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Abstract. A definition of a generalized quotient topology is given and
some characterizations of this concept, up to generalized homeomorphisms, are
furnished. For the first approach, we exhibit a monotonic map spanning that gen-
eralized quotient topology. We also prove that the notions of generalized normality
and generalized compactness are preserved by those quotient structures.

1. Introduction

In [1] A. Csaszér introduced and extensively studied the notion of gen-
eralized open sets. Since then, he and many other authors have shown that
important properties and results still hold, with some or no modification, if
the intersection axiom is discarded from the general topology.

Quotient structures play an important role in many geometric and topo-
logical constructions. In this paper we generalize the quotient topology in
a natural manner and prove some characterizations. Thereafter we give
equivalent ways of considering that concept through partitions and, which
amounts to be the same, equivalence relations on the underlying set. Finally,
we show that the definition preserves, as expected, generalized compactness
and normality.

2. Preliminaries

Let X be a nonempty set with exp X its power set. A class g C exp X
is called a generalized topology (GT for short) on X when () € g and the
union of every family of members of g is again a member of g. Evidently,
every topology is a generalized topology. The elements of g are called the
generalized open sets in X. A pair (X, g), where X # () is a set and g is a
GT on it, is said to be a generalized topological space (briefly GTS).
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By definition, a set A C X in a GTS (X, g) is g-open iff A € g and g-
closed iff X — A € g. When many GTS’s are involved, we use the underlying
set as an index in g. Let us denote by I'(X) the class of all monotonic maps
of exp X into itself, i.e. such that A C B C X = v(A) C v(B). If y e I'(X),
A C X is called a v-open set iff A C y(A) and ~-closed iff its complement
X — A is y-open. It can be shown ([1], Proposition 1.1) that the class of all
v-open sets in X constitutes a GT g, on X. Reciprocally, for every GT on
X, there is a v € I'(X) satisfying g = g, ([2], Lemma 1.1). Moreover, the in-
tersection of y-closed sets being v-closed, it is possible to define the ~y-closure
of A C X as the intersection of all y-closed sets containing A, denoted by
cyA (see [1]).

According to [2], let us say that a function between GTS’s f: (X, gx)
— (Y, gy) is (gx,0y)-continuous if f~*(V) € gx whenever V € gy. We
shall also say that f is (gx,gy)-open ((gx,@y)-closed) when the direct
image of gx-open (gx-closed) sets in X is always gy-open (gy-closed)
in Y. A (gx,gy)-homeomorphism is a (gx, gy )-continuous and (gx, gy )-
open function.

A GTS (X, g) is g-compact (compact in [5]) iff, given an arbitrary cover
{Gr}ex by g-open sets in X (i.e. G}, € g for each k and U, Gy = X), it is
possible to obtain a nonempty subset Ko C K for which Uycg, G = X still
holds (see also [3]).

Other important generalization introduced and investigated by A. Csé-
szér is the notion of generalized normality [4].

A GTS (X, g) is said to be g-normal (normal [5]) when, given disjoint g-
closed sets Fp, F5 C X, there are disjoint g-open sets G, Ga C X such that
F; C G;.

From now on we write fg for f o g, whenever composition is possible.

3. Generalized quotient topologies

Given a GTS (X,gx), Y #0 aset and 7 : X — Y a surjective function,
it is easy to see that g, = {GCY : 77 }(G) € gx} is a GT on Y. Indeed,
P CY and f~1(0) =0 € gx. Moreover, if {Gi}lycx C gr, then 71 (UpGi)
= U 1(Gy) € gx. Tt will be the object of our first definition:

DerFINITION 3.1. We shall call g, the generalized quotient topology
(briefly GQT) induced on Y by 7 and (Y, g.) will be called the general-
ized quotient space (GQS for short) of X. = is the generalized quotient map.

