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_2bmKQ

� +QMbi`mÏ½Q /2 BK�;2Mb bőbKB+�b �i`�pûb /� KB;`�Ï½Q `2p2`b� MQ i2KTQ U_2p2`b2 hBK2
JB;`�iBQM @ _hJV- 2K /�/Qb T`û@2KTBH?�/Qb 2 MQ /QKőMBQ /Q i2KTQ- `2[m2` � +Q``2H�Ï½Q
+`mx�/� 2Mi`2 Q +�KTQ /2 QM/� /� T`QT�;�Ï½Q /B`2i� /� 7QMi2 2 �[m2H2 Q`BmM/Q /� T`QT�@
;�Ï½Q `2p2`b� /Qb `2+2TiQ`2bX LQ T`2b2Mi2 i`�#�H?Q- �HûK /Q [m2 û 72BiQ +QMp2M+BQM�HK2i2-
� KB;`�Ï½Q _hJ b2`� 72Bi� K2/B�Mi2 T`QT�;�Ï½Q /B`2i� /Q +�KTQ /2 QM/� /� 7QMi2 2 T`Q@
T�;�Ï½Q `2p2`b� /Q +�KTQ MQb `2+2TiQ`2b `2�HBx�/�b �Q K2bKQ i2KTQ 2- � +�/� T�bbQ /2
2ti`�TQH�Ï½Q- b2M/Q i`�Mb7Q`K�/�b T�`� Q /QKőMBQ /� 7`2[māM+B�X L2bb2 MQpQ /QKőMBQ �
+QM/BÏ½Q /2 BK�;2K û �THB+�/� 2 � BK�;2K û +QMbi`mő/� b2K � M2+2bbB/�/2 /2 �`K�x2M�` Qb
BMbi�Mi�M2Qb /2 T`QT�;�Ï½Q /B`2i� /� 7QMi2X

�/2K�Bb- i�Bb `2bmHi�/Qb /� KB;`�Ï½Q _hJ b½Q miBHBx�/Qb +QKQ 2Mi`�/� T�`� � KB;`�Ï½Q
_hJ TQ` KőMBKQb [m�/`�/Qb UG2�bi@a[m�`2b _2p2`b2 hBK2 JB;`�iBQM @ Ga_hJV MQ /QKőMBQ
/� BK�;2KX .Bp2`b�b b½Q �b K�M2B`�b /2 7�x2` Ga_hJ 2 Q#i2` mK� �T`QtBK�Ï½Q /� BMp2`b�
/� K�i`Bx >2bbB�M� T�`� `2KQp2` Q b2m 272BiQ M� BK�;2K KB;`�/� }M�H- b2M/Q 2bi� K�i`Bx Q
QT2`�/Q` /2 /2b7Q+�HBx�Ï½Q `2bTQMb�p2H T2HQ 272BiQ ǳ#Q``�/Q`Ǵ T`2b2Mi2 M� BK�;2K KB;`�/�
Q`BmM/� /� KB;`�Ï½Q +QMp2M+BQM�HX L2bi2 i`�#�H?Q- #mb+�@b2 +�H+mH�` }Hi`Qb /2 7Q+�HBx�Ï½Q
M½Q@2bi�+BQM�`BQb MQ /QKőMBQ /� BK�;2K [m2 �T`QtBK2K � >2bbB�M� T�`� 2Mi½Q `2KQpā@H�
/Q /�/Q KB;`�/Q- `2bmHi�M/Q MmK� BK�;2K +QK K2H?Q` [m�HB/�/2 2K i2`KQ /2 `2bQHmÏ½Q 2
BHmKBM�Ï½QX

