriction (w; A wy)[z] of wy A wy to 2z is
everywhere nonzero on U. Relatively to a given system of 1-forms {w;,ws, w3}, we will
call generic a solution z : U C R? — R such that (w; Aws)[2] is almost everywhere nonzero
on U, i.e., it is everywhere nonzero except for a subset of U of measure zero. Thus, for any
generic solution z : U C R? — R of a PS equation &, the restriction I[z] of [ = w? + w?
to z defines almost everywhere a Riemannian metric /[z] on the domain U with Gaussian
curvature K = —1. It is in this sense that one can say that a PS equation describes, or
parametrizes, a family of non-immersed pseudospherical surfaces.

A classical example is the KAV equation z; = 2., + 6z2,, which corresponds to

w1 = (1= 2) do+ (—2ee + 12e — 0?2 — 222+ 0> + 22) dt,
wy = ndx + (® + 2nz — 2z,) dt,
wy =— (14 2) dv+ (=240 + N2 — n°2 — 22% —n* — 22) dt,

with n € R. Another classical example is the sine-Gordon equation z,; = sin (z), which

corresponds to

wy = %sm (z) dt,
we = ndx + %cos (z) dt,
w3 = z, dx,

with n € R — {0}.

Another example is the nonlinear dispersive wave equation (Camassa-Holm)
2t — Zgxt = ZZzzx + 2szxcc - 32293 — MZg,

which corresponds to

W = <z—zm+m;"2 —1) dx + [—z(fll—l—l):lznzx—%’f%—l] dt,

wy =ndx + (—nz + z, — n) dt,

oy = (2= e+ 25 ot [F2 (2= 2+ 250 ) e F 2 F 24T

with n € R.
PS equations can also be characterized in few alternative ways. For instance, the

system of equations (1.2.1) is equivalent to the integrability condition of the linear system

dv! 1 — !
RO I ) (1.2.3)
dv? 2\ w4 ws —Wsy v?

where v’ = v' (z,1).
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Another interpretation comes by the use of the sl (2, R)-valued 1-form

1 _
Q== “* 7 ) = Xdr Tt (1.2.4)
2 w1 + Wws —Wo

with X and 7' being the sl (2, R)-valued smooth functions (also known as Lax pair in

matrix form)

le fo1 Ji1— fa | T:l Ja2 Ji2 = [f32 ' (12.5)
2\ fu+fa —fa 2\ fiz+ fa2 —f22

Indeed, equations (1.2.1) are equivalent to
1
a2 - 52,0 =0,

This means that, for any solution z = z (z,t) of £, defined on a domain U C R?, Q is
a Maurer-Cartan form defining a flat connection on a trivial principal SL (2, R)-bundle

over U (see for instance [25, 58]).

Moreover, by using the notation V := (v*,02)", (1.2.3) can be written as the

linear problem o o
— =XV, —=TV. 1.2.6
oz Tot ( )

It is easy to show that equations (1.2.1) are equivalent to the integrability condi-
tion of (1.2.6), namely
DX — D, T+ [X,T] =0, (1.2.7)

where D; and D, are the total derivative operators with respect to ¢t and z, respectively.
In the literature [23] 1-form 2, and sometimes the pair (X, T') or even (1.2.7), is re-
ferred to as an sl (2, R)-valued zero-curvature representation for the equation £. Moreover,

the linear system (1.2.3) or (1.2.6) is usually referred to as the linear problem associated

to £.

Remark 1.2.1. It is noteworthy to remark that saying that an equation £ admits an
5[(2, R)-valued zero-curvature representation is not equivalent to say that £ is a PS equa-
tion. Indeed, for £ describing pseudospherical surfaces it is required that the functions
fi; in (1.2.5) satisfy the non-degeneracy condition wy Aws = (f11fa2 — fizfor) dx AN dt # 0,
which guarantees that w? + w3 is generically non-degenerated.

It is this linear problem that, in some cases, is used in the construction of explicit
solutions of PS equations, by means of inverse scattering method [4, 5, 28]. In particular,
when f51 = 7, where 7 is a parameter and fi1, f3; are independent of 7, the linear problem
(1.2.6) is the so called AKNS system [1].
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We notice that, under the gauge transformation X — X° =S X S~'+D,S S,
T—T°5=STS '+ D;SS™! where S is an SL(2,R)-valued smooth function, left hand
side of (1.2.7) transforms to

DX — D,T+[X,T| =S (D;X° — D,T° + [X®,T°]) 57",

and hence (1.2.7) is invariant. However, one should be aware of the fact that such a gauge

transformation may not preserve the condition wy A wy = (f11f2e — fiafo1) dz A dt # 0.
For instance, with fi; = €™z = —f31, fia = €7 (2 + 2%) = — f32, fo1 =1, fao = 0,

the pair X, T given by (1.2.5) defines an sl (2, R)-valued zero-curvature representation of

Burgers equation z; = 2., + 2z2,, which transforms to

5 _ 0 z s _ 0 zp+2°
00/’ 0 0 ’

nT
ez 0
under the transformation given by S = ( 0 % ) .

e 2
Therefore under the transformation defined by S, f;; transforms as f7 = e~ fi;,

for (i,7) # (2,1), and f3 = 0. Hence f2 f5 — fiufs; = 0, whereas fi1fa — fiafo1 # 0.
Throughout this thesis, partial derivatives of z = z(x,t) of order i with respect

to x will be denoted by z;, i.e., '
0z
o Ot

Hence, an evolution equation of order k£ will be written in the form

Zi

2z =F (x,t,2,21,...,25) . (1.2.8)

It is noteworthy to remark that equations in conservation law forms are PS equations, as

stated by the following easy to prove

Theorem 1.2.2. The k-th order evolution equations of the form
Dy (f) =D (), (1.2.9)

where f = f(x,t,2), Q = Q(x,t,2,21,...,2,-1) are arbitrary differentiable functions,
such that f .
w; = fadx + fiodt of one of the following two alternative types:

a)

2y 7 0 on a nonempty open set, is a PS equation with associated 1-forms



16

fll = e—e(nm—l-g)f’ f12 = e—e(mH—g)Q’
Ja1=m, f2=14¢, (1.2.10)
fa1 = ee~mt9) f, f32 = eI F9Q

where € = £1, g = g(t) is an arbitrary differentiable function and n* + (¢')* # 0;

b)
fi11 = cosh (nz + g) f, fiz = cosh (nz + g) 2,
for =, f2=4. (1.2.11)
fs1 = —sinh (nx + g) f, f32 = —sinh (nz + g) ,

where g = g(t) is an arbitrary differentiable function and n* + (g')2 #0.

Remark 1.2.3. The class of PS equations described by Theorem 1.2.2 may be thought
as being a generalization to k-th order of the Type I class of PS equations obtained in
Chapter 2.

1.3 Finite-order local isometric immersions of sur-

faces described by PS equations

In view of (1.2.2) and (1.1.7), the second fundamental forms of local isometric

immersions of surfaces described by the solutions of a PS equation have the form
II = W1W13 + Wolsgg = a11d$2 + 2@12dl’ - dt + a22dt2,
with
a1 = aff + 2bfi1 for + cf3,
a1z = afi1fiz + 0 (fi1faz + fa1.f12) + cfo1 faa, (1.3.1)

az = affy + 2bfiafor + ¢ f3,

and a, b, ¢ differentiable functions of x, ¢, z and derivatives of z with respect to x and ¢.

It follows that, using the total derivative operators D, and Dy, the two Codazzi
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equations (1.1.10) and the Gauss equation (1.1.9) have the form

.

fuDia+ forDib — fiaDya — faaDyb — 20 (f11f32 - f31f12)
+(a —c¢) (farfs2 — fa1f2) =0,

(1.3.2)
Jf11Dib + faDic — fiaDeb — foa Do+ (a — ¢) (firfs2 — fsifio)
[ +2b (fa1f32 — fs1f22) = 0,
and
ac —b* = —1, (1.3.3)
respectively.

In view of Bonnet theorem, the local isometric immersion of the pseudospherical
surfaces described by the space of solutions of a PS equation exist if and only if there
exist a solution {a,b,c} of (1.3.2-1.3.3). In this thesis we will restrict the problem of
determining such a triple {a, b, ¢} in the case of PS equations described by Theorem 2.2.1,
and also Theorem 1.2.2, under the assumption that the triple {a,b,c} is of finite-order,
i.e., depends only on z, ¢, z and finitely many derivatives of z with respect to x and t. We
will refer to local isometric immersions described by such a finite-order triple {a, b, c}, as

finite-order local isometric immersions.

1.4 Symmetries of differential equations

Let m : £ — M be a fiber bundle, with dim M = n and dim E = n + m. For
any k € N we denote by J*() the manifold of k-th order jets of sections of m and by
T : J¥(m) — M the k-order jet bundle of sections of 7. By definition, a point 6 of J*(r) is
an equivalence class 6 = [s]* of smooth sections s of m whose graphs at a € M pass through
the same point s(a), where they have the same contact up to order k. Hence, any section
s of m together with its derivatives up to order k determines a section ji(s) of m; which

is called the k-th order prolongation of s. For h > k we denote by m, : J"(m) — J*(7)

k
ar

the natural projection of J"(w) onto J*(r), given by [s]" — [s]

Denoting by {x,...,z,} local coordinates on M and by {z!,..., 2™} local fiber
coordinates of 7, the induced natural coordinates on J*(m) will be {z;, 2]}, where i €
{1,..,n},j€{l,....,m}and 0 = (04, ..., 0,,) is a multi-index of order |o| = o1 +...+0,, such
that 0 < |o| < k. By definition, if § = [s]*, then z;(0) := z;(a) and 27 (0) := %(a).
Throughout the thesis, C*>°(M) will denote the algebra of smooth functions on M and
Fi(m) will denote the algebra of smooth functions on J*(r).

The k-th order jet space J*(7) is naturally equipped with the Cartan distribution
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C*(m), which is spanned by tangent planes to graphs of k-th order jet prolongations of
sections of m. In coordinates C*(w) can be described either as the annihilator of the
Pfaffian system {67 = dz) — 3,20, dw; 0 0 < |o| < k-1, j = 1,..,m}, or as the
distribution generated by the vector fields {84411" ng) :0<o| <k—-1,5=1,...,m},

with Dz(k) denoting the k-th order truncated total derivative operators, i.e.,

k) = 8_% + Z Zg+1iazj

lo|<k—1

A k-th order system of differential equations &, for the sections of 7, can be geometrically
interpreted as a submanifold £ C J*(r) and its solutions are just sections s of 7 whose
k-th prolongations ji(s) lie in €. Hence, solutions of £ are sections of m whose k-th
prolongations are integral manifolds of the induced Cartan distribution C*(E) := C*(r) N
TE over £.

Classical finite symmetries of a k-th order system & C J*(r) are finite symmetries
of C*(m) which leave invariant the submanifold €. Classical infinitesimal symmetries of €
are vector fields on J*(7) which are infinitesimal symmetries of C*(7) and are tangent to
&. Hence, by definition, the flow of an infinitesimal symmetry of £ is a 1-parameter local
group of local diffeomorphisms which are finite symmetries of £. A finite symmetry f is
called projectable if f*(C*°(M)) C C°°(M). Analogously, an infinitesimal symmetry X is
called projectable if X(C>(M)) C C*(M).

The explicit description of infinitesimal symmetries of C¥(7r) is particularly simple.
Indeed, if one writes D = (ng)yl 0..0 (D,(Lk))gn, one can show that [44, 63]:

1. When m = 1, infinitesimal symmetries of C*(r) are of the form

k—1
Z SoD + 3" DY(p)o.,. (1.4.1)
! |o|=0

where ¢ € F(7).

2. When m > 1, infinitesimal symmetries of C*(r) are of the form

N

8 -1 m
Y® = af "3y DW(pia,,, (1.4.2)

0 j=1

ol

where a is any fixed integer in {1,...,m} and ¢ = (', ..., ™) is any smooth vector

function on J'(7) such that for any j € {1,...,m} one has ¢/ = Zg’(x,z)zf +
i—1
n/(x,z), for some smooth functions ¢ and 7.
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The function ¢ is called the generating function of the k-th order classical symmetry Yw(k),

since the symmetry is completely determined by .

On the other hand, for any h > k, the symmetries Yéh) and Yék) generated by ¢
project one to the other under the action of the pushforward ;.. Hence it is natural to
say that Yéh) is the prolongation of Yék) to J" (). In particular, any classical infinitesimal
symmetry of C*(r) is the prolongation of a first order symmetry. However, when m > 1
the generating function ¢ = (!, ..., ™) is always linear in the variables 2/ ’s, hence Yék)
always projects to the vector field YSD(O) = 0y + 10, on J°(m). In such a case one
may call V") the prolongation to J*(r) of the vector field V" on JO(x). Traditionally,
classical infinitesimal symmetries which are prolongations of vector fields on J°(7) are
called infinitesimal point symmetries. On the contrary, infinitesimal classical symmetries
which are not point symmetries are traditionally called infinitesimal contact symmetries.
Infinitesimal contact symmetries only exist when m = 1, since for m = dimm > 1 one
only has infinitesimal point symmetries.

In practice, computing infinitesimal classical symmetries € C J*(w) consists in

) are tangent to £. This tangency

the search of generating functions ¢ such that Ysp(k
condition returns a linear system of PDEs for the function ¢, which is usually overdeter-
mined and hence can be algorithmically studied by taking into consideration the full set
of compatibility conditions. The analysis of this kind of system is in general more feasible
if one makes use of symbolic packages like those available in Maple.

The infinite jet space J*(m) is the inverse limit of the sequence of surjections
M & Jo(r) &2 TEEY k()
8 = {6, } of points 6, € J"(m) such that 7, ;(0),) = O, for all h > k. Of course J* () is not

a finite dimensional manifold, nevertheless one may introduce a differential calculus on

Tk+1,k
P

... . By definition, any 6 € J*(m) is a sequence

J°(7) by making use of standard constructions of differential calculus over commutative
algebras [63]. Indeed, by defining the exterior algebra A*(7) of differential forms on J* ()
as the direct limit of the sequences of embeddings A* (J*(r)) Trzi&'c A* (JF(T)) ﬂ;ﬁfrl
..., one also defines the commutative algebra of smooth functions on J>®(m) as F(m) :=
A%(m). Since A* (J¥(m)) € A* (J**Y (7)) C ..., A*(m) is a filtered algebra and one may
think of any h-form over J*°(w) as an h-form on some finite order jet space; this is true
in particular for F (). It follows that the exterior differential d naturally extends to the
exterior algebra A*(7) and defines the de Rham complex of J*().

Then, the F(m)-module D(7) of vector fields on J*°(7) is by definition the module
of all derivations of F(m) which preserve the natural filtration Fj(7) C Fp(m) C ... of
F(m), i.e., any Z € D(w) has an associated filtration degree | € N such that Z(Fy (7)) C
Fii(m), Yk € N. Hence, in coordinates, a vector field Z can be identified with a formal
series Z = Y0y, + 30 B20,;, with a;, 8] € F(m). It follows that vector fields on
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J*(7), contrary to the finite dimensional case, do not have in general an associated flow.
However, any Z with zero filtration degree is the inverse limit of an inverse sequence {Z*)}
of vector fields on finite order jet spaces, hence one may define the flow of Z as being the
inverse limit of a sequence of flows on finite order jet spaces. Moreover, one can define
Lie derivative of functions, vector fields or forms on J*(7) in a completely algebraic way.
For instance, the Lie derivative of a function G € F(m) along a vector field Z € D(r) is
Lz(G) := Z(G), and the Lie derivative of Y € D(r) along Z is LzY = [Z,Y]. Whereas,
the Lie derivative of a form w € A*(m) along Z is defined as Lyw = iz(dw) + d(izw),
where iz denotes the inner product operation iy : A"(7w) — A"=1(7).

Also J°°(r) is naturally equipped with a Cartan distribution denoted by C(7) and
defined as the inverse limit of the sequence of surjections C!(7) ¢ C2(r) &2 .. "¢
Ck(r) "¢ In coordinates C(w) can be described either as the annihilator of the
Pfaffian system {02 = dzi — 3,20, . dx; : |o| >0, j = 1,...,m}, or as the distribution

generated by the totality of vector fields {asz_, D;: |lo| >0, j=1,..,m}, where

Di = 8:,32 + Z Z zl{“i@zz

[p|>0 j=1

denote the total derivative operators.

Given a k-th order equation (or system) & = {F = 0} C J*(r), under regularity
conditions one may consider the 7-th order prolongation £ = {D,F =0: 0 < |u| <r}.
Equation £ will be called formally integrable if, and only if, £") are submanifolds of
JE+7 (1) and the maps mpyri1p4r 1 ETTY — E0) are smooth fiber bundles, for any r > 0.

By definition the infinite prolongation £ = {D,F =0: |u| > 0} of a formally
integrable equation &£ is the inverse limit of the sequence of fiber bundles 74y q1 p4r :
EU+) — £0) . By restricting A*(7) to £(>) one gets the exterior algebra A*(&) of differ-
ential forms on £ and in particular the algebra F(&) of smooth functions on £,
Moreover, since any prolongation £ is naturally equipped with an induced Cartan
distribution C**7(£(), also £(*) is naturally equipped with an induced Cartan distri-
bution denoted by C(€) and defined as the inverse limit of the sequence of surjections
ch(g) "R ek (W) T2 Hence one may further extend the notion of symme-
try for a system £: a vector field Z € D(rw) is a symmetry of £°) if, and only if, Z is
a symmetry of C(m) which is tangent to £(). These symmetries are called generalized
symmetries of £, and we will refer to the restriction Z of a generalized symmetry Z to
£ as q restricted generalized symmetry.

Among the generalized symmetries of £ one has the classical generalized symme-

tries, which by definition are infinite prolongations of classical symmetries of &£: recall
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that, given a classical symmetry Y,, of C¥(r), its infinite prolongation Yéoo) is

Yo = — gf: Di+ Y > Dy(¢)d,.

i=1 1 lo|>0 j=1

In this thesis we are mainly concerned with classical generalized symmetries, since these
are the only generalized symmetries which always admit a flow. For further details on the

theory of generalized symmetries see [44, 63].

1.5 Horizontal forms with values in a Lie algebra and

ZCRs

Since C(7) is totally horizontal with respect to the mapping 7, : J®(7) — M,
the tangent bundle T (7) on J*°(7) decomposes as T (7) = V(7) @ C(w), where V() :=
Ker (Ts),. Dually one has Al(7) = AL (1) @ ACYD(7), where A0 (7) := Ann (V(n))
and AOY(r) := Ann (C(n)) are the F(m)-modules of horizontal and vertical 1-forms
on J*(7) locally generated by {dx'} and the Cartan forms {6}, respectively. More
in general, by considering AP? () = (AP AMO (7)) A (A?ACY (7)), the F(r)-module
of r-forms on J*(7) decomposes as A" (7) = D, ., AP9 (7). By definition we set
F(m) = A0 (7). Accordingly, the exterior differential splits into the sum d = dg + dy of
the horizontal and vertical differentials dg : A®? (7) — A®TL9 (1) and dy : APD (1) —
AP+ (1) satisfying d%, = d? = 0 and dy o dy = —dy o dy. In coordinates, horizontal
and vertical differentials can be easily computed, since they act as graded derivations on
A*(m) and for any function f € F(r) they are such that dy f := D;(f)dz", dy f = %0{;.