The generalized quotient topology g, is the largest GT gy on Y mak-
ing ™ (gx,gy)-continuous. For let gy be another GT on Y for which 7 is
(gx, gy )-continuous. Then for each V € gy, 77 1(V) € gx. Thus V € g,.

We also notice that GQT’s can be equivalently described by means of
gx-closed sets: F' C Y is gy-closed iff 771(F) is gx-closed.
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The theorem below gives necessary and sufficient conditions on 7 to gy
be a GQT.

THEOREM 3.1. Let (X,gx) and (Y,gy) be GTS’s and m: X — Y be a
surjective function. If 7 is (gx, @y )-continuous and either (gx, gy )-open or
(gx,0y)-closed, then the GT gy on 'Y coincides with the GQT g.. Con-
versely, if gy = g, then m is (gx, gy )-continuous.

PROOF. To begin with, suppose that 7 is (gx,gy)-continuous and
(gx,9y)-open. Since g, is the largest GT making 7 (gx, gy )-continu-
ous, gy € gr. On the other hand, if V € g,, then by definition of g,
7 (V) € gx. In virtue of (gx, gy )-openness of 7, (7 (U)) = U belongs
to gy. Thus gr € gy. The case 7 (gx, gy )-closed is analogous. The second
part is obvious. [

THEOREM 3.2. If Y is endowed with the GQT induced by a function
wof X ontoY, then g: (Y,gy) — (Z,8z) is (9y, 8z)-continuous iff gm is
(9x, 92)-continuous.

Ty

X
gﬂl
s 9

A

PROOF. Necessity. It is clear.

Sufficiency. Suppose that gm is (gx, gz)-continuous and let W be a gz-
open set. Thus (gm) '(W) =7"1(g~(W)) € gx. So by definition of the
GQT, g~ Y(W) € gy. Hence g is (gy, gz)-continuous. [J

For a surjective function g: X — X', define g_ : exp X’ — exp X by
g_(A") =g 1(4") and g4 : expX — exp X’ by g4 (A4) = g(A). Notice that
g— and g4 satisfty A’ ¢ B'= g_(A") Cg_(B')and A C B = g+(A) C g+(B),
respectively. N

For the next lemma, define ¥ = myym_, where 7 : (X,g) — (X,g) is the
generalized quotient map.

LeMMA 3.1. If v € I'(X), then 7 € I'(X):

¥
expX —— exp X

~ Y ~
expX — exp X
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PRrROOF. The following implications hold trivially:

AcBcX=n_ (A cn_(B)=yrn_(A) Cyr_(B)

= myyn_(A) C mpym_(B). O

It is possible to explicitly furnish a nice map that yields the GQT g
on X.

THEOREM 3.3. If (X,g,) is a GTS, for v € I'(X), then the map ¥ =

myym— € I'(X) satisfies g =g
PROOF. The definition of the GT on X assumes the form:

Uecgen '(U)e g9y & 7~ 1(U) is y-open

o1 Y U) cyn YU) & U = an Y (U) C myn Y(D).

Therefore, what we have obtained above can be thus stated: Ue ge U
is ¥-open. In particular, we can write g = g5 O

4. Generalized decomposition spaces

A second approach can be accomplished through partitions.

DEFINITION 4.1. Let (X, g) be a GTS. A decomposition on X is a family
of disjoint subsets of X whose union equals X. A decomposition D, when
provided with the relation

(%) fCD@U{F:FEf}ng,
is called a generalized decomposition space.

PROPOSITION 4.1. The relation (x) produces a GT gp on D.

PROOF. Clearly ) C D and 0 = 0 € gx. Moreover, if 7, C D for all &,
we have J, Fr, € gx. U

As the members of D are disjoint and cover X, it is possible to define
a surjective map P : X — D by setting P(x) = A, where x € A€ D. P is
called the natural map of X onto D.

LEMMA 4.1. The natural map P : X — D is (gx, gp)-continuous.