�bbBK- T�`i2@b2 /Q `2bmHi�/Q /�b KB;`�ÏǤ2b _hJ MQ i2KTQ 2 M� 7`2[māM+B� T�`� �p�HB�` Q
`2bmHi�/Q /� �THB+�Ï½Q TQbi2`BQ` /Q Ga_hJ MQ /QKőMBQ /� BK�;2K T�`� 2bb�b /m�b 2Mi`�/�b
/BbiBMi�bX �/2K�Bb- /2KQMbi`�@b2 �[mB b2` K�Bb �/2[m�/Q- MmK� �#Q`/�;2K /2 KőMBKQb
[m�/`�/Qb- 2biBK�` Q }Hi`Q [m2 �T`QtBK� � >2bbB�M� T�`� /2TQBb 2biBK�` � BK�;2K }M�H-
�Q BMpûb /2 2biBK�` Q }Hi`Q [m2 �T`QtBK� � BMp2`b� /� >2bbB�M� 2 � T�`iB` /� �THB+�Ï½Q
/2bi2 Q#i2` � BK�;2K }M�HX Pb `2bmHi�/Qb �[mB Q#iB/Qb 7Q`�K ;2`�/Qb miBHBx�M/Q Qb KQ/2HQb
J�`KQmbB 2 SHmiQ- /2KQMbi`�M/Q@b2 [m2 � �#Q`/�;2K �i`�pûb /2 }Hi`Qb /2 7Q`K� MQ /QKőMBQ
/� BK�;2K +QMb2;m2 T`Q/mxB` `2bmHi�/Qb bmT2`BQ`2b �Qb Q#iB/Qb +QK _hJ +QMp2M+BQM�HX
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�#bi`�+i

h?2 +QMbi`m+iBQM Q7 b2BbKB+ BK�;2b i?`Qm;? `2p2`b2 iBK2 KB;`�iBQM U_hJV QM T`2@bi�+F2/
/�i� �M/ BM i?2 iBK2 /QK�BM `2[mB`2b i?2 +`Qbb@+Q``2H�iBQM #2ir22M i?2 r�p2}2H/ Q7 i?2
/B`2+i T`QT�;�iBQM Q7 i?2 bQm`+2 �M/ i?2 QM2 +QKBM; 7`QK i?2 `2p2`b2 T`QT�;�iBQM Q7 i?2
`2+2Bp2`bX AM i?2 T`2b2Mi rQ`F- BM �//BiBQM iQ r?�i Bb +QMp2MiBQM�HHv /QM2- _hJ rBHH #2
2t2+mi2/ #v /B`2+i T`QT�;�iBQM Q7 i?2 bQm`+2 r�p2}2H/ �M/ `2p2`b2 T`QT�;�iBQM Q7 i?2 }2H/
�i i?2 `2+2Bp2`b T2`7Q`K2/ bBKmHi�M2QmbHv �M/ �i 2�+? 2ti`�TQH�iBQM bi2T- #2BM; i`�Mb7Q`K2/
iQ i?2 7`2[m2M+v /QK�BMX AM i?Bb M2r /QK�BM- i?2 BK�;BM; +QM/BiBQM Bb �TTHB2/- �M/ i?2
BK�;2 Bb #mBHi rBi?Qmi biQ`BM; i?2 /B`2+i T`QT�;�iBQM bM�Tb?Qib Q7 i?2 bQm`+2X

