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“"The exchange of commoditles at thelr values,

epproximately at thelr valuss requirec a

lower stare than thelr exchange at their
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l,1 - Introcduction s The so-called Sraffa model has made its ap-

pearance in 1960, when the 1talicn economist Plero Sraffa publisn=d
his book "Production of Comzodities by Means of Commodities?,.(1)

Sraffa had spent some 43 years of rard work arnd res=arch, du

Correspondence of David Ricardo™, bringing lizht to the e
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wnich rad collected and edited (1951 - 10 voluzes) "Thne wWorks ar
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perspective of the classics and inducing & "“come-back" tc ih
_cf fdiczrdo and Marx.

In Joan Robinson's words :1(2) "It is no wonder tnat this otaz:
took a long time to write. It will not-be read qguickly, Adilcts of
pure ecoromilc loglc who find thelr craving ill-satisfied bty ¢h:
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wishy-washy products peddled in contexporary journals have hers =
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doubled~distililed elixir that-they can enjoy drop by drop, for
a day.," .

In fact, since its publicztio this book hés ji
considerable turbulence on the acade - and to scze
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a long discussion thoughout the 60", known as “Cambridce Con
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where the central subject was the "reswlitching of tecnizues" (3,
what  would zake the whole marziralist neoclassical trecretical

frezeworX be sheken, ln adiition to attack the concept of "egapifil®
as a factor of prsdubtion - trnat could be measured unambigzuosly =

and from whicn one could calculate the "remuneration of the capit=z

(1)Py Sraffa, “"Producticn of Commodities by Keans of Commosdlsiec®-
The Syndics cf the Caxzbridge Unlversity Press - Capbridze 1550,

(2) J, Robinson - Prelude to a Critlque of Zconomic Theory - Cxfecrs
Economie Papers -~ Vol 13 - 1961 - pp 7-14 - in "A Critigeue of toon
Theory™ e 197 Euile. Zunt & J. Sehwariz = Penpaln Sfucatisn

(3) Fs Sraffa - cp cit . Chap XII




factor® alonz the well-known relstion of marziral productivitiecs,
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Apparcntly it  seems that the bulk of the atten

8raffa's work has fallen on these subtjects,. giving ri to an in-
creasing velume of criticism to the marginallist or/and reoclassiceal
theory, almrost alwzys departing froz his brilliant conclusions on

his Chapter XII, On the one hand, there's no doubt that this was crns

(]

D
an

the intentions of tne author, who declares expllicitly is his rrefzac
"It is, however, a peculiar featur: of the set of proposliiions ncw
published that, although threy do not enter into any discusslien of

thie marginsl theory of wvalue and distribution, they hav

1
]
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been deslaned to serve as the basis for a critique of t

Kevertheless, cn the other hand we think thzat a serlies cf
aspects of hls work were,on general,surprisingly not well grasred
und 1f we do not take-ﬂﬁﬁ%onsideration what Sraffa ras called his

il -

*theoretvical cements®™, we could be led into incozpatible and erronscus
interpretations of his mcdel that would even be contrsdlectiory te
the authors!' positions and theoreticai formation.

As we belleve that it 1s necessary to apprehend the Ysraf{ilisrn
climate" we will try to present a brief discusszion of the assurmpilliors
ef the model,. alning to relate them to the "nataral historical soirces
from which they seem to derive
1.2 = Assumptions

In an apparent tentative to avold preconceptions - n =

where they ccme from - Sraffza has aégopted a somewhat oric
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of expositicn and created his own terminolozy., This zust be brouzht <<
¥

our atitzntion, Dbecause we wust be sware of this for not zzkin

{H

confusions between the usual meaning of the concepts and Sraffa's
usage of them..

For instance, we are faclng an equilibrium model, wnere the

(4) P, 3raffa - op cit p. VI




terz "price" must not
show thazt "price" in Sraf

"productlon prices" tham t

"market grices",

a surplus production on our system,

ture on whethemn
or not; notbelinz

surpliits is Zoinz

increzse on inventories or means
losses or littering. In Sraffa's words

( «os) no changes in the proportions in waich differ

Another 1mportant
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i1s surplus 1s incorporated in the riext

to have - productive or izproductlve cozsuxm
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producticn are used by an industry zre considered, so that roc

question arises as to the variation or constancy or returns, Tr
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investigation 1s concerned exclusively with such properties of an

eccnomic system as do nct depend orn changes in the scale of
or in the proportions of "factors" ".(5)

Lohare 1d
»Tro

Logically the reason for this is to avoid brirging about

0ld problem of decreasinz returns to scale = initially fcroulzted

by Hicard

the marginallst school, wheose application to the industri

was and ls a "sine qua non" condition for tnhe paretian
solution. In fact 3raffa had already worked on
questlonlng tne theoreticzl legitimé&y of this
article pudblished in 1926,. (6) Therefore it is
was willling not to enter again in this kind of

him it was unnecessary to make ANY assuxmption reiated

to

scale to proceed in his analysis,

exten
clear

dlscuss

{7)

o for agricultural econoxzies and after that qégopted
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“The marginal approach requires attention to be focused on
change, for without change either in the scale of an industry orx

(5)

(6)
The

(7)
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P.. Sraffa

P,

"The

mconozic Jourrnal

Sraffa - Cp cit

Preface

- Sraffa's italics

-
<L

Returns Under Competitive Conditilon”-

Sraffa - Op Cit - p.V Preface - 3raffa's 1talics




iy the "proportlons of *thne fasinrs ef
neither marginal product nor zarzlina
day after daj
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ction® there cs
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¥ prcocductlion continued unchanz
the marginal product of a factor

.In a systex in

cd in those resy
would not be

to be found.,'
Sraffa assumes an lsolated system
that are

not explicitly
the necesslity of

cectors

i1 there's no exchsa
in the systexz.. This brinss
self-rezeneration for ( at

of the 1n£t1a1 conditions of production by

say, an years,.

th

abon
least ) the reprodu

e end of each per
In our description,

his book,. that 1s

{ and 1%ter,
adfopt just the assuxmptions set forth by Sr
product,

in ocur simulaticn)

fa in the Par
1+ &) each industry rroduces one and just
in addition to be the only one which produces
b) 2ll the means of production utilized during the perio
tion are scrapred - or tbta;l
l.e.,

ily consuzed - by the end of
the capital 1is cirﬂu1atinz.
It is 1implicitly supposed compﬂti+ion among g“odace“
tnis decesn't mean perfect, ilzperfect, oligop
like that. ve

[
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cllistic or some tkirg
ave sicply to imaglines thet the produ
among thnem ln a way
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that we can observe

cers ce
of profits to be levelled throughout the system,
Finally,

el
a terdescy for thelr r=
(8)
.the fundazesntal assumption - from which the authec:
takes the title of his work - all the cormodities are produced
using labor end other comaodities, 1at immediately confer to laber
his former ricardian staztus of only factor of production
source of value,

ol
(8) A tentativelly extensicn to non-cczpetitive zarkets couls ©
found in 3Sylos-~Labini,. P, - " Introduzlone &l forxe di xTercato
concorrenzidl nellio schera 41 Sraffa e DposSsagy
allargata ™ - 1959 - mizeo, origiral 1n

i

r-an
ig 8lla riproduzicne
it-ﬂllﬂno

ectLs
( cr alternatively tn
cost of a product ) would not xmerely be hard to find - it
there



l.3 - The Production of Subsistence ~ 2 FProducts

— ——

To begln with, Sraffa asXs us to imaglne a very simpl
clety that produces =zxactly enouzh to survive,.ané where we
find just 2 sectors or "industries" : wheat and iron, Let us suppose
that these products enter in their vroductions after exchance, n
matter if as seeds and tools or as foodstuff or housing for the
workers,. Therefore we have:

9 12 t. iron =400 gr. wheat
© B t, iron = 20  t, iron
at 20 t, iron

.

Wheat. industry - 280 gr. wheat,
Iron industry - 120 cor. wheat-

m

it

400 qro. wn

m

where € means conmpesition
As we see that everything that is produced in a period is

totally consumed in the next, withcut altering the scale of vredueticrn
we are facing a production of subsistence or simple reproductic:,

Belng our filrst objective to settle some concepts, we would
like to pose the guestion : what is the wheat's price? Ard iront's?
But,, how to find these prices if we do not have the demans and supply
curves for these products? furthermore in what effective conditicrns
are these markets? Without any doubt the freguert use of “he marzir-l
approach make us to formulate tnese questions in these ways,

In fact, thoush the uss-values that the industries gxcneras &

are lrrefutably a subjective catezory, there is a unlsue evcharzos-:

ue (for these "surpluses" not consumed in the industries whers theoy

+

were produced ), that will allow to the zystem tne repetitlorn of Lhe

preductive crocess.. Iherefore we are rushed to face a2 necessary

equivalience for the continulity of the system, traduced on

I gre. wheat &) 1 t. iron see Fizure 1.1

le4 - Relative Prices and Esuilibrium Prices

We have obtalined therefore “ralatlive prices" fo

T T
wheat and iron that nust independ on tne monetery standsrd usad,..
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Furthermore,. these prices must-be interpreted as "egulllivriuxm
prices" and 1t 1s easy to sho : { as does R,. Meek (9) ) that,, bein:
relative prices, they would be in the same proportion as the g

a
tities of labor, direct-or indirectly used up iln thelr preoductions,
This means that the exchange vﬂlup of each final product will e
the value of the social labor éaspended, and the ratio of price
will have the same magnitude of the ratio of labor quantities
"embodied" in each product,
It would be interestinzg to note that if tne lron industry
decides to rise its prices from pi = 10 pw to pl = 12 pw ( c
ing now the same 120 qr.. of wheat in exchange for just 10 t..of irarj
making a “profit", in the next perlod tne wheat industry w%would no
be able to produce its traditionzal %00 gr.. - because its iron Iwmpuc
has fallen by 1/6 - and would not be able to supply tﬁe 120 aY ©
wheat for exchange with the iron industry.. In these conditlons ine
:.persistence of iron's "market prices" artifitially - above 1its
"equilibrium price" would gradually lead the systen to cdlapse
-( with sequentially diminishing- levels of preductlion of wh=2at and
iron, together with increasing stedss of iron) or élternatively tC
a fall of iron's “market prices" to a level below 1ts "eéuilibriu:_
price" until the proportlons adjuste. '
In fact, this is not just a mental exercise; this 1s <he
_dynanic idea of this eguilibrium price that-should be kept in =ind.
We can see tnat it 1s not necessary that the prcducers have any

awareness of their equilibrium prices 3 the fact 1ls that on tne

Lo o

long-run,. after sucessive trid-and-error processes, fluctusz

market crices upward and downward, we verify a reasonable ( 2nd
e
(74

necessary ) accorcdance between long rum zarxet gprices and
t

equilibrium prices for the system to kKeed regroducing itself,
Therefore, as far as we went, the term price in Sraffa 1is used in
the saze sense as VALUZ in Yarx, "natural price" in Adam 3Szith, oF

"necessary corice" in the physiocrats and must be never confounae

with "market mrice

(3) E. Meex - " kr, 3raffa's nehabilitatlon G .13551031 Zconooics”
Sedtlsh Journal of Foliticzl Zconoxzy - Jun/ 1961




1.5 - The Productiorn of Subsistence - Ceneral Case

Posing the problem in general terws, we have a system where

the commodities &, b, ess s k are produced according to 1

wnere A,B,...,K are the total quantity of commodities a,b,cse sk
produced annually and Aa, Baj,eees Ka the total quantities of the
commodities a, b, oees K used up annually in the total prcduction

that every commodity enter directly in the production of one par-
ticular commodity, what means that some of thoss coefliclients may
bé ZeIroe _

According to the assumptlons of self-regeneration and simple

reproduction the contour conditions must be satisfied:

Ra + Ab + ... + Ak = A

Ba + Bb + ... + Bk = B
Ka + Kb + ... + Kk = K

We can ncw asscclate to this physical production system &
price system ( in our case stlll equal to thelr exchange values )
where the unknowns to be determined pa,pbyssssPK willl be respec-
tively the prices of commoditles a,b,cesrK 1
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It is clear that in face of the contour condltlons above
presented, the system has one degree of indeterminacy, that-is,
from the k equations we have in our price system,, just ( k - 1)
are linearly independert, We could infer this conclusion in a
somewhat more intuitive way 1f we observe that if we equate tne
value of the products exchanged and recelived by one industry we
would be refering to an interface of the "exchange polyson
" that given K industries, we could find just ( X - 1 ) independent-
interfaces, once that the kP would be immediatly determined by
the others,.