Analogously, given a formally integrable equation &, since C(€) is totally hori-
zontal with respect to the mapping 7o : £ — M, the tangent bundle T (£) on ACY)
decomposes as T (£) = V(E) & C(E), where V(E) := Ker () is the vertical bundle on
£). Hence the F(&)-modules A0 (&) and AV (&) of horizontal and vertical 1-forms
on £ locally generated by {dz'} and the restricted Cartan forms {67 := 67|, }, can
be used to decompose the F(&)-module of r-forms on £(>) as A" (£) = D, io—r APD (£).
By definition we set F(€) = A®Y(E). Accordingly, the restriction d := d|¢(, splits into
the sum d = dp +dy of the horizontal and vertical differentials dy : APD(£) — APHLD(E)
and dy : APD(£) — AP (E) which satisfy d%, = d? = 0 and dy o dy = —dy o dy. In
coordinates, dy and dy can be easily computed, since they act as graded derivations on
A*(&) and for any function f € F(&) they are such that dy f := D;(f)da?, dy f = 2L.67

7 Yo
oul

with D; denoting the total derivatives restricted to £(°). For ease of notation, we will
denote A®9 (1) and APO(&) by AP(7) and AP(E), respectively.
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Given a Lie sub-algebra g of gl(n,R) (or gl(n,C)), one may consider the exterior
algebras g ® A*(r) and g ® A*(E) of g-valued forms on J*®(7) and £, respectively.
The graded algebra of g-valued horizontal forms on J°(7) and £(>), will be denoted by
gR AN (1) = D, s® AP(r) and g ® A* (£) = ®D,s® AP (€), respectively. By definition,
g-valued horizontal p-forms on J° () (resp., £>)) are generated by g-valued p-forms Aw,
with A g-valued functions on J(7) (resp., £0)). Then, one may define a skew-symmetric

product [, ] by linearly extending the product [Ajw;, Asws] := [A1, As] w1 A we, between

generators. One can check that [ , ] satisfies the following properties:
[p.0] = —(=1)"[o, ], (1.5.1)
(=1)"[p. [0, 7]] + (=1)"[o, [1, pl] + (=1)"*[7. [p, o]} = O, (1.5.2)
dulp, 0] = [dup, o]+ (=1)"[p, dnol, (1.5.3)
drlp, 0] = [dup, o]+ (=1)"[p,dno], (1.5.4)

where r, s and t are the degrees of the g-valued horizontal forms p, o and 7, respectively,
on J®(r) or £(>).

Analogously, one may define an exterior product A on g ® A* (), or g ® A* (),
by linearly extending the product Ajwi A Asws = A1 Aswi A ws.

In the forthcoming sections, for any pair of natural numbers (a,b), the natural
projections A* (1) — A (1) and g ® A* () — g ® A (7) will be both denoted by
7(@®  Analogously, the projections A* (£) — A () and g@ A* (£) — gAY (€) will
be both denoted by 7(*?). Moreover, when an explicit reference to equation € is necessary,

b)

instead of 7@ and dp, we will use ﬁéa’b) and JH,g.

We will use the following

Definition 1.5.1. Let £ be a formally integrable equation. A g-valued zero-curvature

representation (ZCR) of € is a non-vanishing 1-form a € g ® A! (£) such that
- 1
dgo — 5 [, a] = 0. (1.5.5)

A 1-parameter family of g-valued ZCRs of £ is a smooth map A\ — «,, defined on an open
interval I C R, such that ay € g® A! (£) is a g-valued ZCRs of & for any \ € I.

Remark 1.5.2. We notice that (1.5.5) is written sometimes in the literature in the following

equivalent form dya — a A a = 0. We also notice that, since £(®) C J>(x), any element
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of g ® AY(€) can be identified with an element of g ® Al(7). Hence (1.5.5) can also
be rewritten as dga — %[a,a] = 0 mod £, In particular, when & = {F/ =0, j =
1,...,h}, under regularity assumptions (i.e., if any prolongation £, h > 0, is totally non-

degenerating [44]) (1.5.5) can also be rewritten in “characteristic” form dyo — 3 [, o] =
> Dy(Fi)w?, where w? € g ® A*(r). This shows that in general (1.5.5) may involve
differential consequences of £ and, in such a case, (1.5.5) is not equivalent to {F7 =

0,j=1,..h}

1.6 Gauge transformations, horizontal gauge com-

plex and removability of a parameter from a ZCR

Let g be the Lie algebra of a matrix Lie group GG, and « be a g-valued ZCR of a
formally integrable equation £. As already observed in the particular case g = s[(2,R) of
Section 1.2, one can check that also in general the 1-form o := dyS-S '+ 5 -a-S™!
is another g-valued ZCR of &, for any given G-valued smooth function S on £(>). Hence
a transformation a — o will be still referred to as a gauge transformation, and o will

S .
? = o9 for any pair of

be called gauge equivalent to . It is easy to check that (aSl)
G-valued smooth functions S;, Sy on £,

Of course, given a g-valued ZCR «, one may always embed « into a 1-parameter
family of g-valued ZCRs o, := o™, with M any G-valued smooth function on I x £(>).

—1

-1
However, in such a case, o = (ay)"> = ((JzMA)MA

and the parameter A can always be
removed by means of a gauge transformation. Also, since for any A\g € I one has that
Mo My l)

ay, = (ozA)( , one may adopt the following

Definition 1.6.1. Let A\ € Ja,b[ C R and «, be a l-parameter family of g-valued ZCRs
of £. The parameter A is removable from a, if for any \g € |a,b| there exists a G-
valued smooth function Sy such that S, = I (identity) and «,, = af* . When A is not

removable, « is called a nontrivial 1-parameter family of g-valued ZCRs of £.
We will also use the following

Definition 1.6.2. Two l-parameter families ay and 3, of g-valued ZCRs of £ are called
equivalent if there exists some reparametrization A = f(n), f'(n) # 0, such that oy, is

gauge equivalent to f3,,.

In the paper [38], Marvan proved that the obstruction to removability of A from
a 1-parameter family of g-valued ZCR «, is the first cohomology group H, Olu (€,9) of the

horizontal gauge complex:

0—>g®]\°(8)i>g®]\1(8)Ag®ﬂ2(<€)—>..,—>g®]\”(8)—>0
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where J,w = dgw — [a, w].
Indeed, in view of (1.5.5), the horizontal gauge differential d, is such that 92 = 0

and one has the following

Theorem 1.6.3. (Marvan) If ay is a 1-parameter family of g-valued ZCRs for £, with A €
la,b[, then &y = %OQ\ is a 1-cocycle with respect to O, , i.e., Ou, (dx) = 0. In particular,
the parameter X is removable if, and only if, there exists a solution K € g ® A°(&) of the
equation

Gy = B, (K). (1.6.1)

1

A

For any solution K of (1.6.1) and \y €]a, b, the G-valued matriz Sy such that a, = ozf;
1s the solution of the Cauchy problem

S/\ = KS)\?
Sy, =1L

It is usually true that an integrable equation admits a g-valued ZCR, for some
matrix Lie-algebra g. The cases when such a ZCR is embeddable into a 1-parameter
family are considered the most important, since the presence of a parameter is crucial
from many points of view. For instance, it is known [20, 56] that in the case of equations
describing pseudospherical surfaces, the parameter may guarantee the existence of an
infinite sequence of nontrivial (and possibly nonlocal) conservation laws, which is usually
considered a remarkable attribute of integrable equations. Indeed, an equation (or system)
E of order k in two independent variables (x,z5) is said to describe pseudospherical

surfaces if there exists an s[(2, R)-valued form

1 f21 fll_f31 1 f22 f12_f32
ﬁ =3 dxy + 3 dﬂfg, (1'6'2)

fin+ fa1 —fa Ji2 + fa2 — fa2

with functions f;; satisfying the non-degeneracy condition

fi1fa2 = frafor # 0, (1.6.3)

and such that the zero-curvature condition dgyf — %[ﬂ ,B] = 0 mod £() is equivalent to
E. As a consequence, on any & describing pseudospherical surfaces, the following system
for p = p(x1,72)

pz; = —f31 + fusin (p) — forcos (p),

Pry = —f32 + fr25in (p) — fazcos (p)
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is compatible and the 1-form

w = (—f31 + fuisin (p) — farcos (p)) dzy + (— fs2 + fizsin (p) — fascos (p)) dxy

represents a nonlocal conservation law for £. This entails, when f;; are analytic func-
tions of a parameter \, that w can be expanded in a power series w = >_ w;\’, where w;
are possibly nonlocal conservation laws for £. However, this expansion guarantees the
existence of an infinite sequence of nontrivial conservation laws only when A is not re-
movable. Indeed, as observed in [38], when A is removable from (1.6.2), one could check
that w = pu + dg(fy), with fy a function depending on A and p a 1-form independent of
A (the explicit formulas for fy and p are too huge to be reported here).

More in general, the importance of nontrivial 1-parameter families of ZCRs is also
clear from the fact that the non-removability of the parameter is crucial for the application
of some integration techniques, such as the inverse scattering method. For instance, as
observed in [20], the applications given by Ablowitz et al. in [1] of the inverse scattering
method concern equations which describe pseudospherical surfaces with a family of ZCRs

depending on a parameter A such that

dhn _ 4

fa = A T (1.6.4)

In the paper [16] we used Theorem 1.6.3 to investigate the removability of a parameter A,
from the ZCR (1.6.2) of an equation describing pseudospherical surfaces, when conditions
(1.6.4) are satisfied. Interestingly we found that in the case of evolutive equations, (1.6.4)

guarantees the non-removability of the parameter.



Chapter 2
Second order evolution PS equations

In this chapter we give a complete and explicit classification of second order

evolution PS equations of the form z, = A(x,t,2)zs + B(x,t,z,21), with z = z(z,t) and

z; = g;zi, under the assumptions that f;; = fi; (x,¢, 2, 21, 22) and fo1 = 1. According to this

classification, the considered PS equations are subdivided into three main classes (referred
to as Types I-I1T) together with the corresponding system of 1-forms {w;,wq,w3}. Some
already known equations are found to belong to the considered class of PS equations, like
Svinolupov-Sokolov equations admitting higher weakly nonlinear symmetries, Boltzmann
equation and reaction-diffusion equations like Murray equation. Other explicit examples
are presented, as well.

The chapter is organized as follows. In Section 2.1, we give a preliminary char-
acterization which naturally led us to distinguish between the generic and special cases
fi1. # 0 and fi11, = 0, respectively. In Section 2.2 we state the main result of the chapter,
Theorem 2.2.1, which classifies the differential equations into Types I[-1II and we summa-
rize the classification scheme followed in the subsequent sections. Moreover, we give some
simple examples from the classes of equations described in the main theorem. Section
2.3 is devoted to the complete analysis of the generic case f1;, # 0, which will lead to
identify the following types: Type I (a); Type I (b); Type II (a); Type III (a); and Type
IIT (b). Section 2.4 is devoted to the complete analysis of the special case fi; , = 0, which
will lead to identify the following remaining types: Type II (b); Type III (c¢). Finally, in
Section 2.5 we provide additional examples with the aim of illustrating further aspects of

the given classification.

26
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2.1 A characterization of PS equations of the form
ze=A(x,t,2) 20+ B(x,t, 2, 21)

Necessary and sufficient conditions for equation (1.2.8) to describe pseudospher-

ical surfaces are given by the following

Theorem 2.1.1. (See [53].) A differential equation of the form (1.2.8) is a PS equation
with associated 1-forms w; = findx + fidt, 1 < i < 3, depending on (z,t,z, ..., z,) if, and

only if, there exist functions f;; satisfying the following conditions

Jinfor — fiafor # 0, (2.1.1)
A= (fir) + (far) + () #0, (2.1.2)
Jitz; =0, fioz =0, 1<i<3,1<j<k, (2.1.3)
and such that
k-1
Jorfs2 — foofs1 — fr1 B + fi2e — fiie + Z J12,2:2i41 = 0,
i=0
k—1
Ji2far — finfso — for. B+ foze — fors + Z f22,2:2i41 = 0, (2.1.4)
i=0
k-1
Jizfor — fiifor — f31:F + faon — fa140 + Z J32,2,2i11 = 0.
. i=0

In order to obtain classification results of PS equations of the form (1.2.8) one
has to obtain F' and the functions f;; satisfying (2.1.1-2.1.4).
As a consequence of Theorem 2.1.1, the following theorem gives a characterization

of the PS equations of the form
2 =A(x,t,2) 20+ B(x,t,2,21), A#0. (2.1.5)

Theorem 2.1.2. A differential equation of the form (2.1.5) is a PS equation with asso-
ciated 1-forms w; = fidx + fiodt, 1 < i < 3, depending on (x,t, z, 21, 22) if, and only if,

the functions fi; have the form

fir = fa (2., 2), i=1,2,3 (2.1.6)
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fio = A(x,t,2) fa.z1 + Va2 (2,1, 2), 1=1,2,3 (2.1.7)
and in addition satisfy non-degeneracy conditions (2.1.1-2.1.2) and the system

(

(Afirz) 221 + W12 + (Af1nz) o + A(faafor: — fa2f31)] 21
+f21932 — fa1¢22 — f11,:B — fiie + Y122 =0,

(Afor) 228 + oo + (Afoz) o + A(fs1f11: — f31.011)] 21
+f319%12 — fuitse — fo1,:B — fore + Y22, =0,

(Afs1:) 227 + a2 + (Afs12) o + A(farfi1: — fa.011)] 21
+fa1912 — friter — f31,:8 — faie + 30, =0,

(2.1.8)

\

where VP, 1 = 1,2, 3, are differentiable functions.

Proof. In view of Theorem 2.1.1, a differential equation of the form (2.1.5) is a PS equa-
tion with 1-forms w; depending on (x,t, z, 21, 29) if, and only if, the functions f;; sat-
isfy (2.1.1-2.1.4), with & = 2. Thus, equations (2.1.3) are equivalent to (2.1.6) and
fiz = folz,t,2,21), t = 1,2,3. On the other hand, under the condition F' = Az, + B,

equations (2.1.4) rewrite as
(=Afirz+ fizz) 22 + R =0,

(_AfQLZ + f22,zl> 29 + RQ = 0, (219)

(—Afs1.+ f32.2,) 22+ R3 = 0,
with
Ry = fio.21 — Bfiiz + forfse — fsifoo + fize — fiies
Ry = fos .21 — Bfor. + farfiz — firfse + fooe — fores
Rs = fap.21 — Bfs1. + forfiz — firfaz + fa2.0 — faig

It follows that (2.1.9) is equivalent to the system formed by the equations R; = 0, i =
1,2, 3, together with the following three equations

—Afi.+ fiz =0, —Afor. + foa =0, —Afs1.+ faz = 0. (2.1.10)

Then conditions (2.1.7) readily follows by integrating (2.1.10) with respect to fi2, f2o and
f32, and by substituting (2.1.7) into the remaining three equations R; = 0, ¢ = 1,2, 3, one
finally gets equations (2.1.8). O

In view of Theorem 2.1.2 one has the following
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Proposition 2.1.3. Consider a second order PS equation of the form (2.1.5) with asso-
ciated 1-forms w; = fadx + fiodt, 1 < i < 3, depending on (x,t,z,z1,22). The function
fi1 satisfies the condition fi1. # 0 if, and only if

f21 :mg(x,t)fn(l',t, Z)‘f‘hQ(I,t), f31 :m3<l’,t)f11($,t,2)+h3(l’,t>, (2111)

with ma, m3 and heo, hs differentiable functions.
Proof. If f11. # 0, the first equation of (2.1.8) gives
B = fl% [Afll,zz + A7zf11,z] Z%

+f11,z [A(farfsrz + frrws = farfore) + Yr2e + Asfin ] (2.1.12)
+f111,z (o132 + 120 — frie — faitoa] -

Then, by substituting (2.1.12) into the remaining two equations of (2.1.8), one gets

(
Alfizforze — forafi1,22] 21 + [fll,z%zz — for 012, + A <f31f221,z
—for2forfa: — forzJiiee — fufiafsi: + f121,zf31 + fll,szl,a:z)] z1
+iafa1fi1,: — Jor,:%122 — fuisafin: — forefine + Yo afiiz

+fo1,2 fa1022 — for2f1s2 + far2fi1e = 0,
(2.1.13)

Alfi12f3122 — fa1,2f11.) 22 4 [f11,:032.2 — fa1.:Un12,: + A (fa1fo1,2f31.
—forf31 . = farzfire: — fuzfufor. + fhfoa + fiizfsra:)] 21
+1farfi1: — farzt12. — futeafine — farefin: + ¥saa S

| T/312f1020 — frzfa1t0s2 + far2f11 = 0.

Therefore, in view of the independence of fi1, fo1, f31, Y12, Y22, Y32 On 21, by deriving

(2.1.13) twice with respect to zi, it is easily seen that

(f21,z) _ O, (f31,z> _ 0’
fll,z z fll,z z

and (2.1.11) readily follow by an integration of the last two equations.

Conversely, if (2.1.11) holds, then non-degeneracy condition (2.1.2) entails that
14+ m2 4+ m2) fi1. # 0 and consequently that fi; . # 0. O
2 3 9 k)

On the other hand, by solving the third equation of (2.1.8) with respect to B
and substituting in the remaining two equations, when f3; , # 0 the following analogue

of Proposition 2.1.3 can be readily proved.
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Proposition 2.1.4. Consider a second order PS equation of the form (2.1.5) with asso-
ciated 1-forms w; = fadx + fiodt, 1 < i < 3, depending on (x,t,z,z1,22). The function
fa1 satisfies the condition fs1. # 0 if, and only if

fll :ml(x,t)fm(x,t, Z)"‘hl(l’,t), f21 :MQ<I,t)f31(ZE,t,Z)+h2(l’,t>, (2114)

with my, my and hy, hy differentiable functions.

Solving equations (2.1.8) in general is very complicated, however as proved in
Sections 2.3 and 2.4 they can be explicitly solved under the assumption fy; = 1. To this
end, by taking advantage of the suitable form taken by fs3;, in view of Proposition 2.1.3,
we will distinguish between the following two cases:

(i) Generic case f;, # 0, where
fsr =mfu +h, (2.1.15)

in view of Proposition 2.1.3;
(ii) Special case f1;, =0.
The generic case will be treated in Section 2.3, whereas the special case will be

treated in Section 2.4.

2.2 Main theorem and simple examples

In this section we present our main classification result, which is Theorem 2.2.1,
and illustrate some of its concrete applications by means of simple examples.
According to Theorem 2.2.1, a given second order differential equation of the
form (2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (z,t, z, 21, 22)
and satisfying
far=mn, n € R, (2.2.1)

iff it belongs to one of Types I-1II classified by theorem. Once a given equation is recog-
nized to belong to one of these types, Theorem 2.2.1 explicitly gives also the associated
functions f;;. It is noteworthy to observe the possibility to have, in some cases, multiple
linear problems for the same given equation, which is an interesting feature of the given
classification since it may provide pairs of non gauge-equivalent linear problems (see for
instance Example 2.5.6).

The proof of Theorem 2.2.1 is based on the results of the subsequent Sections
2.3 and 2.4, which are graphically illustrated in the diagrams below where the branches

occurring in the generic case fi1, # 0 have been distinguished by means of the following
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functions of m and h (see (2.1.15)):

a=mh3+h (6, —nmd) — oh,,
B =h*(m?—1)+ 62

(2.2.2)
5:m,x+n(1_m2)7
G:Oé+ﬁf11.
m = +1
o =20
m # +1
h=0

fll.z#o

Z0

According to the diagrams, the analysis of generic case in Section 2.3 leads to
equations of Types I-III, with linear problems (a) and (b) for Type I, linear problem (a)
for Type II and linear problems (a) and (b) for Type III. Whereas by analyzing the special
case f11, = 0, one gets linear problems (b) and (c) for Type II and III, respectively.