6m`i?2`KQ`2- bm+? _hJ `2bmHib �`2 BMTmi 7Q` H2�bi@b[m�`2b _hJ UGa_hJV BM i?2 BK�;2
/QK�BMX h?2`2 �`2 b2p2`�H r�vb iQ /Q Ga_hJ �M/ Q#i�BM �M �TT`QtBK�iBQM Q7 i?2 BMp2`b2
Q7 i?2 >2bbB�M K�i`Bt iQ `2KQp2 Bib 2z2+i QM i?2 }M�H KB;`�i2/ BK�;2X h?Bb K�i`Bt Bb
i?2 /27Q+mbBM; QT2`�iQ` `2bTQMbB#H2 7Q` i?2 #Hm``BM; 2z2+i BM i?2 KB;`�i2/ BK�;2 7`QK i?2
+QMp2MiBQM�H KB;`�iBQMX AM i?Bb T�T2`- r2 b22F iQ +�H+mH�i2 MQM@bi�iBQM�`v 7Q+mbBM; }Hi2`b
QM i?2 BK�;2 /QK�BM i?�i �TT`QtBK�i2 i?2 >2bbB�M �M/ i?2M `2KQp2 Bi 7`QK i?2 KB;`�i2/
BK�;2X 6BM�HHv- Bi Bb b?QrM ?2`2 iQ #2 KQ`2 �TT`QT`B�i2- BM i?2 H2�bi@b[m�`2b �TT`Q�+?- iQ
2biBK�i2 i?2 }Hi2` i?�i �TT`QtBK�i2b i?2 >2bbB�M �M/ i?2M �bb2bb i?2 }M�H BK�;2 BMbi2�/
Q7 i?2 }Hi2` i?�i K�i+?2b i?2 BMp2`b2 Q7 i?2 >2bbB�M 7`QK i?2 �TTHB+�iBQM Q7 i?Bb- Q#i�BMBM;
i?2 }M�H BK�;2X h?2 `2bmHib Q#i�BM2/ ?2`2 r2`2 ;2M2`�i2/ mbBM; i?2 J�`KQmbB �M/ SHmiQ
KQ/2Hb- /2KQMbi`�iBM; i?�i i?2 �TT`Q�+? Q7 mbBM; K�i+?BM; }Hi2`b BM i?2 BK�;2 /QK�BM +�M
T`Q/m+2 `2bmHib bmT2`BQ` iQ i?Qb2 Q#i�BM2/ rBi? +QMp2MiBQM�H _hJX
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ŐM/B+2

_2bmKQ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9

�#bi`�+i X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8

ŐM/B+2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e

ŐM/B+2 /2 6B;m`�b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3

AMi`Q/mÏ½Q X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RR

R 6mM/�K2MiQb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9
RXR JB;`�Ï½Q /2 /�/Qb bőbKB+Qb X X X X X X X X X X X X X X X X X X X X X X X X X X X R9
RXk JB;`�Ï½Q `2p2`b� MQ i2KTQ /2 /�/Qb T`û@2KTBH?�/Qb X X X X X X X X X X X X X ky

RXkXR JûiQ/Q /�b /B72`2MÏ�b@}MBi�b X X X X X X X X X X X X X X X X X X X X X X kj
RXkXk JûiQ/Q /2 2tT�Mb½Q `�TB/� U_1JV X X X X X X X X X X X X X X X X X X X kN

k _hJ T`û@2KTBH?�K2MiQ MQ /QKőMBQ /� 7`2[māM+B� X X X X X X X X X X X X j9
kXR h2Q`B� /2 2bT�H?�K2MiQ @ KQ/2H�;2K "Q`M 2 _hJ X X X X X X X X X X X X X X X j9
kXk 1ti`�TQH�Ï½Q _1J MQ 2b[m2K� ǳQM i?2 ~vǴ X X X X X X X X X X X X X X X X X X jN

j JB;`�Ï½Q /2 /�/Qb bőbKB+Qb TQ` KőMBKQb [m�/`�/Qb X X X X X X X X X X X 9j
jXR P K2iƦ/Q /2 KőMBKQb [m�/`�/Qb X X X X X X X X X X X X X X X X X X X X X X X X 9j

jXRXR JûiQ/Q ;`�/B2Mi2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 98
jXRXk JûiQ/Q +QMDm;�/Q ;`�/B2Mi2 X X X X X X X X X X X X X X X X X X X X X X X 9d

jXk JB;`�Ï½Q _hJ Bi2`�iBp� TQ` KőMBKQb [m�/`�/Qb X X X X X X X X X X X X X X X X 9N
jXj JB;`�Ï½Q _hJ KőMBKQb [m�/`�/Qb MQ /QKőMBQ /� BK�;2K miBHBx�M/Q }Hi`Q