Therefore, in Figure 1.2 we show an example for 3 1lndustries;
that can be easily extended to a general case of X industries,.

1.6 - The Choosing of a Measure for Value

We have arrived to a linear system with (k - 1 ) equatiorns

pk,. and immediately we are forced to conclude that 1t is impossible
to obtain K absolute prices. This should be expected, since as we

have seen in section 1.4 we have to deal with "relative prices

3

and therefore it will be necessary to elect one of the commoditiecs
as a "numéraire" and use it as money ( that is, we make 1its price
equal to one ),calculating the remaing ( K - 1 ) relative prices

in relation to it, Therefore we could find a relative-prices systEE
compatible and determined with ( K - 1 ) linearly independent

equations and ( K - 1 ) unknowns..
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la + Ea p'b + et K2 p'k = A
iet pa =1
_ pi Ab + Bb p'b + eeoe + Kb p'k = Bp'b
e B T B B oy e B s pm
We have pil' = Ta

Ak + Bx p'b + ... + Kk p'k = Kp'k

«s -Where we could choose any ( K = 1°) equations from the
exlsting K .and where the money 1s the commodity a ..

It would be worthwhile tc remember that on dolng so, we
lap the crucial problem of choosirg a measure for value and this
is nothing but the dilemma that Ricardo tried to solve throughout
his life and works.. (10)

1,7 - Productlion with & Surplus

Now Sraffa ask us to imagine an economic system where wha<
is produced is more than the minimum necessary for self-regenerat.cn
and reproduction bringing about an %excess" or surplus, We therefcrs
have a physical system like

- - Ve w e ==

but now subject to the following contour conditlons:

(10) "uWnhen comzodities varied in relative value it would be des
to have the means of ascertaininz which of them fell and whicnh
in real value, and this coculd be effected orly by comparing them
after another with some invariable standard measure of value,

b s
k9

O

5

O R ¢
bea bg o) () 0
3

should itself be subject to ncne of the flutuations to wnlch oin
comuodities are expcsed,® D. Ricarde - The Frinciples of sclitlc
Economy and faxation - Everyman's Library - Che 1 - Section VI Fe £
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where at least one must be a strict ilnequalilty.

Unfortunately, if we try now to apply a linear prices systen
like we have done 1in section 1,5 we would get an algebraic systemn
of K linearly independent equations, on just ( K - 1 ) unknowns,.
that is to say, a not compatible or inconsistent system,.

At this point Sraffa proposes ( and we will try to justify
this assumption in the next section ) that the surplus should be
distributed equally among tne industries in the proportion ol the
means of production utilized, giving rise to a "general rate" ol
profit *r",, (11) uniform for all industries, Doing so, the prices
system is modified to : ' ‘

(Ra pa + Ba pb + ... + Ka pk)(1 + r) = Apa

(Ab pa + Bb pb + ... + Kb pk)(1 + r) = Bpb,

e e e e e Ee s B o e e e e Ee S e e SR R e S e S e S Ee E Sm e SR e Sm B e e S A S S S S e

~ (Ak pa + Bk pb + ... + Kk pk)(1 + r) = Kpk
and now ﬁe.aré facing a non linear algebralc system, ccmpatible and
deterzined,. with K indeperdent equations and K unknowns : ( ¥ - 1 )

relative prices and the "general rate of profit* r (12)..

(11) It should be more apprecpnriate to call r a "general rate of
surplus" because,. up to that poirt this r is not the rate of profit
that Sraffa 1s going to addopt later,

(12) Froz this point on, it should be sald that we cannot consider
Sraffa "prices"™ as equal the commoditlies' labor-values, Ey now we
should be aware of this fact and later we willl come back to this
subject, trying to point how it 1s possitle to concillate these
two concepts.,.




n.tes of Profit (13)
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The assumption of a general tendency for the rates of profit
to equalize on a capitalist system is not much of a point of diver-
gence inside the economic theory., From the classics, like Adam
Smith and' Ricardo,. the mercantilists and physiocrats to the marxists
and the neoclassical school, this assuxption 1s made with slightly
differents meanings.

If we assume that capital is competitive { and it 1s not
necessary to assume “perfect competition": on the contrary, if ourr
system 1s closed and self regenerat1VE}there happens to be &a mutual
interdependence among the lndustries and the conflicting bargain:i.
powers. eof the firms is whal we understand by competition ) ané has
some mobility which implles that the remuneraticn of each unity
of capital tends to be the same in all of it applicatlions.. This
means that the equilibrium rate of profits (r), which is the
oscillation =2xis for the real rates of profit, must "be the sane
in all the sectors, although we observe %“conjuncture" deviationse.

Any difference, upward or downward, glves rise to capltal moverents -
lcokxing for the maximal rate of profits possible - which tends to
reinstate the equilibrium, '

We can now summarize Sraffa's conclusions up to now (1&)
in the following way : Given a self-reproducing systen where K
cormodities are produced and some surplus is present,.we can Tind
(K - 1) equilibrium relative prices and an uniform equillbriuz
rate of profits (r), just starting from its prcduction's technical

coefficients, 1.e., from the real physical conditlions of procucticr,

independently of what can happern thereafter (®a posteriori®) in

(13) " The really difficult guestlon is this: how is this egualizmtior
of profits into & general rate of profit brought, about,. since it is
obviously a result rather than a pecint of departure? " K, Marx =
Capital - IV - Ch, X = Pe l?!-lv

(14) P, Sraffa - op. cit pp l=5




the sphere of circulation, (135)

1.9 - Baslic and Non=3acic Products

At this point,. Sraffa calls our attention for an effect of
the surplus' appearance t we can nowv produce commodities which are
not utilized neither as means of productions nor as subslstence

goods (16). There appears. the "luxury good",
Trying to exemplify,. let us imagine a self— reprciuctive
system with surplus productlion where the commodities A,B znd C

are produced along 1

2A @ 3B e C -+ 7A

A o 2B © 2c + 6B

-----——-.—--—-—--—..-—-u--——-----

5A - 6B 4C

.

where the contour condltions are satisfied and the surplus is

(24 + C)o-
The associated price system 1s:

(2pa + 3pb + pc)() + r) = 7pa

( pa + 2pb + 2pc)(1 + r) = 6pb

n

,m
3

e

" (2pa + pb + pc)(l + 1)

with determinzte solutions for 2 relative prices and the surplus

("profit") rate,

(15) This affircative,, there's no docubt,, shakes our neoclassical
beliefs and the marginalist concept of price and capital remuier

(16) P, Sraffa = op clt. PP 7-8




Let us suppose now that all the system's surplus is used up
in the productlon of a new commodity D,, which 1s,, as we said,. a
“Juxury good", Our production system turns out to be 1

2h ® 3B ® C @ 0D =+ 7A
A © 2B © 2C @ 0D =-» ¢€B

5 & B © C © 0D = 5C

and the total surplus of thls economy 1s now 8 D produced by the
new industry..
Similarly, we can assoclate a prlce system to this production

system,, that 1ls 1

(Zpa + 3pb ; p@)(1 + }j = -7pa )
( pa + 2pb + 2pc)(1 + r) = 6pb
(2pa + pb + pc)(l +r) = Spc
(2pa + + pc)(1 +r) = 8pd

and we can sece that If we eliminate the last equatlon the relatlive
prices of A,B and C and the rate of "profits" will not be affected.

-
i -

The conclusion we reach is that "these products have no opa
in the determination of the system, Their role is purely passive T..

This can be seen if we elimirate from the system the equation reTve-

;"é-

+
W

senting the production of a "luxury good™, Since by the same ac
eliminate an unknown (the price of that good) which only appezars
that equation, the remaining equations will still form a determinate




ol

system which will be satisfled by the solutlions of a larger sys=
tem.® (17)

Therefore, if a commodity enters direct*or indirectly in
the production of all *he others commodities it will be called a
basic product., If not we will call it a ncn-basic product,.

1,10 - Subsistence Waze and Surplus Wage

The treatment that Sraffa gives to wages 1s peculiar and
merits some reflexion: ' '
Ricardo, along the classical tradition, consldered that-
“"{he natural price of labor is that price which 1s necessary to
enable the laborers,.one with another, to subsist-and to perpetuzte
their race, without eilther increase or diminution¥ (18).linxing
therefore the wage to a concept of physiological subsistence, Jit>
was Marx who first noted the possibility for the wage to be above
this minirum physiological level and that its determinaticn would
depend on histcrical, moral and concrete factorse Thus, after
saving that the wage 1s the remuneration of the labor-pover at’
jts value and that-%"the value of labor power is determined, as
in the case of every other commodity, by the labor-time necessary
for (its) production, and consequently also (its) reproducticn" (19},
Marx goes on characterizing what he understands by subsicstence: (20
"For (the individual) maintenance he requires a given guzn iy
‘of the means of subsistence, Therefore tne labor-tize requisite far
the production of labor-power reduces ltself to That necessary for
the production of those means of subsistence",.." If the owner of

labor power works to-day, to-morrow he must agailn be able to repeant

the same process in the same conditions as regards health and strenznt.

(17) P. Sreffa - op cit. pp. 7-8

(18) D, EBlcardo - op cit. Ch.V , P. 52

(19) K, Marx - Capital, I - Ch.VI p. 170
(20) K. Marx - idem p. 171 - emphasls added




Hls means of subslctence must therefore be sufficient to Taintalr
him in his normal state as a laboring individual,.His natural wants,
such as food,. clothing, fuel and housing, vary accordinz to the
climatic and other physical conditions of his country.. On the other
hand, the number and extent of his so-called necessary wants, as
also the modes of satisfying them, are themselves the product of
historical development, and depend therefore to a great extant orr
the degree of civilization of a country, more particularly on the
conditions under which, and consequently on the habits and degree
of confort in which, the class of free laborers has been forzed.

In contradistinction therefore to the case of other commodities,

- there enters into the determination of the value of labor-power

a historical and moral element,. Nevertheless,. in a glven country,

at a given period, the average guantiiy cf the means of subsistercs

necessary for the laborer is practically knoun,"

We think it is worth to note here that although Marx calls

the "basket of goods™ necessary for the labor-power's reprocuction

as subsistence goods, the sense encountered here 1s somewhzat nmore

general than the simple concept of a minimum physlological subsis-
tenee. S

Therefore, when Sraffa says that "we must now take into
~account the other gspect of wages since, besides the ever-present
element of subsistence, they may lnclude a share of:the surplus
product® (21) we could be initially tempted to explicitly divide
the wage in two partss: a (physiological) subsistence wage and a
®"surplus" wage, ‘

Nevertheless, as we have seen from the above long quotaticn
of Marx, it 1s difficult to arbiter which portion of the remuneraz:i-r
of the labor-power is for "indispensable necessities", what indeed
would open a full discussion on what is really indispensable and
what 1s Just a share in the surplus product,

Sraffa, however,, avolding any restrictive assumpticn, decidcss




to opt for not explicliting the wage on 1ts alleged two comzpenenis,

m

treating it as if it could be varied upward and downward, until
minimum of (physiological) subsistence 1s reached, in the same way
as Marx treated the remuneration of the labor-power (22) that mears
that wages dispute with profits the division of the net product

(in the ricardian sense) of the economy, and the quantitles of laucr

in each industry must be explicitly shown, in the place of the respec-

tive guantities of subsistence goods, Therefore, the historical and
moral characteres and the necessary objectivity that condliticnate
the determination of the valor of the labor-power are preserved in

Sraffefs exposition

1.11 - The Auxiliary Dlagram

It would be interesting to introduce now an "auxillary diz-
gram" that will make easier the visuallzatlon of the next sections
( See figure 1.3)

As we can see from the figure, the total value of a cocmcd -
ity is composed of two componeﬁts: one, the value added by direct
(present) labor on the period of production, and the cther, the 5
velue of the means of production used up in its production {which
we assume as total by consumed to be coherent with the assumption

of circulating capital )

(22) "The minimum 1limit of the value of labor power 1is determined

by the value of the commodities, without the daily supply of whicnh
the laborer cannot renew his vital energy, consequently by the va.ue
of those means of subsistence that are physically indispensatie, 17
the price of labor-power fall to this minimnum, 1t falls below ite
value, since under such circunstances it can be maintained and

i 4l

developed only in a crippled state.” K. Marx - Capital I - p. 173
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less than (or at most equal to) the value added by direct lator
ing the production period, what may give rise to the appearance

"profit" (23) for the industry considered.