Theorem 2.2.1. A PS equation

2 =A(x,t,2) 20+ B (2,t,2,21), A#£0,
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with associated 1-forms w; = fidx + fiodt, 1 < i < 3, depending on (x,t,z, 21, 22) and
satisfying fa1 = n, belongs to one of the following types, where § and G are as in (2.2.2).
Type I

2= lpn + @+ (P +¥2) 2+ — fal, (2.2.3)

where p = @ (x,t,2), v =Y (x,t,2), f = f(x,t,z2) are arbitrary differentiable functions,
with ¢f . # 0 on a nonempty open set, and the following two alternatives occur with

g = g(t) an arbitrary differentiable function such that n? + (¢')* # 0:

a) the functions f;; are

fi1 = e~<e+9) £ fi2 = e+ (pz) + 1)),
Jor =, f2 =4, (2.2.4)
fa1=€fu, fz2 = cho,

with e = £1;
b) the functions f;; are
fuin = cosh(nz +g)f, fiz = cosh(nz + g) (p21 + 1),
Ja1 =, fa=14d, (2.2.5)
fa1 = —tanh(nx + g) fu1, fz2 = —tanh(nx + g) fio.
Type I1

2 2
2y = €1€2 f222 + €1€9 %Z% + f? <€162% - % + €1€29 ¢ + elnmg> Z1

/2 fo 4 fou mf (2 (2.2.6)
— 2 (o b+ ere2nfgd) — -+ JF +ea'f [ g?odz,

where €1,6o = £1, g = g(x,t) and f = f(x,t,2) are arbitrary differentiable functions

with gf . # 0 on a nonempty open set, and the following two alternatives occur:

a) e; =1 and the functions f;; are

fll = %, f12 = _Elgf,zzl + w7
far =, far = e1 [ g*0da, (22.7)
0= "4, fa2 =m(—ergf-z1 + 1)) + e fgo.

with
= —€19f.+ el (nmgs — g0, — g.9)

(2.2.8)
+€1% [evmy + (1 —m?) [ g*dz]
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and m = m(x,t) is an arbitrary differentiable function such that§ = m ,+n (1 —m?) #
0 on a nonempty open set;

b) e =—1, m =0 (hence 6 =n) and the functions f;; are

Juu =0, Ji2 = —emngf,
Jo1 =1, f22 = &1 [ ng*d, (2.2.9)
far =14, f2=eagf.z21+ 9,
with [ gt
g)gax
V=eagfatefge+ A= (2.2.10)
Type 11T
n=—afn-—alFit+e [“}’—i (—f‘szh’m — nm) — 29& +2 4 62%} z
+7 [( ’”Mmé)ﬂeﬁ > 4 e —hE—mhf — e f%’;‘s
2 (2.2.11)
+é€3 (%”) — exlr — e } + e (f‘shh”” —egnm> — €%
x hz t
i (g +nma) + M — Uhg g vt

where e = £1, f = f(x,t,2) is an arbitrary differentiable function with f, # 0 on a

nonempty open set, and the following three alternatives occur:

a) e =1, m=m(x,t) and g = g(x,t,2) are arbitrary differentiable functions such that

—1<m<1,dg.#0 on a nonempty open set and the functions f;; are

Ju=1, Ji2=—9:21— gz — gh +qf+€1f9\/1—
far =, f22 = gh, (2.2.12)
Jsi=mf +h, faa = mfia + e,ghv/1 —m? + ¢,

with h and q such that

615
h - 9 61 == :|:17
V1-—m? (2.2.13)
___eamgyq |
7= 1-m?2’

b) e =1, m = m(z,t), ¢ = q(x,t) and h = h(x,t) are arbitrary differentiable functions
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such that h3 # 0 on a nonempty open set and the functions f;; are

fu=1 f12=—g,z21+%—g,x—g};f+%,
fa=m, Jo2 = gh, (2.2.14)
fsr=mf+h, Js2 =mfia+ 09 +q,
with
g=—L1h (g, —hy—nmq)+ (g0 —m,h) f] ; (2.2.15)

c) e =—1, m =0 (hence § = n), h = h(z,t), ¢ = q(z,t) are arbitrary differentiable

functions and the functions f;; are

fi1=h, Ji2 = q—ng,
fa1 =, fa2 = gh, (2-2-16)
fsai=1f f32=g,z2’1+(q—779)£+9,z+wT'z7
with
_ [h(ge=ht)+nqf]
9=~ (2:2.17)

Here are some examples of equations described by the classification given in this

chapter. Further examples will be found in Section 2.5.

Example 2.2.2. Burgers equation
2y = 29 + 227,

is a particular instance of Type I (a), for f =2, o =1,¢ = % Hence, by using Theorem

2.2.1, one gets that the associated 1-forms w; = fi1dx + fi2dt are given by the functions

S = em<rta) 2, fi2 = e=<(1t9) (Zl + %) ;
far =, fa=14,
fa1 = ee< (Tt 7, f32 = ee=<(1F9) (21 + %) )

where g = ¢ (t) is an arbitrary differentiable function, ¢ = +1 and n* + (¢’ )2 # 0.

Example 2.2.3. Potential Burgers equation

2
Zp = Za + 27,
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is a particular instance of Type I (b), for f = ¢ = ¢* and ¢ = 0. Hence, by using Theorem
2.2.1, one gets that the associated 1-forms w; = f;1dx + fiodt are given by the functions

Ji1 = cosh (nx + g) €, fi2 = cosh (nx + g) €%z,
for =1, f22=g'7
f31 = —sinh (nr + g) €%, f32 = —sinh (nz + g) €%z,

where g = ¢ () is an arbitrary differentiable function and n? + (¢')* # 0.

Example 2.2.4. Equation

2 =222+ 22 — 2 — 1025,

is a particular instance of Type Il (a), fore; =1, m=p € ]-1,1[, f =z and g = \/11_2
—p

Hence, by using Theorem 2.2.1, one gets that the associated 1-forms w; = f;1dx + fiodt

are given by the functions

— 1 — 21 unz T
.fll . 1_#27 fl? \/1_’“2 + \/1—#2 + z\/l—u27
Ja1 =, J22 = nz,

- F — __kx nz J1%9
f31 ot J32 i + i + Byl

Example 2.2.5. The equation
2y = 2229 + 22% + 3z221,

is a particular instance of Type III (a), for m =0, f = z, g = —2% and ¢, = —1. Hence,
by using Theorem 2.2.1, one gets that the associated 1-forms w; = f;1dx + f;2dt are given
by the functions

fii =z, fi2 =22z + 23,
Jo1 =1, Jao =12,
f31 = -1, f32 - _77227

where 1 # 0.

Example 2.2.6. Equation
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is a particular instance of Type III (b), for m = p € |-1,1], h = /(2 + 1) (1 — p2),

_ z _ o« _ Bz ;
f= e and ¢ = 2T Hence, by using Theorem 2.2.1, one gets that the

1—p2
associated 1-forms w; = f;1dx + fiodt are given by the functions

/12
fll — z + s/ 147 _ 21

pay/1+n?

Hn Tz
\/1—u2 \/I—MZ ’ 2= z2\/1—u2 + Z\/l—;ﬂ + \/1—u2 + \/1—;12 ’
2
Ja1 =, Jo2 =nr + 1;777
f31 S S 12/ 1+772+ - 1zl + Ui 4opzE T4/ 1+772‘
\/17/12 \/lf,u2 22\/17,u2 Z\/l*/,L2 \/lf,u2 \/1qu

+v/ @ +n?) (1= p2),

2.3 Analysis of the generic case fj;. # 0

The following theorem gives a characterization of PS equations of the form (2.1.5)

with associated 1-forms (1.2.2) satisfying fo; = n and f1;, # 0.

Theorem 2.3.1. A differential equation of the form (2.1.5) is a PS equation with asso-
ciated 1-forms (1.2.2) depending on (x,t, z, z1, z9) with fo1 = n and fi1, # 0 if, and only
if, B has the form
B = ¢12{ + ¢221 + @3, (2.3.1)

where

01 = f1+z [Afi1z2 + A firz],

P2 = flll,z [Afires + Azfine +nmAfi: + Y2z, (2.3.2)

b3 = flll,z (12,0 +mbs2 — mfi1for — hfos — firal,

with fi1 = fu(z,t,2), foo = foo(x,t,2) and remaining fi; satisfy the non-degeneracy
conditions (2.1.1-2.1.2) and have the form

Js1 =mfu + I, Ji2 = Afirz 21 + o, Ja2 = mAf11. 21 + U3, (2.3.3)

with m = m(x,t), h = h(x,t), Y12 = Y12 (2,1, 2), P32 = Y32 (x,t, 2) differentiable func-
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tions satisfying the system

¢

f22,z + hAfll,z = O,
f22,:t + mf11¢12 + hwlg — f1177/}32 = O,
¢32,z - md)IZ,z + (SAfle = 07 (234)

[(m? = 1) fir +mh] far + P32 — Mab12,
—n (mhga — P12) —myfi1 —hy =0,

with & given by (2.2.2).

Proof. The formulas (2.3.3) follow from (2.1.7) and second formula of (2.1.11). Hence,
solving the first equation of (2.1.8) with respect to B, one gets (2.3.1) with ¢1, ¢9, ¢3
given by (2.3.2). Thus, the remaining two equations of (2.1.8) reduce to

(foz. + RAf112) 21 + foow + mfr1th12 + P12 — fr11hse = 0,

[V32.. — mipra, + A f11..] 21 + [(m* — 1) fi1 + mh] for (2.3.5)
+32,0 — M125 — 1) (77“/)32 - ¢12) — m,tfn —h;=0.

Therefore in view of the independence of A, fi1, f31, f22, ¥12 and 33 on z;, equations
(2.3.4) follow from the derivation of (2.3.5) with respect to z;. O

The rest of this section is devoted to the characterization of PS equations of the
form (2.1.5) under the assumption (2.2.1) and with fi; ., # 0. The analysis of this case
naturally splits into two cases h = 0 and h # 0. In Subsection 2.3.1, we consider the case

h = 0, whereas in Subsection 2.3.2 we treat the case h # 0.

2.3.1 Subcases with h =0

According to the diagram of Section 2.2, the analysis of the case { f1;. # 0, h = 0}
naturally splits into further subcases which finally lead to distinguish the following types
of equations: Type I (a) with {6 =0, m = £1}; Type I (b) with {§ =0, m # £1}; Type
IT (a) with 0 # 0. In this subsection we aim at giving a detailed analysis of these three
subcases.

We start with the following auxiliary

Lemma 2.3.2. A differential equation of the form (2.1.5) is a PS equation with associated
L-forms (1.2.2) depending on (x,t, z, 21, 29) with for = n and {fi1. #0, h =0} if, and
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only if, B has the form (2.3.1) where

¢1 = f111,z [Afll,zz + A,zfll,z] >
P2 = fl_llz [Afi1e: + Axfin: +nmmAfi. + 2], (2.3.6)
¢3 = f111,z (V12,0 +nmb1a + 1A fi1 — mfi1far — fi14],

with fi1 = fi1 (x,t, 2), faoo = foo (x,t) and remaining f;; satisfy non-degeneracy conditions
(2.1.1-2.1.2) and have the form

fa1 =mfu, fi2 = Afi1.21 + 1o, fs2 = mAfi11.21 + Vs, (2.3.7)

with m = m (z,t), Y12 = Y12 (2,1, 2), V3e = V3 (2,1, 2), differentiable functions satisfying

the system

3y = mip1o + 0 A f11,
fore —0AfH =0, (2.3.8)
(m?* = 1) fi1 foz + dtp12 + (5141011),:r — (mmdA+my) f11 =0.

Proof. Under the given assumptions, formulas (2.3.3) entail that (2.3.7) hold. Moreover,
the first equation of (2.3.4) implies that foy = foo (2,t). Thus, by deriving the second

equation of (2.3.4) with respect to z, one obtains

Jir,z (mib1a — 32) + fii (M12. — Ps2..) = 0, (2.3.9)

and (2.3.8) readily follows from (2.3.4) and (2.3.9), as well as (2.3.6) follows from (2.3.2)
and first equation of (2.3.8). O

In the next two subsections we will solve (2.3.8) under the assumption that 6 = 0,
i.e., that m = m (x,t) satisfies the Riccati type equation

mg+n(1—m?) =0. (2.3.10)

Therefore we will distinguish the degenerate cases m = 41, from the general case

where (2.3.10) has the solution m = —tanh (nz + g (t)).

2.3.1.1 Typel (a)

Using Lemma 2.3.2 one gets the following

Theorem 2.3.3. In the case {f11. #0, h =0, § =0, m = £1}, a differential equation of
the form (2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x,t, z, 21, 22)
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with for = n if, and only if, the differential equation has the form

=gt + (W + o)z + e — fal, (2.3.11)

where o = p (x,t,2), v =1 (x,t,2) and f = f(x,t,2) are arbitrary functions, such that

of . # 0 on a nonempty open set, and the functions f;; are

fin = e ol f, fiz = e7<F9) (pzy + 4),
fa=m, fa=14d, (2.3.12)
f31 = €efir, f32 = €fi2,

with € = +1 and g = g(t) arbitrary differentiable function such that n* + (g’)2 # 0.

Proof. Under the given assumptions, formulas (2.3.7-2.3.8) entail that f3; = €f11, 132 =
€19 and fag = foo (t). Thus, in view of (2.3.1) and (2.3.6), (2.1.5) takes the form

2z = Az + ﬁ [(Afi1.z) ZZ% + (Y12, + enAfin. + (Afi1z) o) 21

+enthia — €fi1fa2 + V120 — fi14]

(2.3.13)

and, by introducing the functions

9= /-f22 dta f = 66(7]234-9)](‘11’ Y = Af,za ¢ - 66(7]$+g),¢12’

equation (2.3.13) reduces to (2.3.11). Moreover, in view of (2.3.7), the functions f;; are
given by (2.3.12).

Notice that, the non-degeneracy condition (2.1.1) holds in view of the fact that
n? + (g')2 # (0 on a nonempty open set.

The converse of the theorem is a straightforward computation. O
Observe that equation (2.3.11) coincides with (2.2.3) and it is referred to as of
Type I in our main classification result, Theorem 2.2.1.

Remark 2.3.4. It is noteworthy to remark that equation (2.3.11) can be written in the

form

Dy (f) = Do (021 + ),

and by means of the point transformation {z =z, t = ¢, z = f(x,t, 2)}, it reduces to

Zy = Dx (@Da}(U) + 1;)

where z = o (z,t, Z) isinverse of Z = f(z,t,z) and ¢ = ¢ (z,t,0 (2,1, 2)), ¥ =¥ (z,t,0 (2,1, 2)).
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2.3.1.2 Typel (b)
Using Lemma 2.3.2 one gets the following

Theorem 2.3.5. In the case {f11, #0, h =0, § =0, m # £1}, a differential equation of
the form (2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (x,t, z, 21, 22)
with for = n if, and only if, the differential equation has the form

a=7lpteai+@:toa)atva—fi, (2.3.14)

where ¢ = ¢ (x,t,2), v =1 (x,t,2) and f = f(x,t,2) are arbitrary functions, such that

of . # 0 on a nonempty open set, and the functions f;; are

fi1 = cosh(nz + g)f, Ji2 = cosh(nz + g) (pz1 + 12)
for =, f2=4¢, (2.3.15)

fs1 = —tanh(nz + g) fu1, [f32 = —tanh(nz + g) fia.

with g = g(t) arbitrary differentiable function and n? + (¢')* # 0.

Proof. Under the given assumptions, from (2.3.10) and (2.3.7-2.3.8) one gets

fo2 = fa2 (1), fs1 =mfi, 3 = My,

with m = —tanh (nz + ¢ (t)) and in addition foy = ¢, since fi1;, # 0. Thus, in view of
(2.3.1) and (2.3.6), (2.1.5) takes the form

2= ——{Af11.20 + (Afi1z) 228 + [V, + (Afi12) o — ntanh (nx + g) Afir] 21
fi1,=
+ipr2. — ntanh (nx + g) 1o + tanh (nz + g) fi1g’ — fiie} s

which in its turn reduces to (2.3.14), by introducing the functions

f=fu/cosh(nz +g), ¢ =Af., ¢ =1r/cosh(nz+g).

Then, by taking into consideration (2.3.7), the functions f;; reduce to (2.3.15).
Notice that, the non-degeneracy condition (2.1.1) holds in view of the fact that
72+ (¢')? # 0 on a nonempty open set.

The converse of the theorem is a straightforward computation. O

Observe that equation (2.3.14) coincides with (2.2.3) and it is referred to as of
Type I in our main classification result, Theorem 2.2.1. In particular Remark 2.3.4 still

applies to equation (2.3.14).
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2.3.1.3 Type II (a)

Using Lemma 2.3.2 one gets the following

Theorem 2.3.6. In the case {fi1. # 0, h =0, ¢ # 0}, a differential equation of the form
(2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (z,t, z, 21, 22) with
fo1 = m if, and only if, the differential equation has the form

=€ [P+ € fff“zf + fg <61% — % + €19, + emmg) 2

(2.3.16)
— o Wty enfgd) = § + 2+ el [ godr,

where ¢, = +1,
Y =—€egf.+ 61% (nmgd — g0 » — g.0) + €1-= 75 {elm,t + (1 =m?) /ggédx} . (2.3.17)

and g = g (x,t), m = m(z,t), f = f(x,t,2) are arbitrary differentiable functions, such
that gf . # 0 on a nonempty open set, and the functions f;; are

fll = %7 f12 = _Elgf,zzl + wa
far =, foo =€ f925d517, (2-3-18)
fa1 = %, fao =m(—e1gf.z1 +1¢) + e fgo.

Proof. Under the given assumptions, from the second equation of (2.3.8) one gets A =

]}222’;. On the other hand, in view of (2.3.7) and the first equation of (2.3.8), the functions
11

fi; are such that

fsv=mfu, fiz= f22 $f11 =5Ez e, fa2a=m (fmfxzfu sy oa Tt ¢12> + f;ff ;

where f11 = fi1(x,t,2), foo = fao(x,t), f11 # 0 on a nonempty open set, m = m(x,t)

and

1 X X m X xTxr
i = — {(1 — m2) fi1foo +my f11 + Ju 522’ + nmfz — Ja, ] ,
5 fll fll fll

in view of the third equation of (2.3.8). Thus, by (2.3.1) and (2.3.6), (2.1.5) takes the

form

fzzz f221 f11,22 2f11,2 2
fho 2+ Ih |:fllz /i :| “1
1 f T f ,TZ 2f T 'l/) \Z
—f-{w[(nmé O,z ) foze + fr2,220] + 225 [;111,2 ~ } + flllz,z}zl

f“ [%2“" fie +m (i — firfoe) + 7”;2121“”] ,

Zt =

and one gets (2.3.16) and (2.3.17-2.3.18), after introducing the differentiable functions
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Y(x,t,2), f(z,t,2) and g(x,t) such that

o f22,x_ 2 g
VY =, €1 5 =g, f_fn’

with €; = sgn (%)
Notice that, the non-degeneracy condition (2.1.1) holds in view of the fact that
gf . # 0 on a nonempty open set.

The converse of the theorem is a straightforward computation. O]

Observe that equation (2.3.16) coincides with (2.2.6), where e; = 1 and 1) satisfies

(2.2.8) and it is referred to as of Type II in our main classification result, Theorem 2.2.1.

2.3.2 Subcases with h # 0

When h # 0, in view of the system (2.3.4), one is naturally lead to distinguish
the cases G = 0 and G # 0, where G = a+ [ f11 and «a, (3 are given by (2.2.2). Hence, as
illustrated in diagram of Section 2.2, the analysis of the case {fi1, # 0, h # 0} naturally
leads to Type I1I (a) and Type III (b) equations, which correspond to G = 0 and G # 0,
respectively. In this subsection we aim at giving a detailed analysis of these two subcases.

We start with the following auxiliary

Lemma 2.3.7. A differential equation of the form (2.1.5) is a PS equation with associated
L-forms (1.2.2) depending on (x,t, z, 21, 22) with for =10, fi1. # 0 and h # 0 if, and only
if, fij satisfy non-degeneracy conditions (2.1.1-2.1.2), equations (2.3.3) hold with

__ fe2
A= hfi1,2’
_ 9 f22,0
Yo = f11hf222 + <1le1 _ %7 (2.3.19)

P32 =m <—f“h];226 + e —f22’2) + 8224 g,

and m = m(xat); q=4q (.T,t), h=h (.T,t), f22 = .f22 (.T,t,Z), fll = fll (l’,t, Z)7 moreover
B has the form (2.3.1) with ¢; given by (2.53.2) and in addition the following differential

equation is satisfied
G fao + h (g0 —myh) fi1 + h* (qp — hy —nmgq) = 0, (2.3.20)

where G = o+ B f11 and o, B are given by (2.2.2).
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Proof. Under the given assumptions, equations (2.3.19) are equivalent to the first three
equations of (2.3.4). Equation (2.3.20) readily follows from substituting (2.3.19) into the
last equation of (2.3.4). O

It is noteworthy to remark here that, if A # 0, then the condition 5 = 0 implies
that o = 0. Indeed, 8 = 0 entails that h = €;5/v/1 — m?2, with ¢, = +1 and —1 < m < 1.
Then, using the obtained expression for h, one can easily check that 5, = 26a/h and
hence that a = 0, because of 3, =0 and § # 0.