/2 7Q`K� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 89

9 J2iQ/QHQ;B� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 83

8 _2bmHi�/Qb 2 /Bb+mbb½Q X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ek
8XR JQ/2HQ J�`KQmbB X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ek

e



ŐM/B+2 d

8Xk JQ/2HQ SHmiQ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X de

e *QM+HmbǤ2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3d

�;`�/2+BK2MiQb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ny

d _272`āM+B�b "B#HBQ;`�}+�b X X X X X X X X X X X X X X X X X X X X X X X X X X X Nk



ŐM/B+2 /2 6B;m`�b

RXR :2QK2i`B� /2 �[mBbBÏ½Q T�`� U�V 7QMi2 +QKmK- U#V `2+2TiQ` +QKmK- U+V �7�b@
i�K2MiQ +QKmK 2 U/V TQMiQ Kû/BQ +QKmK- QM/2 +ő`+mHQb `2T`2b2Mi�K 7QMi2b
2 [m�/`�/Qb `2T`2b2Mi�K `2+2TiQ`2bX 1bb� `2T`2b2Mi�Ï½Q T�`� 7QMi2b 2 `2+2T@
iQ`2b b2`� �/Qi�/� 2K iQ/Q Q i2tiQX X X X X X X X X X X X X X X X X X X X X X X X R8

RXk U�V _2;Bbi`Q Q#iB/Q MQ H2p�Mi�K2MiQ bőbKB+Q 2 U#V _2T`2b2Mi�Ï½Q /2 mK� b2Ï½Q
bőbKB+� /Q pQHmK2 }M�H /2 /�/Qb T`Q+2bb�/QbX X X X X X X X X X X X X X X X X X Re

RXj U�V JQ/2HQ /2 p2HQ+B/�/2 +QMbi�Mi2 +QK mK TQMiQ /B7`�iQ` MQ TH�MQ x − zc
U#V `2;Bbi`Q MQ TH�MQ x− t0 /�b i`�D2iƦ`B�b `2T`2b2Mi�/�b MQ TH�MQ x− zX X X Re

RX9 U�V JQ/2HQ /2 p2HQ+B/�/2 +QMbi�Mi2 2 mK `2~2iQ` b2KB@+B`+mH�` MQ TH�MQ x−zc
U#V `2;Bbi`Q MQ TH�MQ x− t0 /�b i`�D2iƦ`B�b `2T`2b2Mi�/�b MQ TH�MQ x− zX X X R3

RX8 1K p2`K2H?Q- `2~2iQ` BM+HBM�/Q M� b2Ï½Q /2 �7�bi�K2MiQ MmHQ +QK �M;mHQ /2
K2`;mH?Q θc 2K T`2iQ- `2~2iQ` KB;`�/Q +QK �M;mHQ /2 K2`;mH?Q θM > θX X X RN

RXe _2T`2b2Mi�Ï½Q 2b[m2K�iB+� /Q �H;Q`BiKQ /2 KB;`�Ï½Q `2p2`b� MQ i2KTQ- �/�T@
i�/Q /2 PHBp2B`� UkyR9VX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kR

RXd _2T`2b2Mi�Ï½Q 2b[m2K�iB+� /Q ~mtQ;`�K� /2 KB;`�Ï½Q `2p2`b� MQ i2KTQX X X kk
RX3 .B�;`�K� /2 /BbT2`b½Q T�`� Q KûiQ/Q /�b /B72`2MÏ�b@}MBi�b /2 b2;mM/� Q`/2K

�THB+�/Q �Q +�bQ mMB@/BK2MbBQM�HX X X X X X X X X X X X X X X X X X X X X X X X X kN

kXR _2T`2b2Mi�Ï½Q 2b[m2K�iB+� /� T`QT�;�Ï½Q /Q +�KTQ /2 QM/� /� 7QMi2 MQ
KQ/2HQ /2 7mM/Q 2 /Q +�KTQ /2 QM/� 2bT�H?�/Q /2pB/Q �Q 7�iQ` /2 T2`im`#�Ï½Q
MQ KQ/2HQ UδsVX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j8

kXk _2T`2b2Mi�Ï½Q 2b[m2K�iB+� /� i`�Mb7Q`K�/� /2 6Qm`B2` MQ 2b[m2K� ǳQM i?2
~vǴ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9y