It 1s apparent that,

o
=

we have szid,.the wages and profits begin disputing the net preczuc

The_remﬁnératioﬁof the labor-power (the wage) ils necessarily

.

of direct labor and therefore we can represent wage as the rrormer-ion

of the net orcduct that remuneratss labor, or

value added that 1s effectively pnald to the workers.Trhererfore

means that 40% of the net product is paid as wages and 60% a

It 1s important to note that up to now all these values are

quantified in hours of labor,.

112 - Observation

cn Terminoclocy

The fact that the diagram in the preceding section and the

(23) Later we are golng to redefine thls concept more properiye.
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explanation of the composition of the valve of a cormodlity found

in Marx are somewhzt allke 1s net accidental..

In fact, 1f we try to express the same concepts in a rparxian

terminology, we will see that what for Sraffea is "value of the nm=zzarn

o

of production®", "wages™ and "profits", for Marx 1s "constant capitzl

"yariable caplital" and "surplus value" respectively. Also the way of

presenting the division of the net product is different, for Marx

defines a“rate of surplus value™ or "rate of exploitation", that ie

Just the ratio between the surplus-value and the varlable capital,

Therefore, when Sraffa tell us that w = .4, Marx would say that “ihs

rate of surplus-=value is 150%", Taking into consideration what wzs
sald, we will make use of both terminologles in the next sections..

1.13 ~ Wages Pald After Prcduction

"We shall also hareafter assume that the wage is pzid post

factunm as a share of the sammunal zroduct,. thus abzndoning the clase

sical economists' 1dea of a wage "advanced" from the capital®, (2&)

On doing so, Sralfa alters the classical concept.of "rate

of profit®" (25). The idea of wages being paid before the production
can already be found in the physiocrats : ‘Quesnay, in hls well-xzncun

"%Tableau Economigue®™ addopts the wages as a part of the advanced

H

a..

payments the producers must make. Adam Smith and Rlcardo also =
the same assumption, the last arguing that-"the workers could not
survive if this is not done"

Marx 1s consistent with that classical tradition and uses
this formulaticn in ali of his works, although he explicitly says

that: "In every country in which the capitalist mode of producticrn

(24) P, Sraffa - op cit - p. 10

(25) This is going to introduce some modifications on the schemes
of transformation cf values into prices (see section 1,18), =

are prefﬂn““a on Cuoital - Volure IV, Several zarxists have
clzed Srafia for deoing that but, as we will see, even fizrx h
admitted thls hyrothesis as rrobably more realistic fcr tne
systenr he was seeinsg,
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reigns, 1t 1ls the custom not to pay for labor-power beforec it has

been exercised for the period rixed by the contract {ess) the
use-value of the labor-power 1s advanced to the capitalist : th

m

laborer allows the buyer to consume 1t before he receives payme

+
-~

'3

of the price; he everywhere gives credit to the capltalist (,..)..
The labor-power 1s sold, although it is only pald for, at a later
period" (26).

Sunming up, the classics, as they thought that the wages
came from the advanced capital, calculated the rate of prefits

also over the wares.. In marxian terms,. the rate of proflits of the

classics would be the surplus-value divided by the sum of the
constant capltal and the variable capital,.When Sraffa, assunes
" that wages are paid "post-factuz®,. he excludes the payment of
the rate of profits over wages and calculates it just as surplus=-
value divided by constant capital., (See figure 1.4) We consider
a constant capital equal to 20, a variable capital also egual to
20 and a surplus-value equal to 10, in our example, liote that the
rate of profits calculated " a la Sraffa" is alwavs bilzzer than

the calculgted by the classics, once that,. being wages paild after

the production, a smaller amount of capital is necessary to start
the pfoduction.
It should be clear that nowadays Sraffa's assumption is

- completely corroborated by everyday practice,

S e .

- Rate of profits in IMarx
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(26) K. Marx - Capitzl I - pp




1,14 - Quentity and Quality of Labor

e S . S— i ——

We are going now to make explicit the quantities of labor
used up in each industry, putting them on the places of the respec-
tive guantities of commodlities paid as wage, For thus we assume that
labor is “uniform in quaiity 6r,.what amounts to the same thing, we
assume any differences 1n quality to have been previously recuced *o
equivalent differences in guantity so that each unit. of labor receivss
the same wage.® (27)

On doing so, Sraffa admits the possibility of convertirg
skilled work on non-skilled work,. in a similar way as FMarx makes
the convertion irom “"complex labor" to ®simple labor",(28) Further-
more 1t is also implicitly assumed that labor has mobility, 1n such
a way that the rewun=zration of non-skilled labor tends to be unifecrz,

Let us call Ia, Lb, ..¢s Lk the annual guantities of lavor
employed in the industries that produce a. By sens Ky Tegpeetively,
If we use Sraffa's normalization, expressing them as proportions of
total annual lavbor employed in the soclety, we have

Ia + Lb 4 oee + L= 1

If we define w as the wage per unit of labor and if we exprece
1t on the same measure of value as prices (see secticn 1,17 below)
we can say that ( La.,w) has, dimensionally,. the same nature as { AvTBds
for exanmple,. and these quantlitlies can therefore be added and treztecl
algebralcally,

%

1.15 = The Eguations of Production

+

Finally we can complete the mcdel, The system ©of physical

(27) P, Sraffa - op cit, p. 10

(28) Marx, like Adem Smith and Rlcardo, had used a long=-runm scele
of stablished wages to reduce "ex-post" complex labor to sizple
labere




coefficients, with labor appearing explicitly is now:

Aa © Ba © ... © Ka o La -+ A

Ab © Bb © ... ® Kb © Lb - B

q-.---..-m--.-._-—q.-—..._---o-.._-._—-—...-....-...-_..-

Ak © Bk © ... ® Kk © Lk » K
subject to the contour conditions for self=-reproduction

Ae + Ab + ... 4+ Ak ¢ A

--————q———q.u---.--.—4-..—_..-..—-.-..—-—-

I
it

La + Lb + cee 4+ LK

leading us to the "system of production prices" (27.a)

(Aa pa + Ba pb + ... + Ka pk)(1 +# r) + Law = Apa
(Ab pa + Bb pb + ... + Kb pk)(1 +# r) + Lbw = Bpb
(Ak pa + Bk pb + ... + Kk pk)(1 + r) + Lkw = Kpk

1.16 = The National Incomne

In & similar way as we do when we work with keynesian theory,

i1t 1s now possible to define a ®"physical national income", in pon=

-+

modity terms, Por this we just have to discount from the value of

(27a) on a sense very near of marxlan's as we will see,




each commodlty produced thelr mecans of production's "transfe

BT TS

values", Thus, the physical national income could be written as:

L

RN (physical): = [ﬁ - (ha + Ab + ... 4 Asz U

-

a

'U[B-(Ba+[;b+..+m:) U ... U

v [: - (Ka + Kb + ... + Kk)
_ -

and 1ts magnitude expressed in "production prices® 1is

B | ~ RRK = [} - fha + Ab + .. + Aki] pa +

. - +[B-(Ba+'8b+...+5k):lpb+

I3
.
1

- ' _  sos ¥ [} - (Ka + Kb + ... + Kki] pk

.

1.17 - The National Income a&s a Measure of Prices

—_——

When we put the labor on its explicit form and defined the
wage as a proportion of the net product (or national income), we
have made two lmportant restrictions: the labor was normalized and
its total sum was made equal to unity; the wage was allowed to vary
fromw =0 tow=1, After that we can no more choose any cormol-
ity for "numeraire™ of our system,

In fact,. when the wages are equal to one, in the model, =21l
the net product is being paid as wages, and the profits fail to zere

If we want our precduction prices system of section (1.,16) to be




compatible with this situation we have to look for a measure for
prices that could guarantee this desired result,

Let us write again the system from section (1.16) and sum
the equations member by member 1

e i mn e —— i i a8 —

- ——— - e e — e ——

(Ra pa + Ba pb 4+ ... + Ka pk)(1 + r) + Law = Apa +
(Ab pa + Bb pb 4 ... + Kb pk)(1 + r) + Lbw = Bpb 4
(Ak pa + Bk pb + ... + Kk pk)(1 + r) + Lkw = Kpk +

[‘Aa + Ab + ... + Ak) pa + (Ba + Bb + ... + Bk) pb +
+ ..o 4 (Ka + Kb + ... + Kk) pk| (1 + r) +

# (La + Lb + ... + Lk)w = Apa + Bpb + ... + Kpk.

Rearranging the terms, putting the rate of profits {r) on
an explicit form, and remembering that La + Lb + ...%t 1Lk = 1 we
have the equation in page 26,

' For w=13 r=0 and it is necessary (28a) that:

A -[(Aa + Ab + ... + Ak)] pa + B —[(Ba + Bb + ... + Bk)] nh +

& g5 % B Bxa BB F sag 4 Kkil pk = 1

(28a) Sraffa does not exrnmsizes this necessity although he expilicitiy
says that he is using the natlonal income evaluated at producticns

prices as a measure for prices,. op. clt. p. iG]
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that 1s, it is indispensable that we take the nationzl income a+

(=%

production prices as our zeasure for prices and wage, Therefore,

A

aggregating thls equation to our system of production, we have:

(Aa pa + Ba pb + ... + @ pk)(1 + r) 4+ Law = Apa

(Ab pa + Bb pb + ... + kb PK)(Y + r) + Lbw = Bpb

-----..-....._-..-._._.._.._.,_.
I M "“""-'"--“-—-lr--——l-——-.-..

(Ak pa + BK Pb + .. + Kk pk)(1 + r) + Lku = Kpk

A-Bga + Ab + .. % Aki] pa + B -[(Ba + Bb + ... 4 Bkﬂ nh %

..o+ K -[}Kg # Kb+ .., % Kk)] Pk = 1

and now ve have (K + 1) independent equations and (K + 2) unkrounc:
vwage, rate of profits and K relative prices ( now in relation
the national income ), The system stlll has one degree of indeier-

minacy that will just be glven by the distribution of the net prod-
uct between wages and profits, Once determined this distributicn,

the system admits equilibrium solutions for its unknowns,

1,18 « The Transformation of Values inPrices of Production

We have said in section 1.7 that once we have an equilibrive
rate of profit present in the system, the prices do not coincide
with the commodities' labor-value anymore,

Before trying to elucidate better this problem, we nave to
answer ‘to the following question: how can one find the labor-values
of the commodities, given an economic system specified by their
physical coefficients of means of production and labor?




This question cen be easily answered, beglning agaln with
the phycsical system of productlcn and formin;a "laber-value syste"
where the wages are equal to one and therefore the rate of prclits

is zero.. Thus, we have 1

Aa pa + Ba pb + ... + Ka pk + la = Apa

Ab pa + Bb pb + ... + Kb pk + Lb

n
w

h=
o

e e A

I
-~
o
-~

Ak pa + Bk pb + ... + Kk pk + Lk

subject to the same contour conditions as the productlion prices
system and using, in the same way, the National Income as measure
of prices and wage, "We thus revert, in effect,.to the systez of

linear equations from which we started,. with the difference trat
i

r

the quantities of labor are now shown explicitly instead of belng
represented by quantities of necessaries for subsistence, At this
level of wages the relative values of commodlties are in proporticn
to their labor cost, that is to say to the guantity of labor wnich
directly and indirectly has gone to produce thexr." (29)

In fact,.this “labor-value system" 1s not only useful for
the calculation of the commodities'1abor—va1uesput gives rise to
an interesting reflexlon: it can describe the equilibrium behaviocr
of an econozy on & historical moment where we already find the
broad diffusion of commodity (30) production althoush ths selllng
and buying of labor-power is not yet disserinatesd,.Thls 1is the
period of simple production of commodities, and accordingly to
F. Engels' Supplement to Volume III of Capital,.was on which Marx

had based his law of value found on Volume I,

{29) P. Sraffs - op cit. p. 12

(30) In the sense th:t a conslderable proportion of the productilon
is aimed to be exchancged by other products, and loses 1its use-valus
for the producer having for nim, Jjust 1its exchange-value, .