2.3.2.1 Type III (a)

Using Lemma 2.3.7 one gets the following

Theorem 2.3.8. In the case {f11. # 0, h # 0, G = 0}, a differential equation of the form
(2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (z,t, z, z1, 22) with
fo1 = m if, and only if, the differential equation has the form

0—h 2 0
R S I G RO RE —R SR

y2

2
+fi {(5,z+nm}f)f+f,z5 + 08 — h?—mhf — f’;gé + (’%) — hv;L“” — nmhf} (2.3.21)

Q

_|_

=

z

x 57h,z ,TT ;T h,z —J,
= (5 ) = 5 o Gt ma) + B = o+ L

where f = f(x,t,2), g = g(x,t,2), m = m(x,t) are arbitrary differentiable functions

with 6f .g. # 0 on a nonempty open set, h and q are given by

4]
h= 9 -1 <m<1, € = =£1,

VIi—m? (2.3.22)

o amy
i
and the functions f;; have the form
fu=1, fo=—g.21— g0 — 9% + 4 + e fgvT —m2,
Ja=m, Ja2 = gh, (2.3.23)
far=mf+h, f32 = mfia + e1ghv/1 —m? +q.

Proof. Under the given assumptions, one has that G = 0 entails that a = 0, 5 = 0. Hence
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in view of (2.3.20) one has that

mh? + h (6, —nmd) — dh , =
h*(m?* — 1) + 6% = 0,
g0 —mh =0,

(2.3.24)

Qo —ht—nmq=0.
Then by solving the second equation of (2.3.24) with respect to h one obtains that

61(5

€ = +1, (2.3.25)
1—-m

h:

P} )
with m taking its values in the open interval |—1,1[. Thus, by substituting (2.3.25) into
the third equation of (2.3.24) one concludes that

€1 4

1= =

and the first and fourth equations of (2.3.24) are automatically satisfied.

Now in view of (2.3.19), one gets

_ 2
A= hfi1,z’
_ e/T=m?fu f em.ef fo2m
¢12 _ € 77;1 1122 + h\/lt—rlrt? _ 2’21 , (2.3.26)

— 1—m? 7f f T
w32_m<5\/ 77;1f11f22 + ;:ylt_;z 22, ) \/1_7]522_’_ elqn:n27

and using (2.3.1-2.3.2), (2.1.5) takes the form

__ for: _ fo2,22 2 f22,2 [ hatfi1d  nm 2f22,22 f2
ct = hfi1,. <2 hfi1,. "1 |:f11,z < h? h ) hfi1e + + :|
[ 1) 20 z z
o [Gotmmifustod g8 mfy, - Bgfud] 4 ghos
z [ hatfi1é
e <— ol %) + e g o (g, o)

f22 zr Qfllh,a:
" hfii,- fi1,2h?%"

where f11 = fi1 (z,t,2) and fos = foo (x,t, 2) are arbitrary differentiable functions. More-

over one has that
fs1=mfu +h,

Ji2 = [ Joo221 + qf11 — faze + f11f226]
f32:mf12+%+q7
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and by introducing the differentiable functions f = f(z,t,2), g = g(x,t, z) such that

fllzfa f22:gh’7

one finally gets (2.3.21) and (2.3.23).
Notice that the non-degeneracy condition (2.1.1) holds in view of the fact that
f29. # 0 on a nonempty open set.

The converse of the theorem is a straightforward computation. O

Observe that equation (2.3.21) coincides with (2.2.11), where e = 1 and h, m
and ¢ satisfy (2.2.13), and it is referred to as of Type III in our main classification result,
Theorem 2.2.1.

2.3.2.2 Type III (b)

Using Lemma 2.3.7 one gets the following
Theorem 2.3.9. In the case {fi11. # 0, h # 0, G # 0}, a differential equation of the form
(2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (z,t, z, 21, 22) with
fo1 = m if, and only if, the differential equation has the form

z zZZ z 6_hz 212 6
w—pa o [ (O —w)—%%#]a

+f% |:(5,z+77m;:)f+f,z5 + 10— h? — mhf — (hT) hz} (2.3.27)
+.9,_Z (f‘s_hh,.r _,r]m> _ gj,cmzz + (q$+nmq) + thT + 77q ft

where
g=—25[h(q0—hy—nmq) + (g0 —myh) f]

f = f(xt,2), m = m(x,t), h = h(z,t) and ¢ = q(x,t) are arbitrary differentiable

functions, with hf ., # 0 on a nonempty open set, and the functions f;; have the form

fu=1 fi2=-9. Zl‘l‘ﬁ_gz_ghl‘f'%,
fa=m, Jo2 = gh, (2.3.28)
fsr=mf+h, fa2 = mfiz + g0 +q.

Proof. Under the given assumption, by rewriting (2.3.20) as

1
f22 = —5 [hQ (q@ — h}t - an) + (ths - m,th2) fll] )
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and using the expression of A, 112 and 135 provided by (2.3.19) in the formulas (2.3.1-
2.3.2) and (2.1.7), one gets that (2.1.5) takes the form

__ fa2e , f22,22 2 f22,2 (haetfnd _ mm\ _ 2fo22: | f228 | ¢
A= hfll,zZQ hfi1,- i [fll,z ( h? h hfi1,- + h? + |~
foz | Gatnmd)fiitfined | nd 3 _ 2hefnd qfi1,z
+f11,z |: h? + h h mfll h3 + hfi1,z

(2.3.29)

fa2,z [ ha+f116 nm ng—fi1, f
e (Bl ) s (g 4o

_f22,zz _ qfllh,z
hfi1,- fi1,2h%"

where f11 = fi1 (z,t,2), m = m(x,t), h = h(x,t), ¢ = q(z,t) are arbitrary differentiable

functions and the remaining f;; are such that

Ja1 =mfi + h,
frz2 =5 [—fo2z21 + qf11 — fo2a + fHTM} ; (2.3.30)
J32 mem-i—% +4q.

Finally (2.3.27) and (2.3.28) are easily obtained from (2.3.29) and (2.3.30) by introducing

the new functions f and g such that

Ju =1, fa2 = gh.

Notice that the non-degeneracy condition (2.1.1) holds in view of the fact that f.g, # 0
on a nonempty open set.

The converse of the theorem is a straightforward computation. O]

Observe that equation (2.3.27) coincides with (2.2.11), where €5 = 1 and g satisfies
(2.2.15), and it is referred to as of Type III in our main classification result, Theorem
2.2.1.

2.4 Analysis of the special case f;;, =0

The following theorem gives a characterization of PS equations of the form (2.1.5)
with associated 1-forms (1.2.2) satisfying (2.2.1) and f1;,, = 0.

Lemma 2.4.1. A differential equation of the form (2.1.5) is a PS equation with associated
L-forms (1.2.2) depending on (z,t, 2, 21, z2) with fo; =n and fi1, = 0 if, and only if, B
has the form

B = ¢127 + ¢o21 + ¢s, (2.4.1)
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where

¢1 = f?j,z [Af?)l,zz + A,zf?)l,z] )
¢2 = ﬁ),% [Af?)l,:cz + A,xf31,z + w32,z] ) (242)
¢z = f?j’z (V32,0 + 1fr2 — finfoe — fo14],

with fui = fu(z,t), fa = fa(x,t,2), fiz = fi2(x,4,2), foo = fa2(2,t,2), f2 =
Afs1 .21 + 30 (2, t, 2) differentiable functions such that

finfa2 = nfi2 # 0, A= f3.#0, (2.4.3)

and satisfying the system

( Ji2.2 +nAfs1. =0,
Jize — Jiig + sz — fa1f22 =0,
Jo2. — Af1ifsr. =0,

| fo2e + fsifi2 — fuhse = 0.

(2.4.4)

Proof. Equations (2.4.1) and (2.4.2) follow by solving the third equation of (2.1.8) with

respect to B. On the other hand the remaining two equations of (2.1.8) reduce to

(fiz,, +NAf312) 21 + fioe — fiie +0¥s2 — fa1fae =0,
(foo,. — Afi1fs1.2) 21 + foow + fo1f12 — fr1s2 =0,

(2.4.5)

and, in view of the independence of fi1, f31, fi2, fa2, 130 With respect to z1, one readily
gets equations (2.4.4). Finally, non-degeneracy conditions (2.4.3) are direct consequences
of (2.1.1-2.1.2). m

The following two subsections are devoted to the classification of PS equations of
the form (2.1.5) under the assumption (2.2.1) with fi;, = 0. This is a special case, where
the analysis noteworthy simplifies and one only finds the two further types of equations
IT (b) and III (c), as illustrated in diagram of Section 2.2.

2.4.1 Type II (b)

Using Lemma 2.4.1 one gets the following

Theorem 2.4.2. In the case f1; = 0, a differential equation of the form (2.1.5) is a PS
equation with associated 1-forms (1.2.2) depending on (x,t, z, z1, z2) with for = n if, and
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only if, the differential equation has the form

z=—€ [Pz —q Pff—:zzf - f;f) <€1g§’:z + % + 619,z> 21
o) e I (2.4.6)
gf,z & 177 g f,z gf,z’
where e, = £1,
2dx
¥ =egfo+efg.+ %

and g = g (z,t), f = f(x,t,2) are arbitrary differentiable functions, such that gf. # 0

on a nonempty open set, and the functions f;; have the form

Juu=0, Ji2 = —emgf,
Ja1 =, f2o = &1 [ ng*de, (2.4.7)
Ja1 = %; f32 = €19f .21+ .

Proof. Under the given assumptions the system (2.4.4) reduces to

fi2: +nAf31. =0,

Ji2z +Ms2 — fa1f22 =0,
for = fa2 (1),

fa22 + f31/12 =0,

(2.4.8)

whereas conditions (2.4.3) become 71fio, # 0 and f31, # 0, respectively. Thus, (2.4.8)
provide

. fl?,z . f31f22 - fl?,x f22,ac

; 3 = —————, fio=— ,
nf31,2 n I3

and hence f3 = % (—fi2.221 + fa1fo2 — fi2,2). Then in view of (2.4.1-2.4.2), (2.1.5) takes

the form

A=

2 —
Z = — f12,2 s f12,22 22 _ < fi2,e2 @) 2 — fa1,e—nfi2

nf31,2 "2 nf31,. "1 nf31,z n f31,2

f22,2f31 f31,afo2—f12,22
+ ;
1f31,z nf31,z

and by introducing the differentiable functions f = f(z,t,z) and g = g(z,t) such that

g f22,x 9 . (f22,x>
ry €1 =9, € =s8gn|——|,
f n 1

one finally gets (2.4.6) and (2.4.7).

Notice that, the functions f;; satisfy the non-degeneracy condition (2.1.1) in view

fa1=

of the fact that gf. # 0 on a nonempty open set.

The converse of the theorem is a straightforward computation. O]
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Observe that equation (2.4.6) coincides with (2.2.6), where eo = —1,m = 0,0 =17
and 1) satisfies (2.2.10) and it is referred to as of Type II in our main classification result,
Theorem 2.2.1.

2.4.2 Type III (c)

Using Lemma 2.4.1 one gets the following

Theorem 2.4.3. In the case {fi1. =0, fi1 # 0}, a differential equation of the form
(2.1.5) is a PS equation with associated 1-forms (1.2.2) depending on (z,t, z, 21, z2) with
fo1 = m if, and only if, the differential equation has the form

—h 2
zp = %ZZ_F g,zzZ%_ [% (fnh ,z) _ ?jz _‘_%_ %:| 2

2
A O 249

gz [ In—ha g,zx fq qf,a qfh ng—fy
__( D > fe TRf. Twf. T TR

where

__[Mgz—h.e)+nqf]
9= T ohe—m R0 f

and h = h(x,t), q = q(x,t), f = f(z,t,2) are arbitrary differentiable functions, such

that f. # 0 on a nonempty open set, and the functions f;; have the form

fin=h, fi2 =q—ng,
fa=m, Jo2 = gh, (2.4.10)
fao=f foo=g:214(@—n9) + 9.+ 5=

Proof. Under the given assumptions, the first and the two last equations of (2.4.4) provide

nf22 A— Jo2, Jooe + fa1f12

- = (2.4.11)

fiz=gq

= 39 =
fllfSl,z’ fll

where ¢ = ¢(x,t) is an arbitrary differentiable function. Then in view of Lemma 2.4.1

T A
Jo =" “(q Fi ) TR

and by substituting (2.4.11) into the second equation of (2.4.4) one gets

one gets

_ ngfufsi + (e — fire) fa
- for (P4 f2) —nfue.
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Hence, in view of (2.4.1-2.4.2), (2.1.5) takes the form

2 = S22,z 2 + fo2 22 22_[ 1 (f22,z(f11,x+77f31) _ 2f22,xz) g _|_77fﬁ] 2

T f1if31,: f11f31,: 71 f31,2 2 fi1 fi1 I
fa1 | 2nfirefee | e qfinetnfera | fo n? | nfsie
+f31,z [ I + Ju 4 } f31,2 [fll + fi + I }
. afs1,ztfo2,0e  forafiim
+77q f31,t + i1 f121 .

Thus, by introducing the differentiable functions f = f(xz,t,2) and g = g(z,t, 2) such
that

fi1 = h, fs1 = f, fa2 = gh,

one gets (2.4.9) and (2.4.10).

Notice that, the functions f;; satisfy the non-degeneracy condition (2.1.1), since

Jinfo2 — farfiz=g (h2 + 77) —nq,

is nonzero in view of the fact that g, # 0 on a nonempty open set.

The converse of the theorem is a straightforward computation. O

Observe that equation (2.4.9) coincides with (2.2.11), where e = —1, m = 0,
0 = n and g satisfies (2.2.17), and it is referred to as of Type III in our main classification

result, Theorem 2.2.1.

2.5 Additional examples

Here are some additional examples of equations obtained from the given classifi-

cation.

Example 2.5.1. Equations classified by Theorem 2.2.1 include the nonlinear second
order evolution equations admitting “higher weakly nonlinear symmetries”, which have
been classified by Svinolupov and Sokolov [43] and up to contact transformations can be

written in one of the following forms:

2y =29+ 2221 + k()
2 = 2229 — ATz + Az,

(2.5.1)
2 = 222 + N2,

2 = 2229 — Mz + 3z 2,

with A € R and k(z) an arbitrary differentiable function.

Indeed one can readily check what follows:
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(i) The first equation of (2.5.1) is an example of the Type I (a), as well as of
Type I (b), with f =z, ¢ =1, ¢ = 2 + [ kdx. For instance, using formulas (2.3.12),

one easily gets the corresponding 1-forms

wi = e ) [zdr + (2 + 22+ [kdx) dt],
we =ndx + ¢ dt,

W3 = €eWr,

with ¢ = ¢ (t) an arbitrary differentiable function, e = £1 and 72 + (¢')* # 0. It follows
that this equation is the integrability condition of a triangular linear problem given by
(1.2.6).

The first equation of (2.5.1) is also an example of the Type III (a) with f = z —p,
g=—z—p,m=0, e = —1. Using formulas (2.3.23), one easily gets the corresponding

1-forms
wy = (2 —p) de+ (21 + 2° +p' — p?) dt,

wo =ndx+n(z+p) dt, (2.5.2)
w3 = —ndr—n(z+p) dt,

where p = p () satisfies k = p” — 2pp/.
(ii) The second equation of (2.5.1) is an example of the Type I (a), and Type I
(b), with f = 271 ¢ = —1, ¢ = —Azz~!. Using formulas (2.3.12), one easily gets the

corresponding 1-forms

wy = e~ [ dy + (=2 — Awz7Y) di],
we = ndx + ¢’ dt,

W3 = €wq,

with ¢ = ¢ (t) an arbitrary differentiable function, e = £1 and 7? + (¢')* # 0. It follows
that this equation is the integrability condition of a triangular linear problem given by
(1.2.6).

(iii) The third equation of (2.5.1) is an example of the Type I (a), and Type I
(b), with f = 2z7!, p = -z, = 2 — ’\TIQ Using formulas (2.3.12), one easily gets the

corresponding 1-forms

wy = e~<m7+9) [mz_l dx + <—xz1 +2z— ’\TZQ> dt] :
wy = ndx + ¢’ dt,

W3 = €W,
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with ¢ = ¢ (t) an arbitrary differentiable function, e = £1 and 7? + (¢')* # 0. It follows

that this equation is the integrability condition of a triangular linear problem given by
(1.2.6).
(iv) The fourth equation of (2.5.1) is an example of the Type I (a), and Type I

(b), with f = xz7!, p = -z, = 2 — ’\7“"33 Using formulas (2.3.12), one easily gets the
corresponding 1-forms

wy = e cmrtg) [xz_l dr + <—x21 +2z— ’\713) dt] ,

we =ndx + ¢ dt,

W3 = €Wr,

with ¢ = ¢ (¢) an arbitrary differentiable function, e = +1 and 1 + (¢/)*> # 0. It follows

that this equation is the integrability condition of a triangular linear problem given by
(1.2.6).

Similar results have been obtained by Reyes in [49].

Remark 2.5.2. 1t is noteworthy to note that for all the linear problems of previous example
the parameter n is always removable. Indeed 7 is removable from the linear problems

described by Theorems 2.3.3 and 2.3.5 by means of the gauge transformation defined by

nx

2 0
s=°“" " .

0 e =

In fact, under such a transformation, the 1-forms w; of Theorem 2.3.3 are transformed to

wi = e 9 (fdv + (pz1 + ) di),

wy = ¢ dt, (2.5.3)
ws = ew?,

whereas the 1-forms w; of Theorem 2.3.5 are transformed to

wy = cosh(g) (f dz + (21 + 1) di),
(,UQS — g/ dt, (254)

ws = —tanh(g)wy.

Notice that, despite the analogy between (2.5.3) and (2.5.4), it may be checked
that the corresponding zero-curvature representations are not gauge equivalent.

On the other hand one can easily check that by means of the gauge transformation
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defined by

1
s V0

g—| , (2.5.5)
v V7

n is removable also from the linear problem given by (2.5.2).

Example 2.5.3. Murray equation
2 = 29 + M221 + Aoz — A322,

is another example of Type I (a), and Type I (b), corresponding to the choice:

= 67%[(A%)\2+4)\§)t+2/\1)\31‘]27 . efé[()\%)\2+4)\§)t+2/\1)\3:0]7

= e—%[(k%)\2+4)\§)t+2)\1)\3m] <A12Z2 n 23\\_33) '
1
For instance, by using formulas (2.3.12), one easily gets the corresponding 1-forms

W = efe(na:+g)€_)\71%[(A%)‘2+4>‘§>t+2)\1)\3x] [
1=

sdu+ (2 + 27+ 22) ),
we = ndx + ¢’ dt,

W3 = €W,

with ¢ = ¢ (t) an arbitrary differentiable function, e = £1 and 7? + (¢')* # 0. It follows

that this equation is the integrability condition of a triangular linear problem given by
(1.2.6).

Example 2.5.4. Boltzman equation
_ 2
Z = 222 + 29,

is another example of Type I (a), and Type I (b), corresponding to the choice:

Using formulas (2.3.15), one easily gets the corresponding 1-forms

wy = cosh (nx + g) (zdx + 22 dt),
wy = ndx + ¢ dt,
w3 = —sinh (nx + g) (zdx + 2z dt)
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with g = ¢ (t) an arbitrary differentiable function and n* + (¢')* # 0. It follows that this
equation is the integrability condition of the linear problem given by (1.2.6).

Example 2.5.5. The equation
2 = 222 + 4z — 42° — 4z, (2.5.6)

is the “simplest” member, up to contact transformations, of the class of second order
evolution equations described by Michal Marvan in [39]. It is another example of Type II

(a) corresponding to the choice
e=1 m=0, f=z g=n=2, (2.5.7)
which, in view of (2.3.18), also gives the corresponding 1-forms

wi = 2dr + (=221 + %) dt,
wy = 2dx + 8z dt, (2.5.8)
ws = 4z dt.