jXR JûiQ/Q ;`�/B2Mi2 MQ [m�H Q p2iQ` �mtBHB�` pj û Q ;`�/B2Mi2 ;j 2- ¨ K2/B/�
[m2 �b Bi2`�ÏǤ2b Q+Q``2K- Q `2bmHi�/Q i2M/2 ¨ bQHmÏ½Q KőMBKQb [m�/`�/Qb
U?̃j+1 → ?MQVX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9e

jXk _2T`2b2Mi�Ï½Q 2b[m2K�iB+� /Q ~mtQ;`�K� /2 KB;`�Ï½Q `2p2`b� MQ i2KTQ Bi2@
`�iBp� TQ` KőMBKQb [m�/`�/QbX X X X X X X X X X X X X X X X X X X X X X X X X X X 8j
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ŐM/B+2 /2 6B;m`�b N

jXj _2T`2b2Mi�Ï½Q 2b[m2K�iB+� /Q ~mtQ;`�K� /2 KB;`�Ï½Q `2p2`b� MQ i2KTQ TQ`
KőMBKQb [m�/`�/Qb miBHBx�M/Q }Hi`Q /2 7Q`K�X X X X X X X X X X X X X X X X X X 88

9XR _2T`2b2Mi�Ï½Q BHmbi`�iBp� /2 D�M2H�K2MiQ /� BK�;2K K1 /Q KQ/2HQ J�`KQX ey
9Xk _2T`2b2Mi�Ï½Q BHmbi`�iBp� /2 p2iQ`Bx�Ï½QX X X X X X X X X X X X X X X X X X X X X eR

8XR *�KTQ /2 p2HQ+B/�/2b /Q KQ/2HQ J�`KQmbBX X X X X X X X X X X X X X X X X X X ej
8Xk *�KTQ /2 p2HQ+B/�/2b bm�p2 /Q KQ/2HQ J�`KQmbBX X X X X X X X X X X X X X X ej
8Xj _2~2ipB/�/2b /Q KQ/2HQ J�`KQmbBX X X X X X X X X X X X X X X X X X X X X X X X e9
8X9 hB`Qb MQ KQ/2HQ J�`KQmbBc U�V T`BK2B`Q iB`Q- U#V iB`Q +2Mi`�H 2 U+V ȹHiBKQ iB`QX e9
8X8 JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ @ KQ/2HQ J�`KQX X X X X X X X X X X X X e8
8Xe JB;`�Ï½Q _hJ MQ /QKőMBQ /Q 7`2[māM+B� @ KQ/2HQ J�`KQX X X X X X X X X X X e8
8Xd *QMi`QH2 /2 [m�HB/�/2 /� 2biBK�iBp� /Q }Hi`Q 6 T�`� � KB;`�Ï½Q MQ /QKőMBQ

/Q i2KTQ @ JQ/2HQ J�`KQmbBc U�V K1 @ _hJ 2K i2KTQ- U#V K2 2 U+V Kcalc
2 X eN

8X3 1``Q 2 T2`7Q`K�M+2 @ J�`KQmbB @ _hJ MQ /QKőMBQ /Q i2KTQc U�V 2M2`;B� /Q
2``Q 2 U#V T2`7Q`K�M+2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X eN

8XN *QMi`QH2 /2 [m�HB/�/2 /� 2biBK�iBp� /Q }Hi`Q 6 T�`� � KB;`�Ï½Q MQ /QKőMBQ
/� 7`2[māM+B� @ JQ/2HQ J�`KQmbBc U�V K1 @ _hJ M� 7`2[māM+B�- U#V K2 2 U+V
Kcalc

2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dy
8XRy 1``Q 2 T2`7Q`K�M+2 @ J�`KQmbB @ _hJ MQ /QKőMBQ /� 7`2[māM+B�c U�V 2M2`;B�

/Q 2``Q 2 U#V T2`7Q`K�M+2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dy
8XRR JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb @ j

Bi2`�ÏǤ2b @ JQ/2HQ J�`KQmbBX X X X X X X X X X X X X X X X X X X X X X X X X X X dR
8XRk JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb @ ky