"The Marxian law of value holds generally (...) for the
whole period of simple commodity production, that 1s,.up to the
time when the latter suffers a modification through the appearance
of the capitalist form of production. Up tc that time prices gravi-
tate towards the values fixed according to the Marxian law ard
oscillate around those values,.so that the more fully simple
comnodity production develops, the more the average prices over
long perlods uninterrupted by external violent disturbances coincide
with values within a negligible margin,.Thus the Marxian law of
value has general economic validity for a period lasting from the
begining of exchange, which transforms products into commodities,
down to the XV century of the present era,"(31)

Nevertneless the appearance of a general rate of profits
and the metamorphosis of money into capltal make the market prices
to deviate sensibly from their labor-values,. gravitating now around
a new point of equilibrium: the production prices, In Marx's words:

"The whole difficulty arises from the fact that commoditles

are not exchanzed simply as commodities ,. but as precducts of cao

bobe

A
-

0

{
1o

which claim participation in the total amount of surplus-value pro

(]

==

T

tional to thelr magnitude (+..) And this claim is to be satisfied cy

-

»

the total price for ccmmodities produced by a given capltal in
certain space of time,"(32)

Illustrating this rationing with auxiliary diasgrams of sectlcn
1,11, let us assume that a system produces 3 commodities A,E and C
according to figure 1.5. We are also assunming, for simplicity, ecuszl
total labor-values for all three commodities but the commciity A
uses relatively "more" direct labor than means of production, and
the commodity C uses relatively "less" direct labor than zeans of

production (33).. Imagine that the wage is w = .5, that 1s to say,.

(31) F. Engels - "Supplement to Capital III" on Engels on Capitzl,
New World Paperbacks, 1974~ pp 109 - 10. .
A, Brody also makes a similar comparison: "Such (...) a systex coul:
be thouzht of as a comxunity of artisans and peasants in redieval
tines," Three types of price Systems - Econcmics of Flanning =
Vol 5 - n® 3 - 1965 - p. 5% ‘

32) K, Marx - Capital III - p. 175

(33) In fact we have to thlnk of the means of productlon as "indir.ct
(past) labor" to obtain humogeneous and comparable guantitles,




the rate of surplus-value is 100%.

If the commodities A, B and C should exchange at thelir
labor-values, we would observe lmmediatly the appearance of dif-
ferent rate of profits on the industries A, B and C (see figure
1.5), there appearing a "deficit" in industry C and a "surplus"
in industry A. (34)

But, 2s we have seen in section 1.8,.there is a tendency
for the rate of profits to be equalized,.and that could be obtaired
if the commodities from the industries where we can expect a "surplus"
should be sold below their labor-values and the commoditles fror

the industries where we expect a "deficit" should be sold zbove thelix

labor-values, Making these adjustmenis on the industries A and C,

we have now the confTiguration of figure 1.6 where we observe a
commom rate of profits {r) for all the system. (35)

It is apparent that "the key to the movement of relative
prices (+...) lies in the inequality of the proportions in which
labor and means of producticn are employed in the varicus indusctries.
It is clear-that if the proportions were the same in all industries
no price-changes could ensue, however great was the diversity eof the
commodlity-composistion of the means of production 1in different indus-
tries." (36)

That fact was already observed by David BRicardo on the third
edition of his "Principles of Political Economy" and he considered
a necessary and primordial condition to gilve an answer to the prob-
lem of distribution for being able to calculate its effects on
prices, given changes 1n wages. Therefore, when presenting for the
first time the "modifications" observed on the relative prices, zas

(35) It should be noted that the industry B was assumed to be usinc
an intermedlate proportion between labor and means of producticn
such that its rate of profit rb is equal to the mean rate of profltls

r. Therefore, the price of commodity B does not vary and remalns

equal to 1its value.

(36) P, Sraffa - op cit, po, 12
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dependent upon the different technlcal conditions of productior,
particularly relating them to the use of flxed capltal, Elecardo
tried to refute Adam Smith's theory of the "sum of components",
rejecting the possibility of treating the sphere of exchange
relations as an isolated system, and trying to ground the e¢xpla-
-nation for these exchanges on prices to differ from thelr values,
on the conditions and circumstances of production ,(37)

In 1847,. when writing “The Poverty of Philosophy" Marx
states this fact for the first time,.subject which would be the
central focus of his BEQ Volume of éapital many years later,

1.19 -~ The Proporiion RBetween labor and leans T Production

From what we have said in the latter section 1t shculd be
clear the importance of knowing the different proporitons of latcr
and means of procduction utilized on the industries of our systex: |
for the complete understanding of the transformation of values
into production prices,

For a similar reason, Marx has created the concept of "orsanic
composition of capital" that is defined on Chapter VIII of Capltal
Vol III as the ratio of the constant to the variable capital (372)

We are going to show that 1t is possible to stablish a uneguiveeal

“

relation between the sraffian concept-of "prcportion between labtc
"and means of production" ( on the sense of proportion between direct
and indirect labor used up on the production) and the marxian conc

4 =

of "organic compositionrn of caplital®,
] Using the diagram on figure 1.7 we can say that,. by definie
tion,. the proportion between labor and means of production cn the

observed industry will be equal to %% o Y Bug SBEI X . & tHe
o
other hand, also by definition,.the organic composition of capizal

(37) D..EBEicardo - op cit - Chap., 1 ., Sections IV ard VII.
(37a2) Although some authors define organic coaposlition ¢f capitzl

c
as ,. on Chapter VIII of Volume III of Capital Marx defline

c +
it as © . See page 144 and ss,
v
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is given by the ratio %‘. Finding the relation between those two

ratios, we havei

s+ 1
PLs,., BAREN O _ v » that 1is
IL = <
-
Proportion between labor _ (Rate of Surplus-Value) + 1
and means of prcductlom . Organic Composition of Capital

that taken to a palr of cartesian coordinates glves us a branch

of a hyperbole (38). ?herefore we can say that it is possible to
express the proportion between labor and means of production as

a strictly decreasing function of the organic composition of
capital. In general, we could say that "lower" proportions between
jabor ard means of production correspond to " higher" organic

composition of capital and vice-versa,

1,20 - The Critical Proportion

As we have seen, the prices will tend toward an equiliboriun
point that 1s above thelr laror-values for commodities produced on
industries with “lcw" proportions between labor and means s pro=
duction (industries with"deficits") and below theilr labor~-valuss
for commodities produced on industries with "high" proportions

between labor and means of production (industry with "surpluses").

(38) This hyperbole will be equilateral 1f w = 1,. that 1a; 1f
rate of surplus value is zero and the profits have Just d\sai:
We can say that varylnz the rate of surplus-value we can oo
family of hyperboles, that zive us the unequivcecal relation 2o
gpiven value of tue rate of surplus-value,




n

(o]
0

well,. if there exist proportlons that give rise to "defl

Q

and proportions that glve rise to "surpluses", it is likely to exi

&}
|"F

-
at least theorétically, a weritical proportion"™, between those, that
would demarcate a frontler betweenindustries with "deficits" and
"gurpluses*,, and that,, once addopted by an hypotetical industry
would bring about a rate of profits exactly equal to the mean rate
of profits of the system, (39) This industry, that Marx would have
sald to possess the mean organic composition of capital, could
produce a commodity with the pecullar property of having 1its pro-
~duction price always coinciding with its labor- value, being, P
therefore, the most indicated for a “rumeraire",, thanks to its
jnvariability characteristlcs,

It must be remembered that up to now, the Sraffa's model
as presented in sectlon 1,17 uses the national lincome at production
prices as a measure,. and that this measure standard wil have its
own magnitude altered 1f tne distribution of the net product betwaen
wages as profits should vary. )

This problem, the findlrg of an invariant measure of value.
that could be used as an unamblzuous standard was the "blue ros
of Ricardo, who has died without having given an ansuer %o this
question. He express hls doubts on a letter to IMill in the fol-
loving ways (40)

#*commodities (even our measure of value) alter in relative
value not on acéount only of an al 1teration in the guantity of laboT
expended on them,. but also on account of the varliations {in the
division of the net product) between wages and profits,"

The first answer to Blcardo‘'s meditatlions was presented T¥

i}

o -
L

Mari..on the Volume III of Capitél..as we are golng to see on =&

1

sectlion,

1.21 - The Transformation, in Farx

The problem of transformﬁ?&ﬁg~labor-values into production

(39) In the example glven in Pigures 1.5 and 1.6, we haves, in Tact,
assumed that this industry using +hat "critical proportion was in-
dustry B

(b0) D. Hicardo - "Works and Correspondence of D. Hicardo® t, IX
letter to 111 = p.. 3856 - P Sraffa ed.
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prices appears when ¥arx intend to study the process cf capitalist
production as a whole.. (41)

The theory of value that he had found in Ricardo, and that
was the foundation for the writings of Volume I,, put labor on a first
plane, as human productive activity, and makes 1t the basis for the
explanation of exchange~value, Therefore,. throughout Volume I it 1is
assumed that commodlties are exchanged at their labor-values (that ig,
proportionally to the direct and indirect social labor embodlied on
them), When trying to explain the-process of capitallst production
as a whole (where the production prices depart from labor-values },
Mary is concerned with exhibliting the quantitative relations that
exist between the conditlons of production and "the real exchange
values" (the market prices),. because otherwise it would lack a link
between the analysis in l1abor-value term of Volume I and the real;
observed phenomena. '

It must be sald that on doing so Marx makes the law cf ¥

&
to function as a law of forrmation of production prices,.rezulating

the production processSe.. o

The {irst critique came fram Bshm-Bawerk (42) that charzed
the labor-value system present on Volume I as 1nconsistpn:'and
incompatible with the production prices system of Volume III,. Aecently,
Paul Samuelson,. has approached this subject with unusual. irony (&3),

(41) Ke Marx - Capltal III

(42) "(.The writings on Capital III) bear evident traces of having
been & subtle ancd artificlial after-thought contrived to mrxe &
preconcelived opinion seex the natural outcoze of a prolonged invec-
tigation®™ and further,. "I think everyone who reads (this work) witn
an impartial mind %111 get the impression that tne writing 1s,.- SC
to speak, demoralized" - Bohm-Bawerk - wKarl Marx and the Close ¢
his System" -~ P. Sweezy ed 1949 - p, 69 and 33-130

(43) “"Contemplate two alternative and dliscordant systems,. Write
down one. Now transform by taking an eraser and rubbing it outs
Then fill in the other cne- Voila | You have completed your trang~
formation problem," P. Samuelson in "Understanding the Marxlan
Notion cf Exploitation" - Collected Papers of Paul Szmuelson =

p. 277. MIT,. Cambridge - Mass.. 1972 - 222 ed,




——

trying to characterize this problem as a ®“false dilenmza",

What seems to lack to those eminent critics is some histeric-l
perspective, What characterizes the ‘concept ‘of production prices 1is
not the fact that it 1s "more complex® than the labor-value concept,
but the fact that the former is a transformed form of labor-value,
whose intervention is imposed as an effect of the separation cf the
productive unities and the separation between workers and means cof
production, Production prices are the law of value's effect when
operating on a capitalilst mode of production,.i.e., in a systen
where the commodity production is fully developed,.

Marx did not offer a rigorous demonstration of some "“deviatlicn
rule" between productlion prices and labor-values. AsS he did not &know
" much algebra,. he tried the arithmetic simulation through numeric
examples 1 the absence of an algebralc treatment of the problem has
prevented him%tonreachﬂthe completion of the transformatlon. Never-
theless, as we are going to see, his assumptions on the tendencles
for production prices to deviate from thelr labor-values have opened
a way for a complete and rigorous solution of the problem,

1,22 - An Example (44)

To illustrate the transformation, in Marx, we will use the
auxiliary diagrams..(see figure 1.8). Let us suppose,.as we did in
figures 1.5 and 1.6, that 3 commodities,.A, B, and C are belng pro-
duced, with the same total value (40 labor-hours), but produced with
different proportions between direct and indirect lator. Let these
proportions be 3, 1 and 1/3 respectively ( ccrresponding to orsanic
compositions of capital equal to 2/3,.2 and 6) and let the wages be
Ww = .5 (corresponding to a rate of surplus-value equal to 100%).