One can check that in view of Theorem 6 of [39], (2.5.6) is up to contact transforma-
tions the unique equation described by Theorem 2.2.1 which admits an irreducible zero-
curvature representation. In particular, we notice that the irreducible zero-curvature
representation obtained in [39] for (2.5.6) coincides with the one obtained from (1.2.6)

and (2.5.8) by passing to new 1-forms w; — wsy, wy — w; and wz — —ws.

Example 2.5.6. Burgers equation
2= 29 + 221, (2.5.9)

can be embedded in Type I (a-b) with f =z, p = 1, ¥ = 22/2, as well as in Type III (a)
with f =2/2, g =—2/2, m =0, ¢, = —1. In particular the linear problem corresponding
to Type IIT (a) coincides with the one already given by Chern and Tenenblat in [20].
These two linear problems of (2.5.9) provide of an example of a pair of linear
problems which are non gauge equivalent. Indeed only the second linear problem admits
non gauge-like symmetries, as one can check by using the method discussed in Chapter
4. Hence, the two linear problems must be considered as being structurally different.
In particular, as shown in Chapter 4, after removing the parameter n with the gauge

transformation defined by (2.5.5), one can insert a non-removable parameter in the second
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linear problem by using the flow Ay of the non gauge-like symmetry generated by t0, —0..
Indeed, in this way one get the following family of ZCRs of (2.5.9)

(z=N)2% | Az=))

z A z
i—1 0 Tt ot 0
oy = dr + dt,
1 Xz Az _a 2NN
2 47 1 171 4 8 4
which depends on a non-removable parameter .
Example 2.5.7. Equation
2 =22+ 2wz +1) 2 + 22 (2.5.10)

is another example of Type III (a) corresponding to the choice
f:Z, g=—xz m =0, € = —1.
Using formulas (2.3.23), one easily gets the corresponding 1-forms

wy = zdr + (z21 + 22% + 2) dt,
wo = ndx + nxzdt, (2.5.11)

w3 = —Wwy,

with 7 # 0. Hence equation (2.5.10) is the integrability condition of a linear depending
on a parameter 7.

This parameter is removable by means of the gauge transformation defined by
(2.5.5). However, by using the method discussed in Chapter 4, one can easily construct a
linear problem depending on a non-removable parameter .

Indeed, the symmetry generated by xtd, + %8,5 — (% + tz) 0, is non gauge-like
for the given zero-curvature representation and its flow A, can be used to insert a non-
removable parameter A into it. Indeed, by preliminarily removing the parameter n through
the gauge transformation defined by (2.5.5), one gets the following family of ZCRs of
(2.5.10)

AAtz—22 0
2(At—2)
Q) = dx
. 2 _ A+Atz—2z
(At—2)? 2(A\t—2)
1 2 A(At—Az—2)
+ dt,
2xz 2z 1 2 AAt—Az—2)
T-2? T Be2)? T2 [mzl Tr A2 T ]
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which depends on a non-removable parameter .

Remark 2.5.8. In the context of equations describing pseudospherical surfaces the occur-
rence of differential substitutions that, like the celebrated Cole-Hopf transformation, map
solutions of an already known integrable equation (e.g. a linear equation) to solutions of a
new equation, is quite natural. Indeed, as already observed by Reyes (see for instance [53])
these substitutions can be often obtained from the following Riccati first order system for

an auxiliary function I' = I'(z, t)

r,— _1% (fa1 — for) T2+ ful — 1% (fs1+ fa1), (2.5.12)
5 2

Ly=—2(fs2— foo) T2+ f1al — 5 (fa2 + fa2)

which is naturally defined by the 1-forms w; = f;1 dx + f;2 dt of an equation describing
pseudospherical surfaces. This fact is due to the remarkable property that the integrability
of (2.5.12) is equivalent to the structure equations (1.2.1), and will be illustrated below

by means of next three examples.

Example 2.5.9. Here we will use the Riccati first order system (2.5.12) to identify a dif-
ferential substitution which “linearizes” the first equation of (2.5.1) (generalized Burgers
equation). To this end we observe that by using the linear problem of Type III (a) given
in the Example 2.5.1, (2.5.12) takes the form

Fo=nl?+(z—p)T,

L,=n(z+p) %+ (2 +2°+p. —p*)T.
Hence, by assuming that I" # 0, (2.5.12) can be rewritten as

(2.5.13)
I'y=1 4, —2n'T , +2pI" , +2p I

We notice that (2.5.13) is well defined whatever is the value of n and in particular that it
is defined also for n = 0.

When n =0, if p = p(z) is such that p” — 2pp’ = k(z) then (2.5.13) provides the
differential substitution r

TT P

which transforms the nonzero solutions of the linear equation

F,t - F,m: + 2pr,m + 2plr7



57

to solutions of the generalized Burgers equation
Zi = 29+ 2221 + k.
When p = 0 above transformation reduces to the celebrated Cole-Hopf transformation.

Example 2.5.10. Here we will use the Riccati first order system (2.5.12) to identify a
differential substitution which “linearizes” equation (2.5.10). To this end we observe that
by using the linear problem (2.5.11), (2.5.12) takes the following form

[, =nl?—2T,
[y =nezl? + (x21 + 2+ x2?) T

Hence, by assuming that I # 0, (2.5.12) can be rewritten as

Iz
z == —nl,

g (2.5.14)
I,=al,, —2nzIT,+ T, —nl2

Also in this case, the Riccati system is well defined also for the particular value n = 0 by

which it provides the differential substitution
i=1
transforming the nonzero solutions of the linear equation
I'y=al ;p +T 4,

to solutions of (2.5.10), i.e.,

2 =22+ 2wz +1) 2 + 22

Example 2.5.11. Another application of the method illustrated in the last two examples

can be given by considering the following class of equations
Zt = AQZQ + (Al + 21422 + AQ@) 21+ A2’$Z2 + ALIZ -+ Al,zz — A2,xwm; (2515)

where A; = A (z,t) and Ay = A, (z,t) are arbitrary differentiable functions, with Ay # 0.
Equations (2.5.15) are of Type III (a), as one can check by taking

f =z, g = —AQZ + A27x — Al, €1 = —1, m = O, (2516)
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in the equation (2.2.11). As in the previous example, we will use the Riccati system
(2.5.12) to show that the whole class (2.5.15) can be “linearized” by using a differential
substitution.

Indeed, in view of (2.5.16), by using the corresponding f;;, the Riccati system
(2.5.12) takes the following form

[, =nl?—2T,
F,t =1 (AQZ — AQ@ + Al) F2 -+ (AQZl + A22’2 + Alz + Al,x — A2,xx) F,

and assuming that I' # 0 it can be rewritten as

T
z == —nl,

. (2.5.17)
Ft = AQF’M — QHAQFF@ + All“,z — UAQ@FQ + (ALg; — Ag@m) I

Thus, since for n = 0 the system (2.5.17) reduces to

T,

=T

Ft - A2F,zr + Alr,m + (Al,x - AQ,mr) F,
it follows that the non-vanishing solutions of the linear equation
Ft - A2r,$x + Alr,z + (Al,z - AQ,:Ux) F7

are transformed by means of z = FF—’: to solutions of the nonlinear equations (2.5.15).

More in general, it is not difficult to prove that the class of equations
2t = A222 + (Al + QAQZ + Agﬂj) Z1 + AQJ;ZQ + Al,xz + AO,:(:: (2518)

where Ay = Ao(z,t), Ay = Ai(z,t) and Ay = As(x,t) # 0 are arbitrary differentiable
functions, is the most general class of equations of the form z; = F(x,t, 2, z1, 25) which

can be “linearized”, in the above sense, to
F,t = A2F,xx + Alr,m + AOFa

by means of the “Cole-Hopt” differential substitution

Equations (2.5.15) are just obtained from (2.5.18) by choosing Ay = —As 4z + A1 4.
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Remark 2.5.12. According to the convention introduced by Calogero in [10], equations
like Burgers and those considered in the Examples 2.5.9, 2.5.10 and 2.5.11 are called
C-integrable. On the other hand, the type of equations considered by Svinolupov and
Sokolov in [43] is sometimes referred to as symmetry-integrable. It is noteworthy to
remark here that these two notions of integrability are not coincident. Indeed one has
examples of equations, like Burgers equation, which are both C-integrable and symmetry-
integrable. However it is easy to find examples of equations which are integrable in a
sense but not in the other. For instance, equation (2.5.10) is C-integrable but it is neither
linearizable by contact transformations (Indeed Cole-Hopf transformation is not a contact
transformation) nor equivalent to one of the four equations (2.5.1). Indeed, the algebra
of classical symmetries of (2.5.10) is 3-dimensional and hence (2.5.10) cannot be contact
equivalent to a linear equation. On the other hand, it can also be shown that none of the

four equations (2.5.1) is contact equivalent to (2.5.10). Indeed
T=f(x,t), t=g), zZ=h(zt2). (2.5.19)

is the most general contact transformation which leave invariant the class of evolution
equations

Zr = a3(Z,1, 2)Zez + ao(Z, 1, 2) 22 + a1 (7, 1, 2) 2 + ao(T, 1, 2), (2.5.20)

where Zr, Z; Zzz are partial derivatives of Z = Z(Z,t) and a; are arbitrary differentiable
functions such that az # 0. Hence, under transformations (2.5.19), any equation of the

form (2.5.20) is mapped to

g/a3 g’ f}x [h?zag + hyzz ag} 9
Zr = B 29 + 3 21
f,x f,mh,z
[h,z 72959/ ai + 29/ h,;t h,z f,z as + (29/ h,zz f,:t - g/ h,z f,:p:r) a3 + h,z f,t f,2gc:|
+ 1
f73$hvz
9 f3 =g ha foar — g W2 fa a2+ (9 P faow — 0 Moo fa) a3 + ht 3 = ha £ 2]

fah.e

)

(2.5.21)
In view of (2.5.21) it is not difficult to check that, by means of a contact transformation,

none of the four equations (2.5.1) can be transformed to (2.5.10).



Chapter 3

Finite-order local isometric
immersions of pseudospherical
surfaces described by second order
evolution PS equations and

generalizations

In this chapter we consider the problem of existence of local isometric immersions,
into the 3-dimensional Euclidean space E3, for the families of pseudospherical surfaces
described by PS equations classified in the Chapter 2. We will show that only Type I
equations admit such a kind of immersion and, on the base of this result, we also provide
an extension of the results to the case of k-th order evolution equations in the conservation
law form D, (f(z,t,2)) = D, (Q2(x,t,2,21,...,2)). The examples discussed in the end
of this chapter include second order equations as Boltzmann, Murray and Svinolupov-
Sokolov equations, as well as higher order equations like Kuramoto-Sivashinsky, Sawada-
Kotera and Kaup-Kupershmidt equations, and also full hierarchies of integrable equations
like Burgers, mKdV and KdV, which were not covered by the results of previous papers
(32, 33].

The chapter is organized as follows. In Section 3.1 we state the Theorem 3.1.1
and Theorem 3.1.2, which are the main results of the chapter, and in Section 3.2 we give
detailed proofs of these theorems. Finally, in Section 3.3 we illustrate these results by

means of some examples.
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3.1 Main results

The chapter is mainly concerned with the following question:

Do finite-order local isometric immersions exist for the family of pseu-
dospherical surfaces described by the evolution second order PS equations of
Theorem 2.2.17

The answer to this question is provided by Theorem 3.1.1, which is the main
result of the present chapter and is stated below. According to this theorem such an

immersion only exists for equations of Type I.

Theorem 3.1.1. For second order PS equations classified by Theorem 2.2.1, there exists
no finite-order local isometric immersions for the families of pseudospherical surfaces
described by Types II and III, whereas for those described by Type I such an immersion
exists if, and only if, there are constants v, ( € R, v # 0, > 0, (* — 492 > 0 such that:

(i) for Type I (a) the generic solutions z and associated 1-forms w; = fi1 dx +
fiodt, given by (2.2.4), are defined on a strip of R? of the form

N/ B ) )
\/C 2<72 it} <e(nx—i—g)<log\/g+ 2(72 47, (3.1.1)

log

and the functions a, b, ¢ appearing in (1.3.1) are given by

a = u\/§e2€(nw+9) — 2ede(netg) — 1,

b = ye2lnato) (3.1.2)

c— b2_1 — ,y2e4e(7]:c+g)_1
e \/4626(nz+g)_—y2€46(nz+g>_1’

with v = £1;
(ii) for Type I (b) the generic solutions z and associated 1-forms w; = f;; dx +
fiodt, given by (2.2.5), are defined on a strip of R? of the form

WW
2

arccosh

< nx + g < arccosh

\/um .,
2 BT

and the functions a, b, ¢ appearing in (1.3.1) are given by

\/C cosh?(nz+g)—cosh*(nz+g)—?2
cosh?(nx+g) ’

a =V

— b
" cosh?(nz+g)’
-1 __ ~2—cosh*(nz+g)

a cosh? (nx—i-g)\/C cosh?(nz+g)—coshd(nz+g)—72’

(3.1.4)
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with v = +1.

On the other hand since Type I equations can be written in conservation law
form, like the k-th order equations described by Theorem 1.2.2, the answer provided by
Theorem 3.1.1 naturally led us to the following second question.

Do finite-order local isometric immersions exist for the family of pseu-
dospherical surfaces described by the evolution k-th order PS equations of
Theorem 1.2.27

The answer to this second question is provided by the following

Theorem 3.1.2. Finite-order local isometric immersions for the families of pseudospher-
ical surfaces described by k-th order PS equations of Theorem 1.2.2 exist if, and only if,
there are constants v, ( € R, v#0, ¢ >0, ¢ — 4y? > 0 such that:

(i) for type (a) the generic solutions z and associated 1-forms w; = fi1 dx+ fiz dt,
given by (1.2.10), are defined on a strip of R? of the form

log\/C — Ve - <emr+g) < log\/g i ‘;;_ 472, (3.1.5)

272

and the functions a, b, ¢ appearing in (1.3.1) are given by

a = vy/Ce2enty) — ~2edelnz+g) —

b = ye2nta), (3.1.6)

Cc = pP-1 v ~2ede(nz+g) 1
- a \/<626(nw+g) —72645(71w+g)_1 )

with v = £1;
(i2) for type (b) the generic solutions z and associated 1-forms w; = fi dz+ fiz dt,
given by (1.2.11), are defined on a strip of R? of the form

¢<—m
2

arccosh

< nx + g < arccosh

\/cwm ..
2 6L

and the functions a, b, ¢ appearing in (1.3.1) are given by

/¢ cosh? (nz+g)—cosh? (nz+g)—>
=v

a cosh?(nz+g) ’

b= — 1 (3.1.8)

cosh?(nz+g)’
21 __ ~2—cosh*(nz+g)

a cosh? (77:1:+g)\/c cosh?(nz+g)—cosh(nz+g)—72’

with v = £1.



63

The proofs of Theorem 3.1.1 and the Theorem 3.1.2 are presented in Section 3.2.2

and Section 3.2.3, respectively.

3.2 Proofs of the main results

3.2.1 Auxiliary lemmas

We begin with the following

Lemma 3.2.1. If z; = F (z,t,2,21,...,2) is a k-th order PS equation with associated

1-forms w; = fadx + fiodt, 1 <i <3, depending on (z,t,2,z1,...,2;) then

filzfil <x7t72)7 fi2:fi2 (ﬂf,t,z,Zh...,Zk_l). (321)

In particular if fi1 = fi1 (x,t) and foy =1, then

fi2z 1 = fo2,., = 0, (3.2.2)
fs1,2 # 0, (3.2.3)
f32,2 ., # 0. (3.2.4)

Proof. In view of Theorem 2.1.1 one has (3.2.1). On the other hand, by assuming that

fi1 = fiu1 (x,t) and fo; = 7, one can rewrite structure equations (1.2.1) as

fiow + fra.21 + -+ fioz 2k + N fs2 — farfoo — f114 =0,
foow + foo 21+ -+ fooz 2+ fiafsi — fiifse =0, (3.2.5)

faze + fa2.21+ o+ fao 2k 012 — finfoe — faie — fa,F = 0.

Then (3.2.2) follows by deriving first two equations of (3.2.5) with respect to zz. On
the other hand, equations (3.2.3) and (3.2.4) easily follow deriving the third equation of
(3.2.5) with respect to z; and by the non-degeneracy condition (2.1.2). O

The following lemma is an analogue of the main result of the paper [32] and
will facilitate the proofs of Theorem 3.1.1 and Theorem 3.1.2, which are provided in
Subsections 3.2.2 and 3.2.3, respectively.

Lemma 3.2.2. Let z; = F (z,t,2,21,...,2;) be a k-th order PS equation with k > 2
and associated 1-forms w; = fiidr + fiodt, 1 < i < 3, depending on (x,t,z,21,...,2k)
and satisfying for = n. If there exists a finite-order local isometric immersion for the
pseudospherical surfaces described by solutions z = z(x,t) of this PS equation, then the

functions a, b and ¢, defined in (1.1.7), depend only on x and t.
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Proof. 1f the coefficients of the second fundamental form (1.3.1) depend on finite-order
jet prolongations of solutions z, and the functions f;; only depend on (z,t, 2, 21, ..., 21),
then a, b and ¢ may depend only on x, ¢, z, 21, ..., z;, where [ is a fixed positive integer.

Hence, (1.3.2) rewrites as

( flla,t + nb,t - lea,x - f225,x —2b (f11f32 - f31f12) + (a - C) (77f32 - f31f22)

l l

—Z (fi2a., + fab.,) zig1 + Z (fina., +nb.,) zie =0,
i=0 i=0

(3.2.6)

fube +nce — froby — fac, + (a — ) (firfa2 — fa1.fi2) +2b(nfse — f1f22)
! !

—Z (f12bs + fo2cs) zivn + Z (f11bs +mcz,) zip = 0.

\ =0 =0

We will prove the lemma by distinguishing the two cases: n =0 and n # 0.
Case 1 = 0. In this case, the non-degeneracy condition w; A wy # 0 rewrites as
fi1fe2 # 0. Hence, since z; = F is a k-th order equation, by deriving both equations of

(3.2.6) with respect to z.j, one obtains
a., =0, b, =0, (3.2.7)
and in view of Gauss equation (1.3.3) one has that
ac,, = 0. (3.2.8)

Thus when a # 0, in view of (3.2.8), ¢, = 0 and by successive differentiating equations
(3.2.6) with respect to 24, for i =0,...,l — 1, one has that a,, =0, = c_,, = 0.