Bi2`�ÏǤ2b @ JQ/2HQ J�`KQmbBX X X X X X X X X X X X X X X X X X X X X X X X X X X dR
8XRj JB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb

@ j Bi2`�ÏǤ2b @ JQ/2HQ J�`KQmbBX X X X X X X X X X X X X X X X X X X X X X X X X dk
8XR9 JB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb

@ ky Bi2`�ÏǤ2b @ JQ/2HQ J�`KQmbBX X X X X X X X X X X X X X X X X X X X X X X X X dk
8XR8 JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb @

6Aah� @ JQ/2HQ J�`KQmbBX X X X X X X X X X X X X X X X X X X X X X X X X X X X dj
8XRe JB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb

@ 6Aah� @ JQ/2HQ J�`KQmbBX X X X X X X X X X X X X X X X X X X X X X X X X X X dj
8XRd JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QK }Hi`Q /2 7Q`K� 2K mK T�bbQ @ ky

Bi2`�ÏǤ2b @ JQ/2HQ J�`KQmbBX X X X X X X X X X X X X X X X X X X X X X X X X X X d9
8XR3 JB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� +QK }Hi`Q /2 7Q`K� 2K mK T�bbQ @

ky Bi2`�ÏǤ2b @ JQ/2HQ J�`KQmbBX X X X X X X X X X X X X X X X X X X X X X X X X d9



ŐM/B+2 /2 6B;m`�b Ry

8XRN S2`}H +QKT�`�M/Q `2~2iBpB/�/2 p2`/�/2B`� +QK Qb `2bmHi�/Qb /� �THB+�Ï½Q /Q
�H;Q`BiKQ 2K /QBb T�bbQbX X X X X X X X X X X X X X X X X X X X X X X X X X X X X d8

8Xky S2`}H +QKT�`�M/Q `2~2iBpB/�/2 p2`/�/2B`� +QK Q `2bmHi�/Q /2 KB;`�Ï½Q _hJ
M� 7`2[māM+B� 2 � �THB+�Ï½Q /Q �H;Q`BiKQ 2K /QBb T�bbQbX X X X X X X X X X X X d8

8XkR *�KTQ /2 p2HQ+B/�/2b /Q KQ/2HQ SHmiQX X X X X X X X X X X X X X X X X X X X X de
8Xkk *�KTQ /2 p2HQ+B/�/2b bm�p2 /Q KQ/2HQ SHmiQX X X X X X X X X X X X X X X X X X dd
8Xkj _2~2iBpB/�/2b /Q KQ/2HQ SHmiQX X X X X X X X X X X X X X X X X X X X X X X X X X dd
8Xk9 JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ @ JQ/2HQ SHmiQX X X X X X X X X X X X X X 3y
8Xk8 JB;`�Ï½Q _hJ MQ /QKőMBQ /Q 7`2[māM+B� @ JQ/2HQ SHmiQX X X X X X X X X X X X 3y
8Xke *QMi`QH2 /2 [m�HB/�/2 /� 2biBK�iBp� /Q }Hi`Q 6 T�`� � KB;`�Ï½Q MQ /QKőMBQ

/Q i2KTQ @ JQ/2HQ SHmiQc U�V K1 @ _hJ 2K i2KTQ- U#V K2 2 U+V Kcalc
2 X X X 3R

8Xkd 1``Q 2 T2`7Q`K�M+2 @ SHmiQ @ _hJ MQ /QKőMBQ /Q i2KTQc U�V 2M2`;B� /Q 2``Q
2 U#V T2`7Q`K�M+2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3R

8Xk3 *QMi`QH2 /2 [m�HB/�/2 /� 2biBK�iBp� /Q }Hi`Q 6 T�`� � KB;`�Ï½Q MQ /QKőMBQ
/� 7`2[māM+B� @ JQ/2HQ SHmiQc U�V K1 @ _hJ M� 7`2[māM+B�- U#V K2 2 U+V Kcalc