We can see that the system could pay a r = 50% mean rate of
profit and that industry A tends to get a higher,, the industry C
a lower, and industry B an exactly eqgual rate of profit as cozpared
with this mean r. The solution, after the transformation,. would
make the rates of profit to equalize at the mean r = 50% with the

(44) In this example, we calculate the rate of profits as r = 2,
c

using the sraffian assumptlon of "post factuc" pald wacges,
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price of A cdecreasing to 30, the price of B rcmalining the samne
( and egual to its labor-value 40) and the price of C increasing
to 50,

It is important to note that the price of commodity B did
not vary because it is using the wcritical proportion® (or mean

organic composition of capital) of the system.

1,23 - Bortkiewlicz's Objection

Another aspect of Marx's solution for the transforzation
of labor-values into production prices was also criticized by

Bbhm-Bawerk, but now wlth reasonable argurentation: the marxlian

solution did not include the value of constant and variable
capitals, but only the commodities! final value. In cther words,.
i1t was claimed that the full transfor mation would also regulre

the transformation of the imputed values - including the labcr-
pover - into production prices terms, and that therefore those
production prices should be determined altogether and interde-
pendently,. l.e., a&s- solving a system of simultaneous eouat*oq (g,
The first to show that this was posslble to be done was Bortklewlic
(46), but the "transformation® at wnich: 1t submits the labor-values

is such that after completing 1t, we loose all the traces of value

as a chronometric guantity of labor, In other words,. after

Bortkiewicz's works were published, 1t became common to argue inat
the labor theory of value was incompatible with a wrull and sizul-
tanecus transformation" that embraced products and inputs, once
that we would find no link between prices and physical quantities
of labor,

In fact, the individual prices of commodities are not more
than the reflexion of how commodities do exchange, being therefore

(45) In fact, even lMarx was aware of the innadequation of his
formation schemes and just before he died, he was studjlr mn
ailming to acoulrﬂ the necessary tools for the general sgluclon
M., Godelier -"Rationality and Irraticnality 1in Econony "

(46) L. von Bor*kief*cz - "Value and Price in the Marxian Systel’ -

International Economic Papers,. nf 22 - p. 33

-
L



relative, But comrzodities' values, on tie other hand, have a kind

of absolute character, once tiheycan be physically measured,, in hours
of labor,.The univoque correspondence between values and prices
could be determined only if we could find a countling unity that
should maintain a link between a chronolcgical quantity of labor
and the prices of production,

It-should be self-evident by now,. the real nature of Ricardds
problem : when he was lookling for hls invarlable measure of value
he had discovered that without a commodity that possessed the peculiar
characteristic of maintaining its price always equal to its value -
and from which we could stablish comparisions with the others - he
could not maintain the 1labor theory of value's coherence..(46éa) ¥arx,
when trying to solve this problem, has attributed those character-
istics of invarlability to the commodity whose provenience was Irco
the industry operating with the mean organic composition of cas*i:l,
but did not suceed on transforming the linputs,.

Bortklewicz,, as we have seen,. has a merit of looking for ths
full transformation; but while doing so, cannot avold the disarpsar-
ance of the labor-value,. From the publication of his article on,.=a
series of propositions had been made, trying to cowpatibllive the
transformaticns of inputs and the labor-theory of value. but 211
the “invariance principles" advanced by those authors (Seton,.
Sweezy, Lange, Dobb, Meek, Winternitz,, among others) relicd on

. arbitrary restrictions as making the organic composition of capitzl

of one of the sectors to be by assumotion egual to the mean, or

making the output-capital ratio, or output-labor ratio invariantz.
In fact, none of those who were concerned with this problem, since
Bortkiewicz a half-century ago, had succeded to reach a solution
which was not just approxirwate, or, alternatively,.which 4id not
broke with the labor-theory of value,

(46a) This was expressedly said on a manuscript from his death's
year: *Absclute Value and Exchangeable Value" - published in "Work
and Correspondence of D, Blcardo™ 1951 - Vol IV pp - 361 - <12

P. Sraffa editor - where Rlcardo seems to admit that the invarlabl-
lity of a measure of value was not only lmpossible to be found
pratically, but was a2lso an "a priori" lmpossiblllity.

n




1,24 = The Production Prices After the Complete Trancformation

The question pcsed by Bortkiewicz, with no doubt brings
about such a ccmplicated manipulation that, without using llnear

algecbra and input-output technigues, it is almost impossible to

solve, .
In fact, if we start agaln with the configuration of flgure l

1,5 and assule now & complete transformation of values into prcduc- |
"~ tion prices, we could find us facing totally different - and to
some extent unexpected - sltuatlons as compared with Tlgure 14 by .

Figure 1.9 shows to us what would happen with an industry |

with low orsanic ccmposition of capital (and therefore likely to

obtain a "surplus®, with ra> r,. forcing its prices for below thelir
values) 1f we should consider the transformation of constant-and 5
variable capital, Three situatlons should be expected :(a) The }
aggregate cost of the means of productlion remains egual to its
aggregate value 1 1in this situation the production price of the
commodlty would be smaller than 1ts value,.as in figure 1.6, {46D)

(b) the aggregate cost of the means of production became smaller

nan its aggregate value (47) : in this case the production price
will also be smaller than 1ts value,.but will be still lower than
forecasted in figure 1.6 . (c) The aggregate cost of the means

of production became greater than its aggregate value (4B) ¢ in

_ this case the production price could be greater or smaller than

its value, depending on how much the aggregate cost of the means
of production departs from its aggregate value,. In Flgure 1.9 ¢,
we assume that the aggregate cost has risen enocugh to make the

prices of commodity A be above its value, although thig industry

has, by assumption, a low orcanic compositicon of capital.

1

(46b) We could say that from now on, the wages are not 50% of t
monetary value obtalned at producticn prices, although they still
represent that prcporticn in physical terms..

(47) Meaninzg that in a welzhted mean these means of production come
from industries with below-mean organic composition of capital.

(48) Meaning, simllarly, that in a welzhted mean they coxe from
jndustries wlith above-mean organic composition of capital..
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Therefore, the simplistic initial conclusion could be mls-
jeading, once the equilibrium prices scem to stop following A clear
rule for deviations. In Sraffa's words: wghe relative pfice-move:ents
of two products come to depend, not only on the “proportlons“ of
jabor to means of production by which they are respectively produced,
pbut also on the “proportions" by which those means have themselves
been produced, and also on the “proportions" by which the means of
production of those means of production have been procduced; anc S50
on . The result is that the relative price of two products may
move, with the fall of wages, 1in the oppocite direction to wnat
we might-have expected on the basis of thelr respective "propor-
tions"." (49) :

Purthermore,. we should note that tﬁe commodity whose va}ue
should coinclde with its production prices whatever the level of
wages, should not only be provenlent from an industry operating
at “critical proportions” between labor and means of production
(mean organic composition). but alse 1ts means of producticn
should have been produced ‘at that same proportion and so on..Tnhls
conclusion, reached before Sraffa's work was published, reinforced
the argument that all the labor theory of value was depender& on
the existence of an jndustry which, besides operating on a mean
organic composition of capital, had all of their means of prcducticn
preduced on thlis same organic composition and so on, leadlng t o
the conclusion that 1t was Very unlikely to find a commodity producai

in such a circunstances.

1,27 - Sraffa’'s Solution

Sraffa‘'s producticn prices system, as we have seen in section
1.18 is a labor-value system when the wage is equal to unity. 4s
long as we assume a wWage smeller than one, and the appearancu Sy H
rate of profits, the relative prices that solve the system k~72VC

as 1f they were submitted to the full transformation, given tne

characteristics which hls system has, Put we still have a blg prot-

-

lem : using the national income as a measure unit, we cannot stabil=n

(Ll'g) P. D'I‘affa - Op. Cit. p. 15




a permanent (and fixed) relatlon between production prices angd
labor-values, . Facing this probler, Sraffa - after agreeing with
Ricardo on that "it is not l1ikely that an individual commodity
could be found which possessed even approximately the necessary
requisites” (50) - decides to build a “composite commodity™ that
could be used as an invariable measure of value, in which the
eventual variations of prices of the simple commodities wnich
enter in its composition cancel themselves out mutually,

This “composite commodity"” should be a set of commodities
chosen in such a way among the existing commodities and in such
a quantity that the various component cormodities are represented

in their means of precductlon in the sene nroporticn as they appear

"as products, Inr this "standard commodity", as Sraffa calls it, theTe

is physical homogeneity between the net product and the means of
production, once they are aggregales with the same commodity coLpo-
sition. As a consequence, We can édetermine the rate of net product
(that obviously coincides with the maximal rate of profit; when

wages are zero) in physical terms, independently of prices, &s did

Ricardc with wheat, which was assumed to be output and input at

the same time (51).
on doing so, Sraffa has provoked some equivocated interpre-=

tations which tried to see his work as an alternative to the labor
theory of value (52), On the contrary, when he tried to find a

- solution for the transforzation problem and built a productlion

prices system compatible with a chronometric measure 1in labor-tirze,
Sraffa not only did not abandon the labor theoTry of value, but gave

to it much more SLTORE and solid foundatlonss..

(50) P. Sraffa - op cits Be 18
(51) It can be proved that this maximal rate of profits {p) coline:

-

with the ratio between direct and indirect labor usead in the incus..
which should operate at the"critical proportion®s

(52) Claudio Napoleonl in his worki"Economic Thought of the Twentle:
Century®, after saying that Sraffa's bookx "has a decisive ipportanse
in the history of economic thought" proceeds to say that “Sraffsa
completely avolds the labor theory of value which, as 1s mcre eviden
in Marx, 1is at the root of the formal difficulties of classical ector
mics.® p. 166 - John diley - NY . 1972
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1,28 - Sraffa's Model : Matrix Notation

In order to put Sraffa's system in matrix form, let us

defline some symbols:

Qi) = quantity of commodity 1 directly used up in the production
of commodity J.

]

2] quantity of direct labor (already submitted to Sraffa's
"normzlization) used up in the production of commodity J.
qj = total quantity of commodity J] produced in the system.
| 1 =14 eeey n
J =1, cees
Therefore, assuming that Q:commodities are produced, we

can write our physical system as:
a :
1§1Q1:’ + LJ == qjl for J = llnc.| n

subject to the conditions for self-reproduction:
o5
ZQij g ai +» qi> 0 (all commoditles are produced)

J=1
Qijy )0
and n '
;ﬁlLJ = 1 (Sraffa's normalization), where Lj » 0. (all
commodities use direct labor to be produced.).
Defining the matrices:
Q = [QiJ-l ir 4 = (Ql 190 receQp )t and u= {141 pomnnl)®
we can write: _
(1) q = Qut f% , where f is the vector £ = ( 1 +f2 +e.eTp )

such that £ = q - Qu is the vector of final product (physical nat

income, as defined in section 1,16) or the net product of our systex.
If we define now the following matrices and vectors:
A= [A13j] such that A1) = 24 the matrix of techno-

qd
logical coefficlents, and

1) = {;—-} such that Alj > 0 for i

4
[N

0< i<l for i1 = }
1 =(11|12|too:1n) 13 > 0
qlo » w aidd
=10 0 & '
Q ‘q2 ;A= ) L = (Ll'LZ" --o.I-'n-)

Olo .'.q._rl




obtaining the identities 1 @ = A3 we could write our physicai aystem
as 1 ]
(11) [q=Aq+f1

If we express the labor explicitly, we can write the produc=-
tion prices system assoclated with that physical system 1

et

(z11) [p'48 1+ 1) +wia=pa|

where p'= (P1+P2sessoPn) is the vector of prices of commodities

1seeesny
r = is the equilibrium rate of profits,
w = is the wage (normalized along Sraffa's method)
~and where the unit for measurerent of prices and wages, still is

the natlional income, that 1s :

n. n | ' '
J - = = i =
(zv) = [qi 3.—.1’“3 qj] pi 1\ or ‘p f 1‘

If we now poskmultiply the matriclal equatiom (IXT} oy

. We get 1

p'A (1 + 7). + w1l = p' = p'[I-A(1+1)) =w

If [I - A1 + r)] is not singular (what is always trve in
Sraffa's normzlization if A 1s productive) we can invert .it and

>

then write :

(v) Fa'=w1[1-a(1+r)]"‘

“which 1s an expression for the r relative prices (given eguaticn

(IV) as normalization),. once we have a determined distribution of

the net product between wages and proflts.