On the contrary, when a = 0, then Gauss equation leads to b = ¢ = +1 and
(3.2.6) becomes

f31fo2c — 2¢ (f11f32 - f31f12) =0,

l (3.2.9)
Jazc o 4 (fi1fs2 — fa1fi2) + 2€f31 far + ZfQZC,zizi—H =0.
=0

Hence, in (3.2.9), by substituting the expression of fi1 f32 — f31f12 obtained from the first

equation into the second equation one gets

l 6sz:%l
Cﬂ; + chziziﬂ + B + 2€f31 = O,
i=0
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and in view of Lemma 3.2.1, by means of successive differentiations with respect to z;,1,
for i =0, ..., [, one gets that c ,, = 0.
Hence when n = 0, one has

a, =0,

<1

=c, =0, 1=0,1,...,L

Case 1 # 0. In view of (1.2.8), by deriving both equations of (3.2.6) with respect
to 274k, one obtains

2
b#«‘z = _&a,zm Cru = f_lzla,z“ (3.2.10)
n n

and the derivative of the Gauss equation (1.3.3) with respect to z; returns

22
(c L ﬁ) — (3.2.11)
n n

Now we will proceed by further distinguishing the two subcases:

(1) a,, :0,0—1-617{—5214—%7&0;

(i) ¢+ “h 4 21 — 0,

Subcase (i). In view of (3.2.10),

a, =b, =c, =0, (3.2.12)

7l:7l:71

and by substituting (3.2.12) in (3.2.6) one readily gets the following analogous of (3.2.10)
and (3.2.11):

Juu f?
byay = —Fa,zl,l, Cop ) = #a,ZH, (3.2.13)
and , 2
(c + %2“ + f”) a. , =0. (3.2.14)
n n

2
Hence in view of ¢ + af;% + % # 0 one also obtains that
Oy = by = Cpy = 0. (3.2.15)

Thus the desired result easily follows by observing that iterating above procedure one
would get that
a, =b, =c, =0, 1=0,1,...,L

7 biag 2 biak 2

Subcase (ii). If ¢ + “7’;—;21 + % = 0, then by substituting ¢ = _‘17];—;21 — % into

the Gauss equation, one gets
_ afu

n

b=v (3.2.16)
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where v = 1. Hence
af121 2v fi

c=—F — , (3.2.17)
n? U
and the following identities hold,
Db = _f117§7m - aDt7(]f11)’ D,c = f12]:,7€ta + % (“J;A — 1/) Dy (f11),
, (3.2.18)
a aDg Dya a,
Dmb:_fllfl)z - Défll)a D,c = f11172 +% (%_V> D, (fll)a

where D, and D, are the total derivative operators. Then, by using (3.2.18), equations
(1.3.2) rewrite as

( l

a a Dw
—afuy —afuF+ % + %Z .z + afnDs (fu)

=0 N
—2b <f11f32 - f31f12) + (a - C) (77f32 - f31f22) =0

A ! (3.2.19)
<af11 21/) f11t+ (afn 21/) f117z f7171 Arsas fTATZ (.

n
1=0

— [% + % (% - QVH D, (fir) + (a =) (furfsa — farfi2)
+2b (nfs2 — fa1fa2) =0

where Ays := f11 foo — 1 f12 # 0 in view of the non-degeneracy condition w; A wo # 0.
Now to prove that in the current subcase a, b, ¢ do not depend on (z, 21, ..., 2)
we analyze separately the cases | > k, =k —1and [ < k — 2.
When [ > k, by deriving (3.2.19) with respect to z;41, 7 =k, ..., [, one gets that
Ajsa,, = 0. Therefore an argument similar to that used in the analysis of subcase (i),
shows that
a., =b, =c, =0, Vi=k,..., L (3.2.20)

When [ = k — 1, by deriving (3.2.19) with respect to zj, one gets that

A
_aflle + 12azk 1:Oa

afi f11 Ao (3.2.21)

(T - 21/) fll,z 3Rk - TTG/’zk71 - O,

which easily leads to a,,_, = 0 and hence, in view of (3.2.10), to
Az = bzzk—l =Cz = 0. (3.2.22)

Hence in view of (3.2.20) and (3.2.22) the jet-order of a, b and ¢ cannot exceed k — 1.

However we will prove now that a, b, ¢ may only depend on (x,t). Indeed, when [ < k—2,
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by deriving (3.2.19) with respect to 2, one gets that

_afll,zF,zk = 07
(aJ;A - 2V) fll,zF,zk - 07

which easily leads to vfi;,F ., = 0 and hence to fi; = fi1(x,t), since 2, = F is by

assumption a k-th order equation. Therefore in such a case equations (3.2.19) reduce to

( l

—afii + %a,x + %Z G Zip1 + aanzfm — 2b (fi1fs2 — fa1.f12)
i—0

+(a—c) (nfs2 — farfa2) =0,
! (3.2.23)

afin f11812 f11812
(T — 27/) Jig — S0, — HEE ) a5z
i=0

+ [% + % (‘“[T“ — 2V):| fia + (@ =) (funfse — f31f12)

+2b (nfs2 — fa1f22) =0,

and in view of Lemma 3.2.1, conditions (3.2.2), (3.2.3) and (3.2.4) must be satisfied.
In particular, if [ = k — 2, by deriving (3.2.23) with respect to z;_; one has

A a, z
D120z 20f11f32,2_, +(a —c)nfsaz_, =0,

n
2772bf32,zk71
—_— | = O’

_fn [Aua,z;@,rz (3.2.24)

U] n - (a - C) f32’zk*1 o f11

where f1; # 0 in view of (3.2.4). In particular, by comparing first and second equation of
(3.2.24), one gets

nfi(a—c) = (f121 - 772) b, (3.2.25)
where fZ —n?* # 0, since otherwise a — ¢ = 0 and by (3.2.17) one would get f1; = 0. Then,

by substituting (3.2.16-3.2.17) into (3.2.25) one obtains fZ + n* = 0 which contradicts

n#0and fi £0.
On the other hand, if [ < k—2 then by deriving (3.2.23) with respect to z;_; and

using (3.2.4), one gets the system

(5 a)2)-(0)

which in view of f2 + n* # 0 immediately leads to b = 0 and a = ¢, which contradicts
the Gauss equation (1.3.3). O
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3.2.2 Proof of Theorem 3.1.1

In the proof of Theorem 3.1.1 we will analyze separately equations of Type I and

equations of Types II-I1I.

3.2.2.1 Existence of finite-order local isometric immersions for Type I equa-

tions

To prove that equations of Type I admit finite-order local isometric immersions,
we will distinguish between Type I (a) and Type I (b).
Type I (a). In view of Lemma 3.2.2 and (2.2.4), equations (1.3.2) reduce to

[ — et [a, — € (a — ) ) 21 — he <) [a, — ¢ (a — ¢) 1]

(3.2.26)
—pe €M +9) [h . — 2enb] 2, — eI b — 2enb]

| nee — glca + e I f (b, — 2eg'b) = 0.

Hence, in view of the independence of ¢, ¢, f, g and a, b, ¢ on z1, (3.2.26) splits into the
following two systems

a,—¢€ela—c)n=0,

b, — 2enb =0,

(3.2.27)

and

,6(m+g)f —ed(a—c)+nb,—db,=0

e a;—€g (a—c Mot =90 ’

la, ( )] t (3.2.28)
et f (b, — 2eg'b) + ey — g'ca = 0.

In its turn, in view of f, # 0 and the independence of g, a, b, ¢ on z, the system (3.2.28)

splits into the following system

a;—eg (a—c)=0,
by — 2eg’b =0,
(3.2.29)
nbi —g'b. =0,
ncy —g'cy =0.

\

Then, from the second equation of (3.2.27) and second equation of (3.2.29), one gets the
expression of b given by (3.1.2). In particular the third equation of (3.2.29) is automatically
satisfied.

On the other hand, in view of n? + (¢')* # 0, from the first equations of (3.2.27)
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and (3.2.29) one has that a # 0 and from the Gauss equation one gets

2
-1
c= b — (3.2.30)

Then in view of (3.2.30), first equations of (3.2.27) and (3.2.29) rewrite as

aa, — en [a® — y*etr9) 4 1] =0,

(3.2.31)
aa, — g [az — ~2edelnaty) 4 1} =0,
and can be readily integrated in the form
a? = Ce*meta) _ y2pictta) (e R, (3.2.32)

by using the integrating factor =27, Thus (3.2.32) entails that

a = V\/C@QE(WW) — 2etelnztg) — 1

which is defined whenever (e2<e+9) — y2¢4<tiz+9) _ 1 > (. Therefore ¢ > 0 and

C—v (2 — 4y < e2natg) C+v (2 —4y?

272 272 ’

i.e., a is defined on the strip described by (3.1.1). Finally, by substituting above results
in (3.2.30) one gets the expression of ¢ given in (3.1.2), and one can readily check that
also the fourth equation of (3.2.29) is satisfied.

A straightforward computation shows that also the converse of the theorem holds

for current type.

Type I (b). The proof is similar to that of Type I (a). In this case instead of
(3.2.26) one has the following system

(

—p [cosh (nx 4+ g) a, +nsinh (nx +g) (a — )| z1 +nby — ¢'b,
—1 [cosh (nz + g) a, + n sinh (nz + g) (a — ¢)]

+ [cosh (nx + g) as + sinh (nx + g) ¢’ (a — )] f =0,
(3.2.33)

—p [cosh (nx + g) b, + 2n sinh (nx + g)] 21 +ncy — §'c,
—1 [cosh (nz + g) b, + 2n sinh (nz + g)]

|+ [cosh (nx + g) by + 2 sinh (nx + g) ¢'b] f =0,
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by which one obtains, instead of (3.2.27) and (3.2.28), the following two systems

cosh (nx + g) a, + nsinh (nx + g) (a — ¢) = 0,

(3.2.34)
cosh (nx + g) b, + 2n sinh (nx + g) = 0,
and
[cosh (nx + g) ay + sinh (nx +g) g (a —c)] f +nby — g'b, =0, (3.2.35)
[cosh (nx + g) by + 2 sinh (nx + g) ¢'b] f +ncy — g'c. = 0. -
Hence, instead of (3.2.29), in this case one gets the system
( cosh (nx 4+ g)as+ sinh (nz+g) g (a —c) =0,
nb, - g/b,x =0,
t (3.2.36)

cosh (nx + g) by + 2 sinh (nx + g) ¢'b = 0,

ney —g'ce =0,

\

and the proof runs as that of Type I (a). In particular one gets the expression of b given
in (3.1.4), as well as that ¢ = biT’l. Moreover by integrating the following analogue of
(3.2.31)

2 _cosh*(nz
a0+ ntanh (1 + 9)a* = ytanh (no -+ 9) [FSHEESE] =0 (3.2.37)
aay + g'tanh (nx + g) a® — g'tanh (nx + g) [%W} =0,
by means of the integrating factor e/ 2n1tanh(nz+g)de — _ cogp2 (nz + g), one gets

2 B 4 2
2 = CWcosh? (et g) —cosh* (e +9) =* (3.2.38)
cosh* (nz + g)

which is exactly the expression of a given (3.1.4) and is defined whenever
¢ cosh? (nx + g) — cosh* (nx + g) — 7* > 0.

Therefore one has that ( > 0 and

(- JTTP

2

Vi

< cosh® (nx + g 5 ,

i.e., a is defined on the strip described by (3.1.3). By substituting above results for a and

b into ¢ = biT’l one obtains the expression of ¢ given in (3.1.3) and one can readily prove
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that all equations of (3.2.34) and (3.2.36) are satisfied.
A straightforward computation shows that also the converse of the theorem holds

for the current type.

3.2.2.2 Non-existence of finite-order local isometric immersions for Type II

and III equations

To prove that equations of Type II and Type III do not admit finite-order local
isometric immersions, we will separately analyze Type II (a), Type II (b) and Type III
(¢), whereas Type III (a) and Type III (b) will be analyzed almost simultaneously.

Type II (a). In view of Lemma 3.2.2 and (2.2.7), equations (1.3.2) reduce to

(

la, —nm(a—c)egf.z1+eangd (a—c) f—2e19°b5 — e1b, [ g% da

+nlbe+my(a—c)] —a+4 la; —em(a—c) [¢*6dz] =0,
(3.2.39)
b, — 2nmb e1gf .21 + 2e1mgdbf + €19%0 (a — ¢) — e1¢, [ g*d da

| (e + 2mypd] — b + H (b — 2eymb [ g*6 dx] = 0.

Hence, in view of the independence of 6, m, f, g, ¢ and a, b, ¢ on 21, (3.2.39) splits into
the following two systems

a;,—nm(a—c)=0,

(3.2.40)
b, —2nmb =0,
and
(gl (a—c) f2+ (nbs — 261966 — e1b, [ g*0dx) f
+g[ay —em(a—c) [g*ddz] =0,
(3.2.41)

261mg6bf? + [e19%6 (a — ¢) — e1c, [ g*6 da +ney] f
[ +g [b7t —2eymb [ g0 dx] =0.

Then if n # 0, by deriving (3.2.41) twice with respect to z, one gets

which contradicts the Gauss equation (1.3.3).
On the other hand, if n = 0, then from (3.2.40) one gets a, = b, = 0 and (3.2.41)

reduces to

—2e19°06f + g lay —em (a — ¢) [ g*6 dz] =0,

2 2 2 (3.2.42)
(1626 (a —¢) — 1, [ G20 da] f + g [by — 2e1mb [ g*0 dx] = 0.
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Hence, by deriving the first equation of (3.2.42) with respect to z, one has that b = 0
and a # 0, because of Gauss equation (1.3.3). Also, by deriving the Gauss equation with
respect to x, one gets ¢, = 0 and hence, in view of f, # 0, from the second equation of

(3.2.42) one concludes that a = ¢, which contradicts the Gauss equation.

Type II (b). In view of Lemma 3.2.2 and (2.2.9), equations (1.3.2) reduce to

[ nergf.(a—c)z +eangasf —ean(2g°b + b, [ g* dz)

+[be + 9 (a — ¢) = 22LEE (o o) =0,
(3.2.43)
merghf .z + engb.f +eang? (a—c) — anc, [ ¢* da

€ 2 X
|+ (e + 2bp) — 2 Lode g

Hence, since fi; = 0, it follows that wy A ws # 0 is equivalent to e;n%gf # 0 and by

deriving (3.2.43) with respect to z;, one concludes that

which contradicts the Gauss equation (1.3.3).

Type III (a-b). In view of Lemma 3.2.2 and (2.2.12-2.2.14), equations (1.3.2)

reduce to

;

[a, —2bh —nm (a —¢)] g.21+ [a, — 2bh —nm (a — ¢)] 9.
_ [mh(a_c) _ m] fg+ [aﬁrm] f

I [h,za,fnzlh,z(a%) —(a—c¢)h* — hb, — 2bh , +nd (a — c)] g

+nq(a —c)+nb; =0,
(3.2.44)

by —2nmb+ h(a—c)]g.z1+ [bz —2nmb+ h(a — ¢)] g4
~ [omnp — moteiva] o o [y, g 2] g

i [M —2bh* —c h+hy(a—c)+ 2775(7] g

+2ngb +ncy = 0.

\
Hence, in view of the independence of h, m, ¢, f, g and a, b, ¢ on 2y, (3.2.44) splits into

the following two systems

a, = 2bh+nm(a—c),
by =2nmb—h(a—c),

(3.2.45)
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and

( fa, +nb, + [mh (b;l _ a) _ 2519] af —2bf

+ [7]5 (a—l—%) —2nmhb} g+ nq (a—l—%) =0,
(3.2.46)

"(t%z)a,t +(f+22) b, + [5 (a + %) - 2mhb] 2

+q(a+%)f+ [2n5b+@(%#—1—362)}%21)@:0,

where we have used the identity ¢ = 2=1. Indeed a # 0, since otherwise (3.2.45) reduces

a

L ) (2)-00)

h ——nm
" ) # 0, and b = ¢ = a = 0 contradicts Gauss equation. Therefore,

where det
nm  h

by rewriting (3.2.46) as

ay=[2(a® = b? + 1) +26b] g + 22,

a

! (3.2.47)
by=[2mhb— 2 (a®> —0*+1)] g— 2 (a®> - *+ 1),

and deriving (3.2.47) with respect to z one gets

( 5 mh ) ( 2ab ) ( 0 >
- , (3.2.48)
mh —0 a’?—b+1 0

g =y, =A@ (3.2.49)

a’ a

and

In the case of Type III (a) one has that
— (0 4+ m*h*) = — [* (1 = m®) + m*h?] = —h* #£ 0,

and hence (3.2.48) entails that b = 0 and a* + 1 = 0, which is a contradiction.

On the other hand, in the case of Type III (b) either m? + 6% # 0 or m = § = 0,
however in both cases equations (3.2.48) and (3.2.49) lead to a contradiction. Indeed,
when m? + 6% # 0, (3.2.48) entails that b = a®* + 1 = 0. On the other hand, in view of
(2.2.2), when m = 6 = 0 one also has 7 = 0 and hence from the compatibility of (3.2.45)
and (3.2.49) one obtains

b(hy —q.) =0, (3.2.50)
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where h; — g, # 0, otherwise by (2.2.15) one would get g = 0 and hence (2.2.11) would
degenerate to a first-order equation. Thus, from (3.2.50) one has b = 0 and in view of
h # 0, (3.2.49) and (3.2.45) one easily that ¢ = a — ¢ = 0, which contradicts the Gauss
equation (1.3.3).

Type III (c). In view of Lemma 3.2.2 and (2.2.16), equations (1.3.2) reduce to

2

[nla—c) = 2hb gz + [ (a — &) = 2hb] g — gf [h(a— ) + % (a =)
+g [na,m — hby — 2y + "2 (a — C)]

—|—% (CL — C) + h(lﬂj + nb,t —qa,; = 07 (3251)

[h(a—c)+2nblg.z1+[h(a—c)+2nblg, —gf [Zhb + 217}723)}

| 9 [ — oo+ (0= ) b+ Z52b] 4+ Z00b 4 B, + e, — b =0,

Hence, in view of the independence of h, m, ¢, f and g on 27, one readily gets that

)02 -6)

Z ) # 0, and hence that b = a — ¢ = 0 which contradicts the Gauss

where det (
n
equation (1.3.3).

3.2.3 Proof of Theorem 3.1.2

In the following proof of Theorem 3.1.2, we distinguish between the linear prob-
lems (a) and (b) provided by (1.2.10) and (1.2.11).
(a) In view of Lemma 3.2.2 and (1.2.10), equations (1.3.2) reduce to

—Qe= < t9) [q , — e (a —c)n] + e 19 fla, — eg’ (a — c)]
+nby — g'bys =0, (3.2.52)
—Qe <t ta) [b  — 2enb] + eI £ (b, — 2eg'b) +ncy — g'c. = 0,

where () # 0. Hence, in view of the independence of f, g and a, b, ¢ on z_1, (3.2.52)

»Zk—1

splits into the following systems

ay,—€la—c)n=0,
b, — 2enb =0,
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and
e~ 9 fla, —eg (a— )] +nby — g'by =0,

e—c(nzt) f (bt —2eg’b) +mcy — g'cy = 0.

The rest of the proof runs as that of Theorem 3.1.1, in the case of Type I (a).

(b) In view of Lemma 3.2.2 and (1.2.11), equations (1.3.2) reduce to

(_Q [cosh (nx + g) a, + n sinh (nx + g) (a — ¢)] + cosh (nx + g) a4

+nby — g'by + sinh (nz +g)g'f (a—c) =0,
(3.2.53)
—Qcosh (nx + g) b, + 2n sinh (nx + g)] + cosh (nz + g) b,

| +ney — g'co +2sinh (nx +g) ¢ fb =0,

where 2 # 0. Hence, in view of the independence of f, g and a, b, ¢ on z;_1, (3.2.53)

»Zk—1

splits into the following systems

cosh (nx + g) a, + nsinh (nz + g) (a — ¢) = 0,
cosh (nx + g) b, + 2n sinh (nx + g) = 0,

and
cosh(nx +g)as+nby — g'b, +sinh(nx+g)g'f (a—c) =0,

cosh (nx +g) by +ncs — g'c + 2sinh (nz +g) ¢'fo = 0.

The rest of the proof runs as that of Theorem 3.1.1, in the case of Type I (b).

3.3 Examples

Example 3.3.1. Boltzman equation
z =229 + 23, (3.3.1)

is an example of Type I (a) and Type I (b).