2 3k
8XkN 1``Q 2 T2`7Q`K�M+2 @ SHmiQ @ _hJ MQ /QKőMBQ /� 7`2[māM+B�c U�V 2M2`;B� /Q

2``Q 2 U#V T2`7Q`K�M+2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3k
8Xjy JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb @ j

Bi2`�ÏǤ2b @ JQ/2HQ SHmiQX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3j
8XjR JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb @ ky

Bi2`�ÏǤ2b @ JQ/2HQ SHmiQX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3j
8Xjk JB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb

@ j Bi2`�ÏǤ2b @ JQ/2HQ SHmiQX X X X X X X X X X X X X X X X X X X X X X X X X X X X 39
8Xjj JB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb

@ ky Bi2`�ÏǤ2b @ JQ/2HQ SHmiQX X X X X X X X X X X X X X X X X X X X X X X X X X X 39
8Xj9 JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QK }Hi`Q /2 7Q`K� 2K mK T�bbQ @ ky

Bi2`�ÏǤ2b @ JQ/2HQ SHmiQX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 38
8Xj8 JB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� +QK }Hi`Q /2 7Q`K� 2K mK T�bbQ @

ky Bi2`�ÏǤ2b @ JQ/2HQ SHmiQX X X X X X X X X X X X X X X X X X X X X X X X X X X X 38
8Xje S2`}H +QKT�`�M/Q `2~2iBpB/�/2 p2`/�/2B`� +QK Qb `2bmHi�/Qb /2 KB;`�Ï½Q

_hJ MQ i2KTQ 2 Q `2bmHi�/Q /� �THB+�Ï½Q /Q �H;Q`BiKQ 2K /QBb T�bbQb @
JQ/2HQ SHmiQX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3e

8Xjd S2`}H +QKT�`�M/Q `2~2iBpB/�/2 p2`/�/2B`� +QK Qb `2bmHi�/Qb /2 KB;`�Ï½Q
_hJ M� 7`2[māM+B� 2 Q `2bmHi�/Q /� �THB+�Ï½Q /Q �H;Q`BiKQ 2K /QBb T�bbQb @
KQ/2HQ SHmiQX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3e



AMi`Q/mÏ½Q

P KûiQ/Q bőbKB+Q +QMbBbi2 M� 2t+Bi�Ï½Q +QMi`QH�/� /Q K2BQ 7őbB+Q �i`�pûb /2 7QMi2b �`iB}+B�Bb
/2 2M2`;B�- 2 M� K2/B/� /�b �KTHBim/2b 2 i2KTQb /2 T2`+m`bQ /� 2M2`;B� bőbKB+� 2- TQ`
}K- M� 2biBK�iBp� /2 BM7Q`K�ÏǤ2b /Q K2BQ BMp2biB;�/QX Pm b2D�- 7QMi2b /2 2M2`;B� �`iB}+B�Bb
2 +QMi`QH�/�b b½Q mb�/�b T�`� ;2`�` QM/�b bőbKB+�b [m2 T2`+Q``2`½Q Q K2BQ 7őbB+Q 2 +�M�Bb
`2+2TiQ`2b 2bT�H?�/Qb M� bmT2`7ő+B2 �Q HQM;Q /� `2;B½Q � b2` BMp2biB;�/� +�Ti�`½Q � `2bTQbi�
/� h2``� ¨ i�H 2t+Bi�Ï½Q- b2M/Q 2bb2 `2;Bbi`Q miBHBx�/Q T�`� BMp2biB;�` � bm#bmT2`7ő+B2X