1.29 - The Standard Cozmodity

The search for invarliable measure of value was, 8S W€ have
seen..intentcd Eg} all the economists that adopted the labcr theoTry
of value, from Hicardo to nowadays. The solution advanced by MarX,
who proposed as an invariable standard the cozmodity produced on
the industry which possessed the organic composition of capital
equal to the mean of the system was Jjust a first approxication —
in the sense that he did not provids a transformation of inputs —
and was not able to hold when we tried to find the complete UIans-

P b 3 » Az i
- " - i ¥ - s




forration, As Sraffa had emphasized, for & cozmodity to have 1ts
production prices continually equal to its labor-value, i+ would
be necessary not only that it should be produced by an industry
which possessed the mean organlc composition of capital, &8s well
as all of its means of production and the worker's consumption
goods should also have been produced in ipndustries .which possesset
this very same organlc composition, and so on "ad infinitun”e..

Therefore, two posslbillties are posed :ebfkéll industries
work at the same organlic composition of capital (and then eguzl TO
the system's mean); OT wWe assube that a given commodity, produced
at an organic composition of capital just equal to the system's

i Oniy '
mean,. Hust USEeS 1tself as mean of Droductlon’and wor¥xers" consiEn cigh

good. Well, the first hypothesls is clearly unliké*to happen, for

i1t is apparent that the organic compositions vary from industry to
industry. The second hypothesis, also seems completely absuré at-

the first sight. Howeverf%is nere that Sraffa has found the sclution
for his problem: wIt is not likely that an individual commodity could

be found which possessed-even approximately the necessary requisites..

A mixture of commodities, however, OI & composite commoality, would
do equally well; it might do even.better, since it could be pggggg;
to suit our requirements, modifying 1its composition so &s to smootn
out a price-bulge at one wage-leﬁel or to fill in a depression 2t
another level®, (53)

Along this line, Sraffa proceeds'especulating on how shculd
that composite commodity be :"the perfect composite commodlty Livad
in which the requiremeﬁts are fulfilled to the ljetter, is one which
consists of the same commodities (combined in the sane proportio:s}
as does the aggregate of its own means of productlon - in other
words,. such that both product and means of productlon are quantitles
of the self-same composite commodity"”. (54)

It should be clear by now that if we want to definc a coZpo~

site commodity - that should behave like a simple comzodity, but

(53) P. Sraffa - OP cits ps 18
(54) P, oraffa - OP eAts Do 19




indeed used just itself as mean of production - that condlition of
constant proportionality between the different commodities that
are its components is a "sine gqua non®" condition for the very
maintainance of that composite commodity's identity, whlle prcduct
and while means of production, If not, the input-commodity would
be different from the output-commoedity, and we would not have
satisfied the condition for it to be "the same commodity",

1.30 - The Construction of That Cormodity

At this point Sraffa shows us how to obtaln a composite
coxmodity which is able to satisfy the above requirements. (55)
Beginning with a system which produces iron, coal and wheat, along
the following structures '

“90t;. 1ron @ 120t:. coal @ 6qu.'wheat'C)3/16‘labor1—4 180k, « 1¥en
50t.. iron ® 125t,.coal D 150qr, wheat @ 5/16 labor —» 450t. cozl
40t; iron @ ULO0Ot. coal @ 200gr. wheat @ 8/16 labor — LE0gqr., wheo

Fotals 180t,. iron  285%t.. coal 410qr. wheat . 1 labor

he suggests that “we must take, with the whole of the iron industry,
3/5 of the coal industry and 3/4 of the wheat-growing one® (56) ,
leading us to the resulting system:

-

90t.. iron @ 120t,. coal @ 60gr,. wheat @ 3/16 labor -4 180t. ircr
30t..iron ® 75t..coal @ 90qr,.. wheat @ 3/1€ labor -= 270¢t, COm L
30t,. iron ® _30t..coal ®1500r, wheat @ 6/16 labor — 60ar who
Totals 150t,. iroh 225t,.coal 300qr. wheat 12/16 labor

It is easy to conclude that now the proporticns in which irern,
coal and wheat enter on thelr own means of production as a whcle
(150 s+ 225 & 300) are the same on which these commodities are pro-
duced (180 1 270 : 360). Everything goes like if the subsysterx

{55) P, 3raffa - op cit, pp. 18-20

(56) It should be noted that Sraffa =lves those fragticns,; without
telling yet how and where fo find them. P, Sraffa - cp cit., r. 19
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constituted by those three "slices™ of the real industries should
Ju

behave as a single industry that used as mean of prcduction

the very commodity it produces, If. for example, we define an unit
of this composite commodity as being (2t. iron @ 3t. coal @ lgr,.
wheat),. we could say that this subsystem consumes 75 units of thzt
composite commodity, in order to produce 90 units of this sare
commodity in each production period. A composite ccmmodlity that

behaves in that way 1s called "standard commodity" by Sraffa,.

1.31 - The Standard System and the Stanpdard Naticnal Incore

The physical subsystem obtained in the above -section,
although being real and observable inside the . total physical
system, has a particularity that could brirg about scme difficul-
ties for comparative evaluations : it does not employ all the avail-
able labor force, In the given example, only 3/4 of the national

labor is present, For uniformity reasons, Sraffa . defines as

Standard Svstem the set of equations (or ™industries") taken on a

proporticn that makes the standard commodity to appear (Like in the

exarple), but using the total annual available labor in the ecgnom:-c
system.. '

Therefore, if we want to obtain the Standard System for the
‘example above, we must multiply each equation by 4/3, obtairing :.

240t.. iren
060t. cozl

480gr. wheat

120t, iron ® 160t, coal ® 80qr. wheat @ 4/16 labor
40t, iron ® 100t. coal @ 120qr. wneat & 4/16 labor
40t, iron ® LOt. coal & 200qr. wheat & 8/i6 labor
.Totals 200t. 1iron 300t.. coal L0Oqgr.. wheat 1 labor

d L4

We should note that the proportions remain the same
(200 & 300 : 400) and (240 : 360 : 480), ‘

Now, we are able to define the Standard National Income, that
willl be used as 1nvafiab1e measure of value, as being'the naticnal
income obtained from the standard system., Naturally it 1is also coz-

posed by the "standard commodity", that in the example 1s 1




SNI (physical) = (40t,.1iron) U (60t..coal) U (80qgr..wheat)
where iron, coal and wheat, of course, still are in the same pro-
portion of the inputs and outputs (2 sz 3 1 4) ..

1t is worth to remember that in the standard "industry"
(now system), the ratio between net product and the means of
production is equal to the system's maximal rate of profits (R),
once, the standard commodity's price is always equal to its labor-
value,. By the same token, given the proportions constancy, the rate
of surplus of each one of the simple commodities which compound the

standard commodity 1s also equal to R

1,32 - The Dual System pf Multivliers

Do restate it in general terms, the problem of cecnstructing
e Standard commodity amounts to finding a set of k sultable multi-
pliers which may be called (qgeQpsss+Qg ,. to be apnlied respectivelry
to the production-equations of commodities ay) ,. Ko .....(Zkiﬁks?}.

Therefore,begiinning with the physlical system below @

— e R g A dm e g e
ey e W m E m B es e e S A e e
e e

the problem now is to find multipliers that,applied to the system's
equations, glve rise to equal rate of surplus (R) for all the standard

system's commodities, Therefore we can write the dual system of mulzIl-
pliers in the followlng way ¢

(Ra qa + Ab gb + ... + Ak qk)(1 + R)

Aqa

n
[oy2 ]
L
o

(Ba qa + Bb qb + ... + Bk qk)(1 + R)
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5

remembering the requirezent to use all the available labor, that Zc:

fa e ¢ Lb g & aaant LE gk =

We have now a system with (K + 1) independent eguantlions,.
from which the K multipliers qr.qb.....qk_and the maximal rate of
profits. R can be determined, )

Applying those multipliers, thus determined, to the original

physical system, Ww¢ obtain the standard physical systems:

Aa qa © Do ga © .:. @ ka qa © La qa * Aqa
Ab qb © Bb qb © ... © Kb gb © b qb = Bqb

-—-—--—-.--_.--ow—.._—-—----c-——-—_-——-——--—-——--—————--—--—

Ak gk © Bk qk © ... @ Kkqk © Lk gk -+ Kgk

from which we can stablish the standard production price's svestenr

'qa [(Aa pa + Ba pb + ... # Ka pk)(1+r) + Law} = qa Apa

n
L
o
o
]
log

ﬁb [ﬁhb pa + Bb pb + ... ¥ Kb pk)(1+r) + Lbnq

p--———..—..--a......_...,.._.._._......-..—-.---—-.—-..-.------.---q--—.-—--—---

qk [(hk pa + Bk pb + ... * KK akY{ler) + Lkﬁ] = ok Kpk

1.33 - The Invariable Measure of Value: The Standard Naticnal Incene

We can now make explicit what is the composite commodity whos-

‘value 1s invariable - elther when taken as proportional to the direc:

(57) P. Sraffa - op cit..p. 23




and indirect amount of labor dispended on 1ts production or eval-

uated at production prices - and that will serve as a standard of

measure for the production prices and wage of the origlinal systez.

As we have seen on section 1.32, 1t will be the standzrd

national income, whose magnitude taken on production prices, we

will equate to unity, that 1is:

[ qa A - (gqa Aa + gb Ab + ... + qk Ak)] pa +

4 ... + |qb B - (qa Ba + qb Bb + ... + gk Bk)} pb +
+ ... + |qgk K - (qa Ka +'qb Kb + ... + gk Kk)] pk P 1
L - -

1,34 - The Construction of the Standard Comrodity: Matrix Notation

Retalking the notatlion presented in sectlon 1.28, our problen

=]
now is to find g;multipliers ki, that can satisfy the dual system:

(VI) | (Qx) (1 + B) = @ k

ik

subject to k'L = 1
'i'.'hel’e k = (kl.k2|..||kn)'
be applied to equaticns 1,246004 0

Remembering that @ Q = AQ, we may write (VI) as

is the vector of multipliers that shall

(VII) {kak fi + R) = 5%7

If we now define o matrix B = B3] such that Bij =

so-called output-quotas ratrix) we may write that:

(VIII) lB = a"{ﬁé_l

Pre-wultiplying (VII) by 571 . we gett

i}

a'lﬂak (1 + R) = k,or taking(VIII) =

4

i}

(1X) LB}: (1 + R)




But equation (IX) is a characteristlc equation, and if we

re-write it in the JCIm

]
(X) I(liﬁ)-B}k-=O

we would see that T_%"ﬁ is the dominant characterist root (eigenvalu

of matrix B and k is the associated right-hand characteristic vectcr

(eigenvector).
Aplying these multipliers to the original physical systern,
and calling % a diagonal matrix of multipliers, we can write the

standard production prices system ast

(x1) |p'as% (1 + r) + wlak = p'ak ‘ , or, post-multirlying by

H

i

- ¢ o
~ s % o |
(G )71 = p'a (1 + 1)+l =p' or'ip'=w1[_1-p.{1+r)1;l'

that is, the production prices syster is st111 the same (as should
be expected) although now our standard measure unit is

F e ~ 7\"""___
p' (gk - Agk) =1 > p' [(q - Aq) k] = 1 or lp'fk = 3 (XI1),way
in which we can express the Standard National Income for our

system..