For instance, by choosing 1-forms
wy = e~ (zdy 4 2z dt), wy=ndx+gdt, ws=ew,

equation (3.3.1) can be seen as a particular instance of Type I (a), described by (2.2.3),
with e = £1, f =9 = 2,9 =0 and g = g (t) an arbitrary differentiable function. In this

case, equation (3.3.1) describes a family of pseudospherical surfaces with first fundamental
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form
I = [e72Mt9) 22 4 2] dx? + 2 [e20H9) 222 4 ng'| dadt + [e7 20192222 4 (g’)z] dt?,

and in view of Theorem 3.1.1, whenever the associated 1-forms w; = f;1 dx + fio dt and
the generic solutions z of (3.3.1) are defined on a strip of the form (3.1.1), such a family
of pseudospherical surfaces admits a finite-order local isometric immersion with second

fundamental form given by
II = a1 diL‘Z + 2&12 dx dt + aggdtQ,

where

ayy = ve 2<mrtg) 2 \/§626(’7w+9) — y2ete(nztg) — |

y2ede(nz+g) _1

e(nz+g) 2
+277/76 z 4+ vn \/4'626(

ne+g) —~2ede(nz+g) 1 ’

U1y = Ve—Ze(n:c+g)Z2zl \/Ce%(nx-&-g) — fy2e4e(n;c+g) -1

~2ete(natg) _q

e(nz+
+ye D (g2 + n2z) + vng' Ve

nx+g) 772 645(771“'9) —1 ’

9o = Ve—25(nac+g)222% \/<€25(na¢+g) _ 72645(77m+g) —1

~2ede(nz+g) _q

e(nz+g) o \2
+2ve gzz+(g) v e

On the other hand, by choosing 1-forms
wi = cosh (nx + g) (zdx + 22 dt), wy =ndr+ g dt, ws=—tanh(nz + g)wr,

equation (3.3.1) can be seen as a particular instance of Type I (b), described by (2.2.3),
with f = ¢ = 2, 9% = 0 and g = g (t) an arbitrary differentiable function. In this case,

equation (3.3.1) describes a family of pseudospherical surfaces with first fundamental form

I = [cosh® (nz + g) 2* + n?] da? + 2 [cosh® (nx + g) 2%z + ng'] dx dt

+ [cosh? (nx + g) 2222 + (¢')?] dt?,

and in view of Theorem 3.1.1, whenever the associated 1-forms w; = f;1 dz+ f;» dt and the
generic solutions z are defined on a strip of the form (3.1.3), such a family of pseudospheri-
cal surfaces admits a finite-order local isometric immersion with second fundamental form
given by

IT = ayy dz? + 2a1 dx dt + assdt?,
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where

any = vzy/Ccosh? (nx + g) — cosh* (nx + g) — 72

4_Zmz 2 2 —cosh® (nz+g)
cosh(nz+g) vn 2 2 4 2’
nrrg cosh (nz+g)\/Ccosh (nz+g)—cosh*(nz+g)—vy

arg = vz*z14/Ccosh? (nx + g) — cosh* (nx + g) — 72

4+l znzz)
cosh(nz+g)

v —cosh*(na+g)
cosh?(nz+g) \/Qcosh2 (nz+g)—cosh*(nz+g)—~2’

+ng'v

az = vzz1y/Ceosh? (nz + g) — cosh* (nx + g) — 2

29'vzz1 2 7% —cosh* (nz+g)
+cosh( z+g) + <g) v 2 2 4 2’
nrTg cosh (77:c+g)\/Ccosh (nz+g)—cosh*(nz+g)—v

Example 3.3.2. Equation
z =12+ 2 (w2 + 1) 21 + 27, (3.3.2)

is an equation of Type I (a) and Type I (b), as well as of Type III (a).
For instance, if in Type I one chooses f = z, ¢ = x, ¢ = x2%+ 2, one can interpret

(3.3.2) as a particular instance of Type I (a), with associated 1-forms

wy = e~ ) [z dy + (v2y + 222 + 2) dt],
we = ndx + ¢ dt, (3.3.3)

W3 = €W,

where € = +1 and g = ¢ (¢) is an arbitrary differentiable function. In this case, equation
(3.3.2) describes a family of pseudospherical surfaces with first fundamental form I =
w? 4+ w32 given by (3.3.3), and in view of Theorem 3.1.1, whenever the associated 1-forms
w; = fa dx+ fiz dt and the generic solutions z of (3.3.2) are defined on a strip of the form
(3.1.1), such a family of pseudospherical surfaces admits a finite-order local isometric
immersion. In such a case, the coefficients a;; of the second fundamental form are given
by (1.3.1) where a, b, ¢ are given by (3.1.6).
On the other hand, if in Type III (a) one chooses f = z, g = —xz, m = 0,

h = —n and ¢; = —1, one can interpret (3.3.2) as a particular instance of that type with
associated 1-forms

wy = zdx + [x29 + 2 (22 + 1) 21 + 27| dt,

wo = ndz + nrzdt, (3.3.4)

w3 = —Ws,

where 17 # 0. In this case, equation (3.3.2) describes pseudospherical surfaces with first

fundamental form I = w? + w3 given by (3.3.4), however in view of Theorem 3.1.1,
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such a family of pseudospherical surfaces does not admit any finite-order local isometric
immersion.
This proves that the existence of finite-order local isometric immersions depends

on the particular choice of the associated linear problem.

Example 3.3.3. In view of Theorem 1.2.2, any evolution equation written in conservation
law form is a PS equation. Hence, in view of Theorem 3.1.2, whenever the associated
1-forms w; = fi1dx + fiodt and the generic solutions z are defined on a strip of the
form (3.1.5) or (3.1.7), there exists a local finite-order isometric immersion in E? of the
corresponding family of pseudospherical surfaces described by such a PS equation. In
such a case, the coefficients a;; of the second fundamental form are given by (1.3.1),
where a, b, ¢ are given by (3.1.6) or (3.1.8).

Examples of this type are provided by many well known evolution equations. Ex-
amples of second order are for instance provided by Burgers equation, Murray equation
and Svinolupov-Sokolov equations. Higher order examples are provided by Kuramoto-
Sivashinsky equation (see also [17]), Sawada-Kotera equation and Kaup-Kupershmidt
equation (see also [29]) as well as by hierarchies of evolution equations written in conser-
vation law form like the following ones:

(i) Burgers hierarchy

2z =D, [DI (an) + %an] , n €N,

z .
where a; = z and an41 = Dy (an) + 5an;

(ii) mKdV hierarchy

D, (ay,
2z =D, [Dz( (a>>+zan], n € N,

z

where a; = 5 and 29222) — D, (za,) + D3 | 22Lee) .

(iii) KAV hierarchy

2z =D, (azrl), n €N,

where a; = 4z, D, (*52) = D3 (%) + 2D, (a,) + 2¢=.
Theorem 3.1.2 proves that, whenever the associated 1-forms w; and the solutions z
are defined on a strip of the form (3.1.5) or (3.1.7), finite-order local isometric immersions

for the described family of pseudospherical surfaces exist in all such cases.



Chapter 4

Nontrivial 1-parameter families of

ZCRs obtained via symmetry actions

In this chapter we consider the problem of constructing nontrivial 1-parameter
families of ZCRs for PS equations. This problem is of special interest for the application
of the theory of ZCRs, for instance in the calculation of exact solutions and infinite
hierarchies of conservation laws, and has been solved in the more general case of g-valued
ZCRs, with g a Lie sub-algebra of gl (n,R) or gl(n,C), by using the theory of classical
symmetries of differential equations and the cohomology defined by the horizontal gauge
differential of a given ZCR. In particular we provide an infinitesimal criterion which
permits to identify all infinitesimal classical symmetries of an equation £ whose flow
Ay could be used to embed a given ZCR « of £ into a nontrivial 1-parameter family
ay of zero-curvature representations of £. The results reported here have been recently
published in the paper [15].

The chapter is organized as follows. In Section 4.1 we discuss the application
of symmetries of an equation £ in the construction of a 1-parameter family of ZCRs of
E. In Section 4.2 we prove the main theorem which allows one to identify infinitesimal
gauge-like symmetries as well as non gauge-like ones, for a given ZCR. In view of this
theorem, only infinitesimal symmetries which are non gauge-like, for a ZCR «, may be
used to construct a nontrivial 1-parameter family «,. Then we illustrate the results of

this chapter by means of some examples in Section 4.3.

4.1 Action of continuous symmetries on ZCRs

In this section we will show how the flows of infinitesimal classical symmetries
of a differential equation £ could be used to embed a given g-valued ZCR « of £ into a

1-parameter family ) of ZCRs.
79
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Since the flow of a classical infinitesimal symmetry of an equation & C J*(x)
is in particular a 1-parameter family of finite symmetries of C*(7), it will be useful to
recall that finite symmetries of C*(m) can always be obtained by prolonging either a
(local) diffeomorphism on J°(r) or a (local) diffeomorphism on J!(7). Indeed, in view
of Bécklund theorem [45, 63], finite symmetries of C*(7) are of two distinct types: when
m > 1 classical finite symmetries are prolongations of (local) diffeomorphisms on J°(7)
(also called point transformations); on the contrary when m = 1 there are classical finite
symmetries which are not prolongations of point transformations, but are prolongations
of (local) diffeomorphisms on J!(r) (also called contact transformations). In practice, a
contact or point transformation can be prolonged to a finite symmetry of C¥ () on J*(r)
as follows.

For ease of notation, denoting by z" the totality of coordinate zJ, with j €

{1,...,m} and 0 < |o| < h, the prolongations
n=xa),  H=gixa®),  0< <k
to J*(m) of a contact transformation on J!(7)
7 =&(x2Y),  Z=vxaY),  0<lo <1
can be computed by using for any fixed o and j the following recurrence formula

.

where the ngﬂ) denote the (k + 1)-th order truncated total derivative operators

2]l = A7 D0 (x,2)

ngﬂ) = Opi + Z ziHiazg,

jo|<k

and A is the nonsingular matrix

DM(&) .. DY)
A : : ' (4.1.1)

DY) ... DP(&)

The same formula could be used to prolong a point transformation {7; = &(x,z), 27 =
VI (x,2z)} on JO(7) to a (local) finite symmetry of C*(r) on J*(mr).
Now, since the infinite prolongation of a finite classical symmetry is a finite sym-

metry of C(), by considering g-valued forms, with g a sub-algebra of gl(n,R), one has
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the following

Lemma 4.1.1. Let F be the infinite prolongation of a point or contact transformation.

For any pair (a,b) of natural numbers, the following diagram commutes:

g® Ala+1b) (7T) ”(aﬂOF* g® A(“'H’b)(ﬂ)
dg T O tdy
BOADE) g Ae(m)
(@,0) 0 f*

In particular, if F is the restriction to £ of the infinite prolongation F of a point or
contact transformation which maps a formally integrable equation & C J*(r) to a formally
integrable equation Y C J*(), then for any pair (a,b) of natural numbers the following

diagram commutes:

_(a+1’b)OF*

g ® AT () e g® A(a—s—l,b)(g)
dy 1 O T dg
gEAY) o geAd(E)
ﬁga’ oF*

Proof. We only give a proof of the commutativity of the first diagram, since the commu-
tativity of the second diagram is obtained by restricting on £(>) and Y.

Since d = dy + dy and F* commute, for any o € g ® A@Y(7) one gets that
F*(dga)+F*(dya) = dy (F*(a))+dy (F*(a)). On the other hand, since F' is a symmetry
of C(m), it is not difficult to see that, for any p € A®9  all terms in the decomposition

of F*(p) on EB A9 () have at least vertical degrees q. Hence (@10 (F*(dya)) =
r+s=p+q
7@ (dy (F*(a))) = 0, and one has that 7@ (F*(dya)) = 7@ (dy (F*(a))).

But, again in view of the fact that F is a symmetry of C(7), one has 7@+ (dy (F*(a)))
dy (7 (F*(«))) then 7@+ (F*(dpa)) = dy (7Y (F*())).

U

An analogous result holds for forms on J* (7) and £().

We will adopt the following

Definition 4.1.2. Let F' be the infinite prolongation of a point or contact transformation.

By F'# we denote the map
F# = glab) o p* . g A(“’b)(ﬁ) =g A(“’b)(ﬂ).

Analogously, if F is the restriction to £ of the infinite prolongation F of a point or

contact transformation which maps a formally integrable equation & C J*(7) to a formally
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integrable equation ) C J*(r), by F'# we will denote the map
F,# _ ﬁéa,b) ° F* L g® A(a,b) (y) —Sg® A(a,b) (8)

Notice that, if F' is projectable (i.e., F*(C®(M)) C C>(M)), then F# = F* and
F# = F*.
Now we can prove the following

Proposition 4.1.3. If F' is the infinite prolongation of a point or contact transformation,
which maps a formally integrable equation € C J*(nt) to a formally integrable equation
Y C J¥(r), then

F#:g@ A ) = g @ AYE)

maps any ZCR B of Y to a ZCR a = F#(B) of £.

Proof. Tt is not difficult to show that, in view of the non degeneracy of (4.1.1), a is a non-
vanishing g-valued horizontal form on £(>). Hence, one has to prove that d. HEeO— % [, a] =
0. To this end, it suffices to observe that in view of Lemma 4.1.1

F# (dpyB = 5[8.8]) = due (F¥(8)) — 5 ([F7 (8), F* (B)]) = dnea — 5[, a].

N[

Hence the claim follows by the fact that dgy3 — s18,8] = 0. ]

Corollary 4.1.4. If F is the restriction to £ of a classical symmetry of a formally
integrable equation &, then F* maps any ZCR « of € to a ZCR F¥(a). In particular, if
Ay is the flow of a restricted classical generalized symmetry of £, then oy = Af(a) s a
1-parameter family of ZCRs of £.

We close this section with the following examples illustrating the results of Propo-
sition 4.1.3 and Corollary 4.1.4.

Example 4.1.5. The sine-Gordon equation
E={zn,=sin(z)}, (4.1.2)

defines a submanifold of J?(), with 7 : R? x R — R?, (z,t,2) — (z,t), and admits the
following s[(2, R)-valued ZCR

1 -3 1 [ cos(z) sin(z)
o= dx + — dt. (4.1.3)
4 -1 4\ sin (z) —cos(z)
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The algebra of classical symmetries of £ is generated by the prolongations of vector fields
Y :axa Y, :ata Y3 :xax_tat

Symmetries Y; and Y3 describe the obvious invariance of (4.1.2) under translations x —
x4+ c; and t — t + c9, ¢1,c0 € R. Hence their prolongations leave invariant the ZCR «
and cannot be used to construct a l-parameter family of s((2, R)-valued ZCRs of (4.1.2).
The same is not true for Y3, and according to Corollary 4.1.4 one could use the flow A, of
the restriction to £ of Yg(oo) to generate a 1-parameter family of s[(2, R)-valued ZCRs
of (4.1.2). Indeed, since « only involves first-order jet-coordinates and A, induces the

following first-order transformation
t— e_)‘t, T — e’\x, 2z, 21— e_’\zl, Zp e’\zt,

one readily gets that

et —2 1 cos (z) sin(z)
Oé)\:Af(OJ) = ? d.l'—i-—/\ dt,
a4 —e de sin(z) —cos(z)

which is the well known 1-parameter family of ZCRs for the sine-Gordon equation [56].
Using Theorem 1.6.3, one could check that A is not removable, and hence that a, is a
nontrivial 1-parameter family of sl(2, R)-valued ZCRs. Using the Theorem 4.2.8 of next
section one could predict the non-removability of A by the fact that the prolongation of

Y3 is non gauge-like for a.

Remark 4.1.6. We notice that, in the current literature, classical symmetries of nonlinear
differential equations admitting ZCRs are usually projectable. However, as shown by the
following example, non-projectable symmetries also may occur and hence exploited in the

embedding of a given nonparametric ZCR « into a 1-parameter family a;, of ZCRs.

Example 4.1.7. In the previous example, A, is projectable and hence Af&(a) = Aj ().
However, if one uses the non-projectable transformation F' defined by the prolongation of

the point transformation

equation (4.1.2) and ZCR (4.1.3) transform to

Y= {va = 1_ 1 (vevrr + visin (v) — 3v2sin (v) 4 3vysin (v) — sin (U))} (4.1.5)



84

and
1— vecos(v) ve _ vgsin(v)
ﬁ — (F—l)# (CY) — 4 . 2(vr—1) 4 dé.
Ve _ vgsin(v) vecos(v) 1
2(1—vy) 1 1

cos (v)  sin(v)
+ip= dr,
sin (v) —cos (v)

respectively, where F' is the restriction of F' to £(). Consequently, Y3 transforms to the
non-projectable field X3 := F,(Y3) = £0¢ + (v — 7) 0, which generates a non-projectable
classical symmetry of ). Hence the flow B, of the restriction to P2 of Xg(,oo) is not
projectable and B¥ () does not coincide with B (f).

Since (8 only involves first-order jet-coordinates and B, induces the following

first-order transformation

—2)
Es e, TouvH(T—v)eN, v, v s U e

e

R L —
vrte~A—e" Ay

one gets that

6)‘ . vgios)\(v) . Ve 5 - vgii’rf\(v)
Br=B{(B) = | : dg
Ve _ vgsin(v) vecos(v) 6)\
2(1—v;) 4e 4e

cos (v)  sin(v)
+i% dr.
sin (v) —cos (v)

Of course, since F transforms the flow of Y3 to the flow of X3, one has that F#(8)) = a,.

4.2 Infinitesimal criterion for gauge-like symmetries

and nontrivial 1-parameter families of ZCRs

In this section we will prove an infinitesimal version of Theorem 1.6.3 (see The-
orem 4.2.8 below), which will give a characterization of classical symmetries whose flows
acts like gauge transformations for a ZCR « of £. We will call these symmetries gauge-like
and prove that they form a sub-algebra of the Lie algebra of symmetries of £. Hence,
oy = Af(a) is nontrivial if and only if A, is the flow of a restricted classical non gauge-like
symmetry.

We begin by introducing the following

Definition 4.2.1. Let Z be a vector field on J>®(7) and w € g ® A9 (7). By Z(w) we
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denote the 79 -projected Lie derivative
Z(w) = m(P:a) (Lz(w)).

In particular, if Z is a generalized symmetry of € and Z its restriction to £, for any
w € g ® APD(E) we denote by Z(w) the 7P9-projected Lie derivative

Z(w) == 709 (Ly(w)).

The following lemma gives an analogy of the standard commutation property

between the Lie derivative and the exterior differential.

Lemma 4.2.2. If Z is a generalized symmetry of €& and Z its restriction to £, then
Z(dg(w)) = dg(Z(w)) for any w € g ® AP (E).

Proof. Since Ly and d commute on g ® A*(£) and Z is tangent to £(>°), one gets that
(Lz o d|gee) — dlgey © Lz) (w) = 0, for any w € g @ AP (E). On the other hand, since

dlg(e) = dpr + dy, Lemma 4.1.1 allows one to rewrite
70 (Lz 0 dlg — dlgee 0 Lz) (W) =0

as
(R 0 Lg) 0 diy — dig o (79 0 L)) (w) = (79 o [dv, L)) ().

Then, since Z is a symmetry of C(€), [dy, Lz] (w) cannot have horizontal degree greater
than a and (7' o [dy, Lz]) (w) = 0.

It is not difficult to prove also the following two results ]

Lemma 4.2.3. If A, B are infinite prolongations of point or contact transformations,
then B* o A* = B* o A*. In particular, if A and B are symmetries of €, then their
restrictions A, B to £ are such that B¥ o A* = B# o A#.

Lemma 4.2.4. If Z,,Z, are generalized symmetries of €, then for any a € g ®@ A(E)
their restrictions Zy and Zy to £ are such that Z, (Lz,o) = A (ZZ (a)) )

Lemma 4.2.4 will be used in the proof of Proposition 4.2.10, whereas Lemma 4.2.3

is needed in the proof of the following

Proposition 4.2.5. Let a € g ® AY(&) be a ZCR of € and Z be a classical symmetry
of £. If Ay is the flow of the restriction Z of Z to £, ie., Z = % \—o AXs then the
1-parameter family of ZCRs ay := Af(a) is such that:
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(ZI} Z(a) = %|)\:0 Ai’é(a%
(ii) G = AL (Z(o).
Proof. (i) By definition of Lie derivative Lz(a) = & o Aa (@), hence the claim follows

by observing that Z(a) = 710 (d%‘,\:o A (@) = (%}/\:0 710 (A3 () = d%‘,\zo Af (a).
(ii) In view of Lemma 4.2.3, A}, ; = 70 0 Af 0 Af = A] 0 A5 = AY o A} hence

A¥ <A#(a) - a) #
day . A s Y Af () — _ A# (7
o ; —%@%—7—‘—%“@%
in view of (i). O

Then one can also prove the following

Proposition 4.2.6. Let a € g® AY(E) be a ZOR of €. If Z is a restricted generalized

symmetry of £, then Z(«a) is a 1-cocycle with respect to 0, i.e.,
0aZ(a) = 0.