PRrROOF. Pick a gp-open set 7 C D. Then J{F : F € F} € gx. But

PY(F) :P1< U {F}) = P'{Fh)=F

FeF FeF FerF 0
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P need not be (gy, gp)-open, however, as can be seen below.

EXAMPLE 4.1. Let 0 #U; &G A, 0 #Uy; C Bandset X = AUB. If gx =
{0,U1,Us,U; UUs} is the GT on X, then gp = {0,{0}, {U1},{Us},{U1 U
Ua}, {U1, U2}, {U1, U1 U Uz}, {Uz, U1 UUs}} . Now P(Up) = {A} € gp- So P
is not (gx, gp)-open.

THEOREM 4.1. The GT gp on a decomposition space D of X is the
GQT induced by the natural map P: X — D.

PROOF. Since gp is the largest GT on D which makes P (gx,gp)-
continuous, it follows that gp € gp. Take F in gp. So F = J,{Fk}. Thus
P~YF)= U, P ({Fx}) € gx, by Lemma 4.1. Now by definition of P,
P7Y({F}) = Fy for all k. Hence F = |, {Fx} €gp. U

THEOREM 4.2. If Y is equipped with the GQT induced by a surjective
function m: X — Y, then'Y is (gy, gp)-homeomorphic to a decomposition
space D, under a (gy, gp)-homeomorphism h:' Y — D such that hr is the
decomposition map of X onto D.

PrOOF. D = {W‘l(y)}yey is a decomposition of X. So define h by

h(y) = 7~ 1(y). Tt is obviously bijective. Moreover since 7 is onto Y, given
x € X, there is y € Y such that z € 7 1(y). Thus 7(x) =y and (hr)(z)

= h(y) =7 (y) = P(x).
We show that h is (gy, gp)-continuous. To show that h is (gy, gp)-open
is similar. Let {7 !(y)} yec be a gp-open set, for some G C X. That means

Uyec 7 1(y) € gx. On the other hand,

Uy = Wl( U {?/}> =7 'G) € gx © G € gr = gy.

yeG yeqG

If h: y— 7 1(y), then = (7 1(y)) =y. So

(W) yee) =07 (U {0}

yeG

=Ur'{="'w})= Uy =6

yelG yeG

Now {Wﬁl(y)}yeG € gp = G € g = gy = his (gy, gp)-continuous, as de-
sired. [
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DEFINITION 4.2. Consider a GTS (X, gx) and an equivalence relation
~ on the underlying set X. The identification space X/~ is defined to be
the decomposition space D the elements of which are the equivalence classes
under ~.

REMARK. The importance of Theorems 4.1 and 4.2 is that they ensure
that the two constructions are the same, up to generalized homeomorphisms.
Now a well-known result from set theory shows that equivalence classes in
X partition X, so that this third approach is equivalent to the preceding
one, and thus the three definitions introduced are all equivalent.

5. Applications

Let (X, g) be a GTS and consider the natural map = : X — )N(; suppose
X is provided with its generalized quotient topology g.

THEOREM 5.1. If X is g-normal and w is (g,§)-open, then X is g-
normal.

PROOF. Let F, F’ be disjoint g-closed sets. So 7~ (F), 7~ 1(F) are dis-
joint g-closed in X. By hypothesis there are V, V' disjoint g-open sets such
that 7= Y(F) c V, = Y(F") c V. Thus F C #(V) and F' C n(V’). Since 7
is (g, §)-open, obviously 7(V), m(V’) are disjoint g-open sets. Therefore X
is g-normal. [

THEOREM 5.2. If X is g-compact, then X is g-compact.

PROOF. Let X = U/TkeK a g-open cover of X. So from the g-open cover

X = U7r_1(;1k) of X, we obtain a finite g-open subcover X = ﬂ_l(gkl) U

~-Un Y(A,). Thus since 7 is surjective we have X = wn1(A,)U---U
mn YW (Ag) C Ay, U---U A, C X. Hence X is g-compact. [
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