1.35 - Conclusion

our objgctive is not to have exposed in detall all the asp
of Sraffa's model, but just to emphasize some of them that seemed
be important for our empirical application on the next part of tni

papeTe-

It should be valuable to make reference here, before finishi
that Sraffa finds it possible to measure commodity prices and wazZe€s

(3 th

in a way that assures the valldity of the labor theory of value, ¥

4 =
-

even less reference to the Standard Cormodity : "There ls avallab_.¢

(c..) a more tanglble measure for prices ol commodities which man

1t possible to displace the standard net product (...). This zmeasu=

(eeo) 1s the guantity of 1abor that can be purchased by the Sknnat

M e e i p——— —— —

L4

net product (...) the resulting prices of commoditles can be indif

ferently regarded as being expressed elther in the Standard rnet




product or in the quantity of labor which at a given level of the
rate of profits 1s known to be equivalent to 1t." (58)

Finding a linear relation linking the rate of profits and
wvage through the maximal rate of profit as

r =R (1 -w)| (XIII)
Sraffa then express his brilliant conclusion:

“All the properties of an invariable standard of vzlue (...)

are found in a varlable quantity of labor, which, however, varies
according to a simple rule which is independent of prices: this
unit of measurement increases in magnitude with the fall of the

vage, that is to say with the rise of the rate of profits, so thzt,.

from being equal to the annual labor of the system when the rate

- of profits is zero, it increases without l1imit as the rate of

profits approaches 1its maximum value R." (59)

(58) P, Sraffa - op cit. p. 32
(59) idem




~and Clark's Interindustry Economics (3) for unblased ag

PART 2 - Expiricnl Avpplication

2.1 - Introduction 1 Aggrezation

For our empirical application of Sraffa's model we have
chosen an input-output matrix built for Brazil, for the year
1969. (1) The original matrix has 25 sectors and, being the fi

cies, which willl be discussed along our analysis,.As the authors

L

I

Ly
IEL

attempt to build such & matrix wade in Brazil,. has many deficien-

explicitly put it. "In some sectors we had some problems that werc

partially solved, but its final structure seem to be not completely

reliable, . Among those, we would point mainly : crude minerals
agriculture, bullding material sector, services and utilities

urban transport. The last two were aggregated into a.single sectc

‘?h:

e ool

H

under a "non-discriminated" label for they presented serious stz=

tistical discrepancies.”" (2)
To make the manipulation easier and the presentation ne

we declided to aggregate the original matrix into 10 sectors. F

doing so, we have used some of the recommendations found on Chs

Basically our criterion was based on 2 indeges : a) tn

"degree of basiclty" (in_Sraffa's éense) of the industry analiy

and calculated as total intermediate demand divided by total 7
demand., b) The proportion of wages on va.ue added, The argunet;
that was, on the one hand to preserve the basic-non-basic char
of the comrodities in the system, avoiding biasad mixing; on t
other hand it was necessary not to aggregate industries where
relation wage-value-added should be very different, once %hat
departure could be Jjust apparent (linked to prices variation)

meaning a pure variatlon in the rate of surplusvalue ( do not

+
e

o s
g

3

{1-) This matrix is presented on the article ®Matriz de insurmo
do Braslil" by Antonlo Leao and Otners = Revistz Brasileira de
March 1973 - Hio de Janeiro - Brazil

(2) Idez pe 4 - cur English versicen

(3) H. Cherery and P. Clark -"Interindustry Economics“- 1959 -
Wiley & Sons Inc..




that our matrix was exprecssed on market prices ')

Tnose indices for the 25 szctors were found to be:

y {
Sector [ Basicity Index | Wage-Value Added Ratio,
1 Minerals 2azl T
2 | Non-Hetallic e . o 2L
3 Metallurzy 16.26 o L7 —
b __E?chinery - .84 s 51 !
Eletric apnd ™~ "1 "7 D S
o Communication 77 o 3
Equip,.. i
6 Transport .68 . 39
Iquipzent i —
7 Wood 6.19 49
8 Furniture « 36 74 }
9 Paper & Paper= ! i
| board st o o3 !
i0 Rubber Productsi 117 ‘ +45 {
11 Hides, Skins i
and Leather k.28 : «39 B i
12 Chericals 51.53 - f 19 ';
13 Medicinal and { _ 1
_Pharmacy Eroducts 61 ! . 59 Ji
14 Perfunmery ‘ - BITRET !
Products ! %?:_ l i .____,,_,*__,,_5
15 Plustics -1 : o 1 ;
16 Textiles 3,19 _% o Sk :
i Apparel, _ - :
Footwear * 97 267 '
18 ! Foodszuffs 74 13
19 Beverages « 90 o Wl i ;
3 P et i s o R P = i
20 i Tobaco prod- i
21 Editorial,. i
| printing | L re |
22 % Others 313 | . 66 }
23 Building S I
| materials = s i
24 i Agriculture e 52 .mwme:§§_~mm“,“h,.“%
25 ! Non-discrimi- | 47 Ll CE e S

nated

e 52

it o A S S




Along those line

final

agures

s &

P e LS s Bk = 3 gy R et it o

atvlion made wasgg

pan LW I

fh_ [Basicity | vages=Value | === ==
Aggrezuted Sector Index Added Original Sectors
1- Mineralg i
1- Raw Faterials 9.89 o U6 = Metallurgy |
7= Vood !
- 9~ Paper andg Faperbaasg
2 s 54,87 » 21 11- Hides, Skinz ani |
- Leather
lgf Chem}c§ls - |
3- Interumediate 85 29 2 Non-metallie f
Products II ¥ . 10~ Rubber Froducts :
. 15« Plastics ;
4~ Interzediate «e?5 ¢ 36 | 4 Fachinery ;
Products III { 5= Eletric & Commur s
: cation Iquig,
6- Transpors Equipssrt
5= Consurar Goods 68 43 13- Medicinzl & bhaxr-
v g ¢ Imacy Preocdue:s
i 14« Perfurery Froduyn«-
6- Consumer Goods 1,44 49 3 8~ Furniture .
11 * ‘ : 16~ Textiles ?
§ 17~ Apparel, Footwzz~
i 21— Editoriai, Frimp: we :
e, o ._: . % T YR i S Wrtmed ba (B mirm H——-—-‘-v"-——i
] i
7= Consumer Goods ol 15 ! 18~ Foodsturrs i
III b . 19~ Beveraces !
20~ Tobacco froeducts
8- Bullding Materialg ~Q 49 % 23= Bullding Yatertzis
i i :
9- Agriculture «51 0 37 i 2b~ Agriculture

S

10~ Non-discriminatedq |

s e |

|
H

T
{
4

22=

25= Not-discrimina::i

Otners

.

(=5

Obviously,
Problematic

and "Others", We Tinally decided not be
aggregzate them as Specified above,
wage-value added relations,

&S we have

that

on

1 no ground at all,

lot of problems had to be overcame,

was the aggregation or Metallurzy, Chemical, Editoria
fore some hesitations, to
on grounds of "basicity" and/or
oY addltionally

dore with sector "Others”.

R

Particularly
i

was agzregated with




- = 4

sector "non- discririnated"”, However, althouch at a first sight we
have some clear heteregenelity among the aggregated sectors,, we thiri,
we are much more able to Justify the above aggregation than all the
“more alike" one that has ocurred to us.

The 10 by 10 input-output agegregated matrix obtained is
shown in table 2.1, along with values for total, intermediate and
final demand, and the composition of value added per aggregated
sector, '

2.2 = The Siﬁulation Model

Itcwas bullt a semi-conversational simulation model which
vas stored 1n the Computer Center of Boston University. This simu-
lation model,, fed with 10-by-10 dimensioned matrices Q or A (=2lons
the convention presented in section 1,28), vector q or f and direct
labor vector (normalized along Sraffa's method), provides a complete
output for the physical system, and simulates the productiocn PYLiEES
variation for different values of wages, The program also furnishes
the normalization multipliers (see sections 1,32 and 1,34) . and '
preceeds to "standgrdize“ the system, presenting agalin the prcducticn
prices variations for differert values of wages, but now mezsured
An the standard commodity ®or in %®quantities of labor that can be
purchased by the standard net product"., Others programs written for
the TSP language provided us with graphical representations for
that simulations and the "factor-prices frontierl..

A complete listing of these programs will be given on

Appendix 1,

2.3- Problems of Simulatlon: The Inverse Transformation Problem

Up to now we have as data an aggregated matrix (10 by 10)
measured in market prices on the one hand, and, on the other hanid,
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a simulation model which asks for magnitudes as the technolcaican
matrix (A),. the quantity vector (q) and the normalizeq amount cf
direct labor (1),

the question that is now posed is: can we "convert" tnis
market~price-matrix into matrix A? If yes, how and at what cost
can this "convertion" be made?

Looking for an answer, let us define a market prices vector
p*~=:(pfr PEs ooy P¥) and a matrix X:= [Xij] such that Xij = Py Q.
We can therefore write:

X = ﬁ* QI (XIV) « where p* is a diagonal matrix of market prices.
- Defining also the vector of total quantlities at market prices as
x = (xl.xzr....xg)‘ such that xi = pf ql, we can also write;

P¥q f (xv)

X

Surely we cannot determine the magnitudes of Q and q because we do Vv
not have the maznitude of the market prices vector p%*,However a
first step toward a way to solve this problem can be taken alonz
Morishima and Seton's line (&) :1in their article on the "inverse
transforration problem™, no matter now risleading conzlusions they
have reached, 2 neat way to find the "output-quotas® matrix (3 in
section 1,34) is advanced,. '

As we remexmber, the matrix B was defined asg

: ;. 2
B = [B1j) such that Bij = “5%

Therefore: |B = § 12| (XVI)

Writing the identity matrix as I = PF pt. and manipulating

(XVI) algebraically, we get

B=q lIg= B=q lplig B-= (83)716% ( XVII)

Taking (XIV) and (XV) into consideration, (XVII) can be
urittemras

B =%1x (XVIII)

(4) M, Morishizma, F, Seton - "Aggrezation in Leontief Fatricers and

the Labor - Theory of Value" - Zconometrica - April 1961 - pp20>=3

SIS




-

Thls means that for each element Blj = PXL C14 - g1y . the mariet
P¥1 qi ql T TN

prices P*¥l cancel them ocut and we conclude that the patrix 3 iz
invariant when market prices change,

The matrix B calculated this way is seen in table 2,2, (&)

The usefulness of lerihima and Seton's work finish nere, once
that most of its assumptions advanced from this point on are elther
incompatible With Sraffa's or relied on too arbitrary hypothesis,

We find oursclves with a 10-by-10 matrix that-cculd not
"pretend " to be matrix A, once that ‘

R
rﬂ=63q1§ (X1x)

and whatever q vector we choose for transferming the matriy B irnto
matrix A would be as arbitrary as picking randomly Supposed markez
prices, from other SOUTCES,,,

2.4 - The Inverse Iransforration Problem Along Sraffa's Normalisza-

tion

In order to avoig introducing éxtraneous inforzation and to
keep the conerence of Sraffa's norralization, it was needed there-
fore a way %o solve this "inverse transformation" so that our
system could be simulated..Surprisingly this "inverse transferzatior®
can come alrnost straightvforward? provided that we give proper inter-
pretations for the vecters total quantities and prices which are
procduced as solution.

To begin with, let us write again the expression fETT) of
section 1,28

P' AqQ (1 + 1) + wlq = p'q , or, remembering that L = 13 2

P'AG (1 + 1) * wL=p'q] (XX) but o =4 B&™! and thererore

P'B (1 + 1) + wL= p'c’;‘[ (XX1)

Teking now a particular value of distribution, such that




W=1land r =0 (the labor-value system) we nave the €Xpression
(XXI) converteg into:

E'&B‘* L=p

qi

i
'
~——d

(XXII)

Our question still 1s, how to determine p ang Q. Wwithout-
mz2king any arbitrary assumption? Well, it should be thought r.e
what meaning should have E and g in our aggregate mwatrix? They
clearly could not refer to an individual cornmodity, since as we
have seen (in section 2,1),. the sectors are gl composed of
heterogeneous goods. But then, how to measure dlfferent*goods
with a single nudber? The answer is 1 measurings them in guantitiss
of labor. But howu?

w".