Proof. Since dyo — %[a, a) =0 and Z is a vector field on £, one still has
- 1
L; (dHOé - 5[04,04]) =0

identically on £(>). Hence, by using Lemma 4.2.2 and formula (1.5.1), the derivative of

Z (dgo — 3o, o) returns

= 1.2 1 _ - _ _
S1Z(e),a] - 5la, Z(@)

0= dy (Z(a)) —

I
T
—~
\N]
Q
=
|
B
N
2
Il
Q
NN
2

Remark 4.2.7. If Z is the restriction to £ of a classical symmetry Z of £ with flow
Ay, one can prove Proposition 4.2.6 by using Proposition 4.2.5. Indeed, by considering

) = flf(a) and differentiating the identity doy — ay Ay = 0 at A = 0, one gets

o
I I
=W
SR
/@/_N\\
L2 =
|
= N
N R
= >
= 9
|
S
s>
NN
S &
Il
Q)
=
N
2
|
[\
Q
>
N
2

The following result, together with Proposition 4.2.6, provides a cohomological obstruction
to the removability of A from the 1-parameter family of ZCRs obtained by using the flow

of a classical symmetry.
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Theorem 4.2.8. Let a € g@ AY(E) be a ZOR of £, Z a classical symmetry of £ and Ay
the flow of its restriction Z to £°°). Then the parameter \ in ay = Af(a) s removable

if, and only if, Z(a) is a coboundary with respect to Oy, i.c.,
Z(a) = 3,K, (4.2.1)

for some g-valued smooth function K on £(°).

Proof. If the parameter A\ is removable, then for \g = 0 there exists some G-valued
function Sy such that Sy = I (identity) and

—1

a=ay = (A@) S = dy (S71) Sy + Sy (Afa) Sh.
Hence, by differentiating with respect to A
0= du (% (57) S+ du (S57) dhSh + (5571) (Afa) Sy + 577 (s Afa) 5
+55 (Affa) &Sh.

and further evaluating at A\g = 0, by Proposition 4.2.5 one gets

- d d

—dy | — -1 —

=i () (i

On the other hand % (S/\_lS,\) = ( entails that (%S;l) Sy + S/\_l (%S,\) = 0 and hence

%})\:0 Sit=— %})\:0 Sh, (4.2.2) can be rewritten
as Z (o) = (dy — [, .]) (K) = 0 (K).

Conversely, assume that Z () = d, (K) and consider a solution Sy of

_ d
/\:05/\ )a+ (oz)—l—ozd)\

Sh. (4.2.2)
A=0

S). Therefore, by choosing K = %| =0

Sy = A% (K) Sy,
So =1,

(4.2.3)

where SA = %SA. In a neighborhood I of \y = 0, S defines the gauge transformation
ad = JHSAS)TI + S)\ozS;l which can be rewritten as dySy = a®Sy — Sya. Then, by
defining

2\ = dpSy + Sha — a5, (4.2.4)

one readily gets
Z) = (as* — a,\) S\. (4.2.5)

Of course zy = 0, and it can be proved that z, = 0, for any A € I. To this end, one may
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first consider the derivative of (4.2.4) with respect to A
4 = dpSy+ Sha — @Sy — aSy,
and, by using equation (4.2.3), rewrite it as
iy =dy (A5 (K) S)) + (A3 (K) Sh) @ — xSy — an A (K) S

On the other hand, in view of Proposition 4.2.5, one has

. d =
in = AT (0) = AL Z(a) = A (2, (K))

Hence
4y = dpy (A% (K)) Sy + A3 (K) dgSy + A3 (K) Sy — AT (94 (K)) Sy
— A7 (a) A5 (K) Sy

—Af (@) A5 (K) Sy
= dp (A3 (K)) S + A3 (K) (dgSx + Sxa) — du (A5 (K)) S
+AY (o) A5 (K) 8y — A3 (K) A (@) Sy — A () A5 (K) Sy
— A (K) (CZHSA + Sya — A¥ (a) SA> = A5 (K) 2
and z, must be the solution of the Cauchy problem
ZA = Ai (K) 2\

ZOIO.

It follows, by the existence and uniqueness of solutions to such a Cauchy problem, that
-1
z) must be identically zero. Then, since S) is invertible, by (4.2.5) one gets o = ozfA and

hence that A is removable . O

This theorem justifies the following

Definition 4.2.9. A generalized symmetry Z of £ is called gauge-like for the ZCR
a € g ® A(€) if its restriction Z to £(>) satisfies the condition Z(a) = 9,K for some
g-valued smooth function K on £ If in addition Z is a classical symmetry, then Z will

be called a classical gauge-like symmetry for a.

We have the following
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Proposition 4.2.10. Let Z, and Z5 be two gauge-like symmetries for the same ZCR
a€g®AYE) of E. Then also [Zy, Zy) is gauge-like for a.. In particular, if

Zl<O[) = gaKla ZQ(O{) = (?9QK2, (426)

then

(21, Zs)(a) = 0a (Ki2),

with
Ky = 21(K2) — Zz(K1) — K4, K.

Proof. First observe that [Z;, Z,] = [Zl, Zz} and Lz, 7z, = [Lz,, Lz,]. Hence, in view of

Lemma 4.2.4, one gets
(21, Z) (a) = Z1(Zy(a)) — Zo(Z1 (@),
and a direct computation gives

Z2(Z2(q)) = Za(Z1(@)) = dir (Z1(K2) — Zo(K1)) — [, Z1(K2) — Za(K1))]

—{[Z1(0), K3] - [Za(a), K1}

Then using again (4.2.6), and formulas (1.5.1,1.5.2,1.5.4), one readily gets that

Z2(Z5(@)) = Z5(Z1(a)) = 0o (Z1(K2) — Zo(K1) — [K), Kol) -

Hence one gets the following

Corollary 4.2.11. Gauge-like symmetries, for the same ZCR « of £, form a Lie sub-
algebra of the Lie algebra of generalized symmetries of €. In particular, classical gauge-like

symmetries form a Lie sub algebra of the Lie algebra of classical symmetries.

Remark 4.2.12. Tt is worth to remark here that, in general, two non gauge-like symmetries
Zy, Zy lead to two nontrivial 1-parameter families of ZCRs o} and 04727. However, one
should consider a3, and 04727 as being two distinct 1-parameter families only if they are not

equivalent, according to Definition 1.6.2.

We conclude this section by observing that the Lie algebra of gauge-like symme-
tries for a ZCR « of £ is invariantly associated to any equation equivalent to £, modulo

some contact transformation. Indeed one has the following
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Proposition 4.2.13. If F' is the infinite prolongation of a point or contact transformation
which maps a formally integrable equation & C J*(m) to a formally integrable equation
Y C J¥(x), then the push-forward F, transforms the Lie algebra of gauge-like symmetries
for a ZCR « of € to the Lie algebra of gauge-like symmetries for the ZCR § = (Fﬁl)# ()

of Y.

Proof. Consequence of the formula (F~)" (Lza) = Ly, 7 (F™')" (a), which holds for any
restricted generalized symmetry Z of £, and of formulas 7‘r§f Mo (F1 = (F1) o7
and JH,)}O (Fil)# = (Fﬁl)#OJHKg‘. ]

4.3 Examples

Here we illustrate some examples of how, starting from a given ZCR « of &, one
may use the flow of an infinitesimal classical symmetry which is non gauge-like for a to

construct a nontrivial 1-parameter family ) of ZCRs of £.

Example 4.3.1. Burgers equation
2= 29 + 271, (4.3.1)

is one of the better-known nonlinear differential equations. In the paper [20] it has been
observed that (4.3.1) can be embedded into a huge class of pseudospherical equations. In
particular, the s[(2, R)-valued ZCR of (4.3.1) found in that paper is

n z nz z1 22 nz

2 it 4 P T T
By = dx + dt,
—n  _n 242 _nz
2 2 47" T 4

NS

z
4

where 7 is a nonzero parameter. However, by using Theorem 1.6.3 one can see that 7 is

removable through the gauge transformation defined by

o (T
v
Indeed, one has that
: 0 L4200
o= 5_16775 — S ldyS = dzr + , dt.
1 z z 21 z
T2 1 1 )

Here, by applying the results of Sections 4.1 and 4.2, we will show how use « to

construct a nontrivial 1-parameter family of ZCRs of (4.3.1).
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To this end, we first observe that the algebra of classical symmetries of (4.3.1) is

5-dimensional and generated by the prolongations of vector fields

Y :a$7 Y, :ata Y3 :xax+2t8t_zaza Y, :taac_aza
Ys = —atd, — t?0; + (v + t2) 0..

In particular, the structure of the algebra of classical symmetries is

(Y1, Y] = [V1, Y] = [V, Y5] =0, [V1,V3] = [Va,Y4] =Y,
[1/271/3] = 2}/27 [}/571/2] = YE%: [Y}),Yé] = 23/57 [}/573/1] = [Y;»,,Y4] =Yy

Then, using Theorem 4.2.8, one can check that Y7, Y5 and Y3 generate the algebra
of gauge-like symmetries for a. On the contrary Y, and Y5 are non gauge-like for ae. Notice
that the sub-algebra of gauge symmetries, with respect to « is not an ideal. For instance
this is evident from the commutator [Y3, Y5] = 2Y5.

By way of illustration, we explicitly prove these properties for Y3 and Ys.

)

For instance, denoting by Z the restriction of Y3(°° to the infinite prolongation

£ of the Burgers equation. Equation (4.2.1) is equivalent to

(O O)dx+( ’ 0>dt:dHK—[a,K], (4.3.2)
~10 —2 0

1
2

a

where dy; is the horizontal differential on £(>) and K = ( ) an sl(2, R)-valued

c —a
function on £(°). Then, it is not difficult to check that (4.3.2) is satisfied by K =
1

1
( 2 ) , and hence that Y3 is gauge-like for a.

U

On the other hand, denoting by Z the restriction of Y5(°°) to £() one can readily
check that the resulting equation (4.2.1) does not admit any solution K. Indeed, assuming
1

~1

that K = ( 02 ) ) is an sl(2, R)-valued function on £(>) then the coefficient of dz in
2

the 1-form Z(a) — dgK + [a, K] is

B B “fb — D.a %b +D,b
io, (Z(a) —dyK + o, K]) = t ) - (4.3.3)
S —a—Dye =52+ Dga

Now, it is straightforward to check that for (4.3.3) being identically zero it is necessary
that the functions a, b, ¢ depend only on (z,t). But, even in such a case (4.3.3) would

never vanish due to its dependence on z. Hence Y; is non gauge-like for a.
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Hence, for instance, one may use the flow A, of the restricted symmetry 375(00),

to construct a nontrivial 1-parameter family of ZCRs of (4.3.1).
Indeed, since « only involves first-order jet-coordinates and A, induces the fol-

lowing first-order transformation

x t

— — 1 1 2 1
alpvt tl—>1+)\t, 2= L+ M) z+ Az, 21— (1+ M) 20+ A (14 M),

X

one gets the following nontrivial 1-parameter family of ZCRs of (4.3.1):

2y _Am__ 0
FEVTEESY))
ay = A¥ (a) = : ) N dx
T 2014t B ESY)
z1 22 A A2
Zg oz — 0
4 8 T A+ 8(1+Ab)2
A0+AD) T 2102 48 A1) T og(14ar)?

Another nontrivial 1-parameter family of ZCRs of (4.3.1) is

z—n)?2 z—
_n 0 %+(8n)+n(4n) 0
677 = dr + 5 dt,

n_
4

[NEN
~

_n_z
4 4 4 8 4

1 z
2 4

and arises from the non gauge-like symmetry generated by Y,. One can see that a;, and

3, are not equivalent, in the sense of Definition 1.6.2.

Example 4.3.2. The well-known 1-parameter family of ZCRs [56] of KdV equation
2 = 23+ 622, (4.3.4)

can be obtained by the following nonparametric sl(2, R)-valued ZCR

0 z—-1 21 —4 4 22 + 2y + 222
o= dx + dt,
—1 0 —4 — 2z —21

with the use of a symmetry which is non gauge-like for .
Indeed the algebra of classical symmetries of (4.3.4) is 4-dimensional and gener-

ated by the prolongations of the vector fields

1
Yi = axa }/2 = _tar + 6827 YE% = ata Yzl = xaﬂc + 3tat - 2282'
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In particular, the structure of the algebra of classical symmetries is

Now, in view of Theorem 4.2.8, one can check that Y; and Y3 generate the sub-algebra of
gauge-like symmetries for a. On the contrary Y, and Y, are non gauge-like for a.
By way of illustration, here we will explicitly prove that Y, is non gauge-like.
For instance, denoting by Z the restriction of Y4(°O) to the infinite prolongation

E(>) of the KdV equation, one can readily check that the resulting equation (4.2.1) does

a

not admit any solution K. Indeed, assuming that K = (
c —a

) is an sl(2, R)-valued

function on £(>) then the coefficient of dz in the 1-form Z(a) — dg K + [, K] is

io, (Z(a) — dukK + o K])
b+ (z—1)c—Dya —2—1-2(z—1)a— Db (4.3.5)
—1—2a— D,c ~b—(z2—1)c+ D,a ‘

Now, it is straightforward to check that for (4.3.5) being identically zero it is necessary
that the functions a, b, ¢ depend only on (z,t). But, even in such a case (4.3.5) would
never vanish due to its dependence on z. Hence Y} is non gauge-like for a.

Hence, for instance, one may use the flow A, of the restricted symmetry }74(00) to
construct a nontrivial 1-parameter family o := A¥ (a) of ZCRs of (4.3.4). To this end,
since « only involves second-order jet-coordinates and A, induces the following second-

order transformation

T — ekx, t— e3’\t, Z = e’”z, 21— 673’\21, Zo 6’4’\22,

one gets that

0 etz—¢e 2 —4e3 4 26722 4 e M2y + 2eM2
Q) = d!E + dt.
—et 0 —4e3r — 2eMz —2z1

Up to a gauge transformation a is equivalent to the already known 1-parameter family
of ZCRs [56]

n oz A3 +2nz + 21 20+ 2n2 + 40Pz + 222
Q) = dx + dt,
-1 —n —4n? — 22 —4n3 —2nz —
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A A
where 7 # 0. Indeed, if one chooses ) = ¢ and S = ( ‘ ‘ , then (d.,)° = A% (a).

0
On the contrary, by using the non gauge-like symmetry generated by Y3, one

would get another nontrivial 1-parameter family

0 z+¢-1
By = dx
-1 0
. 21 22+(2—77)(z+g—1)+2(z+g)2—2 0
2—371—4—22 —21 .

However a and 3, are equivalent (according to Definition 1.6.2), since for n = 6 (1 — e’\)

6)\/2 0 S
and S = 0 o one has that (ay)” = f,.

Example 4.3.3. The known 1-parameter family of ZCRs [19] of the Chen-Lee-Liu system

(4.3.6)

2t = 29 + 2202
vy = —Ug + 2200,

can be obtained by the following nonparametric sl(2, R)-valued ZCR

_ - —1)?
zv2 1 p z1v ZUI;(Z'U ) 220 — 2+ 2
o= dx + , | dt,
- —z10—(zv—1
v 1 sz 02—y — vy zZv1 zlv2 (zv—1)

with the use of a symmetry which is non gauge-like for o. Indeed, the algebra of classical

symmetries of (4.3.6) is 4-dimensional and generated by the prolongations of vector fields
Yi=0,, Yo=0;, Y3=-—20,+0v0,, Yi=1x0,+ 2t0; — v0,.
In particular, the structure of the algebra of classical symmetries is
Vi,V = Vi, Y3 = [Y2, Ya] = [Ya,Yi] = 0, [V, Yi] = Y1, [¥,Yi] = 2V,

Now, in view of Theorem 4.2.8, one can check that Y7, Y5 and Y3 generate the sub-algebra
of gauge-like symmetries for . On the contrary Y} is non gauge-like for a. Hence, by using
the flow A, of the restricted symmetry }_Cl(oo), one can construct a nontrivial 1-parameter

family ay := A? (a) of ZCRs of (4.3.6). To this end, since a only involves first-order
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jet-coordinates and A, induces the following transformation

T — eAa:, t— e”‘t, Z—=z, v e_’\v, Z1 — e_)‘zl, V] = 6_2’\111,

one gets that

2
EPON z1v—2zv1+ 2v—e
zvze 6/\2 2( ) 6)‘ (ZQU . 6/\Z+ Zl)
Q) = R dr + ) dt.
er—zv 201 —z10—( Zv—e?
v 2 2% — et — ( )

2

The already known 1-parameter family &, of ZCRs of (4.3.6) can be obtained in a similar
way by using the flow B, of the restricted symmetry X() = 2374(00) + 37},(00), ie., ay =
Bj\#(a). On the other hand, since By = C) o Ayy with C) being the flow of the restricted
symmetry %373(00), then ay = B! (o) = A%, (C’;\‘7£ (oz)).

Example 4.3.4. The known 1-parameter family of ZCRs [24, 64] of the DN.SL~ Schrédinger

system

{ 2 = —vy + 62221 + 22107 + 4dzvvy (437)

U = 29 + 4220 + 22201 + 6030,

can be obtained by the following nonparametric sl(2, C)-valued ZCR

i[(1—22% — 20%) v — 2] (i+22) (22 +0v?) —vy—z— 1%
+ dt,

(1—22) (22 +v) +v +2z—1 ilz1 — (1 — 222 — 20%) 0]

with the use of a symmetry which is non gauge-like for o. Indeed, the algebra of classical

symmetries of (4.3.7) is 4-dimensional and generated by the prolongations of vector fields
Yi=0, Yo=0, Y3=220,+4t0;— 20,—v0,, Yi= —v0,+ 20,.
In particular, the structure of the algebra of classical symmetries is
[Y1,Yo] = [V1,Ya] = [Yo,Ya] = [V3, V] =0, [¥31,Y53] =2Y3, [V, V3] =4Ya.

Now, in view of Theorem 4.2.8, one can check that Y7, Y5 and Y, generate the sub-algebra
of gauge-like symmetries for . On the contrary Y3 is non gauge-like for a. Hence, by using
the flow A, of the restricted symmetry Yg(‘”), one can construct a nontrivial 1-parameter

family a, := A (a) of ZCRs of (4.3.7). To this end, since a only involves first-order
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jet-coordinates and A, induces the following transformation

T — 62’\.7:, t— 64)‘t, Z— e_Az, V= 6_’\1), z1 — 6_3’\z1, vy — 6_3)‘1}1,

one gets
. ' 2
—inv 2+ L

Q) = dx+
., '
o —nz inv

in[(n? — 222 — 20%) v — 2] n [(m +22) (22 + v?) — vy — 2 — @]
n|(in = 22) (2% +0?) + o1 + 7’z - %3] in [z — (1* = 222 = 20%) 0] "
with 17 = e*, which is the already known 1-parameter family of ZCRs given in [24, 64].
Example 4.3.5. The Sawada-Kotera equation [57]
2 = 25 + 52221 + Bz2z5 + 52129, (4.3.8)

admits the following nonparametric sl (3, R)-valued ZCR

0 1 0
a=10 0 1 |dr
% —z 0
—2z 22— 29 321 — 3
+1 —-1—2x Z— 221 — 23 2% 4 22 dt.
%—% 28— 1-3z20—22 -2y zm+z+2zzn

Here, by applying the results of Sections 4.1 and 4.2, we will show how use a to construct
a nontrivial 1-parameter family of ZCRs of (4.3.8).
To this end, we first observe that the algebra of classical symmetries of (4.3.8) is

3-dimensional and generated by the prolongations of vector fields

}/1 = 8x, }/2 = 815, Yg = x@x + 5t8t — QZaz



In particular, the structure of the algebra of classical symmetries is

[Y1,Y5] =0, [Y1,Y3]=Yi, [Yo, V3] =5Ya.

Now, in view of Theorem 4.2.8, one can check that Y] and Y; generate the sub-algebra of
infinitesimal symmetries which are gauge-like for av. On the contrary Yj is non gauge-like
for a. Hence, by using the flow A, of the restricted symmetry 173(00), one can construct a

nontrivial 1-parameter family oy := A (a) of ZCRs of (4.3.8). To this end, since a only

involves fourth-order jet-coordinates and A, induces the following transformation

t— 65’\75, T e’\x, Z 6_2’\, Z1 e_SAzl,

2o > e P2y, za ez, oz ey,

one gets that

0 w O
ax=| 0 0 p |dx
s ;0
—2u3z p(z? — z) 3tz — 3’
+ | -’ — iy Wz — 2z — 23 p (2% + 229)
p(5-%) —w-TEEERE gty

where p = e*.

dt,
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