Let us take expression (XXII) and make the assuaption that
Pl =1,1= Lo 6ine oty Ly By pP'= u',. We have therefore:

[

: [
B+ L=u'd = q'B+L=gq o la' & & (1 -~ 5y~2 (XXIIT)

What does this mean? This mean simply that beginninrg with
the lator-value system written as (XXII) we decide to measure nct
the physical numper of commedities in absolute terms, but,. in. the
broportion of ezch "composite coxrmodity" produced in each sector
which is necessary to exchange by a given amount of labor (r-ade
equal for all the sectors when we put p' = u'),. In other words,
When we made the prices (now just index prices) to be equal to
one, in the labhor-value system, we have established a given amount

of labor (which we do not have even to know how is measursd - in
hours, days or Seconds) and we are asking how do the proportions
of the composite commoditles produced with this amount of labeor
compare,. In fact the absolute values cf the qi's found by the
bProcess do not have any useful meaning in itself., But the propor-
tlons between any two of them are in the same propcrtions as the
quantlities of different goods produced with the same quantity of
labor (Say, 3 trucks and 22 television sets for 1,000 hours of
labor),

Therefore, expression (XXIII), while not giving us "real




quantities" (what would be almost foolish +o expect) does give
some valuable infcrmation ; we can know how the "composite CORBoaL~
ties" of each sector should exchange at thelr labor-values with the
others "composite-commodities" of our system, _

In this Sense, we conclude that we cannot obtain our "tyrpen
quantity vector, but we could provide s vector whose components
are in the same proportions of the components of the "true® quan=-
tity vector, should the latter be measured in labor-tinme,

This conclusion should be well understood for there is no
tautology or assumptions in 1t extraneous to the labor theory of
value,

2,5 - The Determination of the Normalized Quantities of Labor

—

Although we have found a neat expresslon for q in (XXIII)
we still do not know the value of the vector L = (Ll'Lz""'Lh)'

n
such that 3™ L1 =1, along Sraffa's normalization,

i=1
” © 1T we rexeuber that Sraffa rakes the assumption that all

the labor is homogeneous, or conversely, that heterogedéous guali=-
tles of labor have been converted into different quantities of
homogéneous labor, so that any unit of labor receives the same
remuneration, (see section 1414) we could see that the norcalized
Quantities of labor already reduced to homogeneous labor can be
easlly calculatsd from table 2.1, We just have to see that the
figures given as wages in this table could be thought 2s homro-
geneous quantities of labor multiplied by the same wage?g%f we
divide each one of these figures by the total wages-payment in
the economy, wages will cancel out and the magnitu%i§ we obtain
for each sector have much of the same slgnificance & Sraffa's
normalized quantities of labor,

Therefore we have:
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2,6 -~ The Calculation of the Technolorical Matrix

We are now able to calculate our technological matrix {4)
- from the ocutput-guotas matrix B andg the relative labor guantities
Q glven by expression (XXILT),

Noting, that, by (XIX): A = G831 ,that is a1j = B1j, oi |

!
£

the matrix A calculated that way 1s the same as if we have the

"real" quantity vector, once the propcrtions 2% are maintair-2
= - q
in our sclution if guantities are measured in labor-tine,

( ' The matrix A therefore calculated is presented on table
243 ‘

2.7 - Simulation of the Nodel for Varvinz Distribution af tha

Net Product

We are now able to feed the cozmputer with the necessary
data for the simulfation in two steps:
a) To calculate p'= wl [I - A(1 + r)] -1 with p'f = 1 as measure
for prices and wages, (noWw standardized system)
b) To calculate p' = wl [I - A(1 + r)] -1 with p‘fﬁ = 1, as the
invariable measure for prices and wages, where k 1is given by

[Iff%ﬁ)lB]k=0

e (standardized system)




The Fatrix B is:

~;3z - ‘: 3 4 S b * b4 9 1o
. 1 «2B0F JNENS N30 _jrenn «TO51 JO2R3 _Fhnn 30 py LAP7N_ tang
2 JTh3RL L2703 L1C0OF ,0K13 0378 »B20% JAGHE UIPR ABAF #1127
- 3.0 8121 NT@ 551 Lasan e LMAER BNYE L BTEY o700
4 JOOGS A0R1 ,0001 L2433 «ARDO Jannn  fona enapa _nnpo W23ED
g 0002 L0883 ,0013 .A0%5 L1300 .nnas LN23L nnnn 0117 _oeas
£ LON3L n0us . 070 6007 <13 2725 0023 _panh L 3212 Jlnnn
¥ .NN01 0078 .0nan2 _ann1 npcs LSLARD (2286 ,0001 .01 g _296q
8 ¢ 0002 nnen  onna anan angn | rann LONRN nann _~ann  nnnn
-9 L0032 0036 ,nN5 9, napn LNN1 2075 .ng15‘_nnnn .M527 25 e
2 o OBk S .A0K3 P13 AD35 .P013 ,n05 9 .nn26 Lenns | nato 55 €7

( " - TABLE 2.2

N
T

The matrix A is
Secsrs < ¢ 3 4 § L 3 § 9 0
131 L1601 0104 n178 0507 <37IN _NRKT  _nn37

= L L3363 .AkN5 L1
A oRARR JBEPE (QERT SMIPN JNESE TR LULET (OUNE 6168 . muan

= 3 .00G7 (010D U790 0200 L0350 .A050 L0149 .0n1G . nnge 037
‘ MR e0an nage 110
T F.PANI L2283 .008S D001 L1370 ,7063 L0119 .rard Lapne L nngs
AnaG 0077
? -B001 8075 LN6A3 LA00N L0135 .01 L2256 .02 a3 Lnaso

r .2nan

0 1235 200




e

bages. The symbol's conventlon is the same as a@!opted in sectiorn
1.28, :

It 1s important not to forget the interpretation that shoulad
be given to the "physical" Tesults, (see section 2,4 above)

The price frontier in this system (along with r = Re (1 ~
~ as seen in equation (XIII) of part I) is seen in Figure 2,1,

From page 7T3to page 82 we can see the plots (figures 2,2
to 2,11) of the production prices for the 10 sectors for Variations
of wages, from one (when production prices are equal to labor-
value) to zero. We observe that the production prices react differ-
= -ently to wages variation,

wWle

If we, furthermore, try to express the production prices!
variation (along with their labor-values) in a scale comparable
to which the market prices are Lmeasured, we can see approximately
how do the total revenue of each sector, faken at market prices,
compare with the equilibrium revenue (at production prices) and
with its labor-value, For those comparisions we have taken a
distribution of the net product between wages angd profits, such
that w = ,35, Although this value could be not exact - for it
was estinated from the input-output matrix - we know from an
immedlate observation of figures 2,2 to 2.11 that in this region
all the production prices lines are sufficiently flat to make
this approximation rellable, Of course we should not expect the
market prices to coincide with its respective production prices.
(see secticn 1,5) In this -sense, some departure fronm the trheoresi-
cal precduction:prices is nothing but natural,. Nevertheless, a
large departure could mean a staghant sector? which could, by its
_ turn, be an indication of bottlenecks (present or futures) in
the economic system. From page 83 to page 92 we can see those
comparisions (figures 2,12 to 2,21)

With respect to their labor-value, the departure or proive -
tion prices, and market Prices, for the 10 seclors, at w = ,35 is
summarized in table 2.4 below.

(CONTINUED IN PAGE,93 )
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TABLE 2.4

Production Frices Maryxet Prices
Sector Comparcd to VYalue Compared tc Value Diff % points
1 . 63% below 56% below - 7
2 96% below 91% below - 5
3 62% below 78% below + 16
L 63% below 63% below ~ 0
5 56% celow 556% below e~ 0
6 794 below 57% below = 22
;. L% above - 3% above ¢ -1
8 53% below 57% below + U
9 51% below 66% below + 15
10 9% above s4% bvelow - 55

As we can see from table 2.4 and figures 2.12 to 2.21, there
is a reasonable coherence between production prices and mariet prices
for sectors 1,2,4,5,7 and 8 o éegtors 3, 6 and 9 fall into a
which could be making "windfall" profits or losses = or could be
an evidence of some degree of “pottleneckness™., Cn the othrer hand,
cector 10 shows a striking deviation from equilibrium, being
indeed, the only sector where the market prlces were observed on
the opposite sicde from where they were'expected. to be wlith rela-
tion to its labor-value, Probably part of the reascn is that mosz
of those sectors aggregated under the "non-discriminated" label
(Services, Urban Transport and Utilities) are stagnant and gcv-
ernment owned, and even when not stagnant, but yet government
owned (as power plants) have their prices at such a level that
the assumption of equalization of the rate of profits do not hold,
The same thing could be said for sector 9 (Agriculture) which also
could not be expected to be equalizing profits with 1idustry.. Still
we have the "statistical discrepancies" which the tablesauthors
refer to, and which, incidentally have fallen in our sectors 3, 9
and 10; just scme with the biggest divergences. An- special word
should be dedicated to sector 10 (non-discriminated) 1 1t embraces

o




some 65% of the (nomogeneized) labor force in our system, leaving
just 35% for the 9 remaining sectcrs. Indeed, this sector is
claimed to be "not completely reliable” even by the authors. There-
fore we conclude that, although the work was meritorious, asking
for more encouragement, this matrix is not already an extremely
reliable tool,

2.7%— Some Dvnamic Speculations

Even if our objective in this paper is not to deal with
dynamic systems (specially Dbecause Sraffa's system stlll asXs
for a "dynamization"), 1t would be interesting to advance sore
speculation from our data, which could be useful for pollcy=-
making. .
For the distribution of the net product assumed in sectlon
2.6, we have calculated all the eigen_values and eigen _vectors
of the inverse of the Leontief matrix wnen we subtracted the
payments of wages from the net product (or we 1nclude the wages
as "cost", sumning them to matrix A).

Therefore, assuming that all profits are golng to be
reinvested (or conversely, that a constant proportion of them
'is going to be reinvested), and therefore treating the dynamic
path thus described Dy Sraffa's model as a "turnpilke rat“. we
have that the vector x(t).of total procduct 1s given by:

—069 ' 897_1 .?75_‘
.043 . 291 3D
013 .023 019
.033 -015 -1“;
099 = -031 +11
x(t) =(=+3805) gu’g é.OOQJ)t*( 1250) .03% e(.!-1-37)t+(-.1186) %}2'1;
- 01 8 .00 .
0 3 0 ) 0
et | Ei




205 [ 517 165
618 5E0 225
536 1.023 1585
734 .592 CG5
107 N5t _ 385
o (4850t 565y Lotz | e +B13)ti(3002) [L005|  e{POF)T4(-0505) | oc2
0 0 0
- .0€0 | L. 026 319
- ~ b s | [~ 1
097 004 1466
e, 0 060 -
- .002 0 .108 :
179 0 59
.éag 0 .é%Bj
. .83 R 0 887
~o (eI E oo 111 | e ti(i1975) | o e%+(0602) | -649 ¢ 6%
0 00k 0 i
.748 -001 469 §
‘ | .300 | .001 | 143 ]

Solving this model for t=i,

we will see that - given the

initial position which we have on filgures 2,11 to 2}20 (market
prices) as initial conditions for t=0 - the sectors 9, 3, 8 and
5 will show a positive growth ({ordered by decrescent magnituce

- of growth rates) while the sectors 6,2,10,4,7 and 1 will
negative growth. This means that, maintained the present price
structure, sectors 6,2,10,4,7 and 1 tend to be incapable of
supplying the needs of this self-regengrﬁtive system., In the

show 2

long-run if nothing changes, the system tends to colapse,

2.8 = Conclusion

Needless to say, our work ls toorough to be reliable and to
suggest some concrete pollicles and at the same time, to show 1in

detail the bottlenecks and the alternatives we face, Nevertheless,

i A e e



s should be a first step for us for a better
cutput technigues, If

we understand that thi

is of the brazilian economy with input-

analys
more than being Jjust one mocdel

we could show that Sraffa's model,.
which maintains the coherence of the latoer thecry

more, is the model
plece, but that can

of value and that 1t is not just a theoretical
we would be fully satisfied.

be applied to practical analysis,
" must come out of the books,

The "transformation problem

papers and jdeological quarrels to be converted in something es-

timable and tested. If it 1s reality, 1t can be tastelGceo
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