1bb2 iBTQ /2 /�/Q bőbKB+Q �/[mB`B/Q TQbbmB /Bp2`b�b HBKBi�ÏǤ2b, +�`�i2` #�M/�@HBKBi�/�
2K i2`KQb /2 +QMi2ȹ/Q /2 7`2[māM+B�- K2/B/�b /2 i2KTQ 2 �KTHBim/2 b½Q 7mMÏ½Q i�MiQ /Q
K2BQ 7őbB+Q [m�MiQ /Q �7�bi�K2MiQ 2Mi`2 7QMi2b 2 `2+2TiQ`2b- Q /�/Q û �KQbi`�/Q i�MiQ MQ
i2KTQ [m�MiQ MQ 2bT�ÏQ 2 ?� T`2b2MÏ� /2 `mő/Qb �bbQ+B�/Qb �Qb BMbi`mK2MiQb 2 �Q �K#B2Mi2
MQ [m�H Q K2bKQ 7QB �/[mB`B/QX �bbBK- +QKQ Q Q#D2iBpQ û Q#i2` BM7Q`K�ÏǤ2b /2 2bi`mim`�b 2
BMi2`7�+2b ;2QHƦ;B+�b- +QMpûK `2�HBx�` mK T`Q+2bb�K2MiQ �/2[m�/Q /Qb /�/Qb �/[mB`B/Qb T�`�
[m2 `2T`2b2Mi2K /� K2H?Q` 7Q`K� TQbbőp2H � `2�HB/�/2 2K bm#bmT2`7ő+B2X .2Mi`2 Qb T`Q+2bbQb
2 i`�i�K2MiQb �Qb [m�Bb Qb /�/Qb �/[mB`B/Qb b½Q bm#K2iB/Qb- TQ/2@b2 /2bi�+�` � KB;`�Ï½Q
bőbKB+� +QKQ b2M/Q � 2i�T� }M�H /2 `2+QMbi`mÏ½Q /Q KQ/2HQ /2 `2~2iBpB/�/2bX SQ`i�MiQ- �
KB;`�Ï½Q /2 /�/Qb bőbKB+Qb i2K TQ` Q#D2iBpQ T`BM+BT�H � +QMbi`mÏ½Q /2 BK�;2Mb }/2/B;M�b
/� bm#bmT2`7ő+B2- +mD� 7Q+�HBx�Ï½Q 2 TQbB+BQM�K2MiQ /�b `2~2tǤ2b b2D�K +QM}�p2BbX .2bi�
7Q`K�- +QMbiBimB@b2 +QKQ 2i�T� +`m+B�H MQb 2b7Q`ÏQb T�`� � /BKmMBÏ½Q /Q `Bb+Q 2+QMƬKB+Q M�
�iBpB/�/2 /2 2tTHQ`�Ï½Q 2 T`Q/mÏ½Q /2 ?B/`Q+�`#QM2iQbX

.Bp2`bQb b½Q Qb KûiQ/Qb /2 KB;`�Ï½Q /BbTQMőp2Bb- 2Mi`2 Qb [m�Bb TQ/2@b2 /2bi�+�`, Qb [m2
b½Q #�b2�/Qb M� bQHmÏ½Q BMi2;`�H /� 2[m�Ï½Q /� QM/�- +QKQ � KB;`�Ï½Q EB`+??Qz Ua+?M2B/2`-
RNd3Vc Qb [m2 b2 #�b2B�K M� bQHmÏ½Q /� 2[m�Ï½Q /� QM/� �i`�pûb /2 QT2`�/Q`2b /2 /B72`2MÏ�b@
}MBi�b U�H7Q`/- E2HHv 2 "QQ`2- RNd9Vc �b BKTH2K2Mi�ÏǤ2b MQ /QKőMBQ /� i`�Mb7Q`K�/� /2
6Qm`B2`- +QKQ �b KB;`�ÏǤ2b f − k UaiQHi- RNd3V 2 S?�b2@a?B7i U:�x/�;- RNd3Vc 2 � KB;`�Ï½Q
� T�`iB` /� bQHmÏ½Q /� 2[m�Ï½Q /� QM/� U"�vb�H- EQbHQz 2 a?2`rQQ/- RN3jV- 2i+X

P i`�#�H?Q �[mB T`QTQbiQ i2K TQ` Q#D2iBpQ BKTH2K2Mi�` � KB;`�Ï½Q `2p2`b� MQ i2KTQ
TQ` KőMBKQb [m�/`�/Qb UG2�bi a[m�`2b _2p2`b2 hBK2 JB;`�iBQM @ Ga_hJV +QK pBbi�b ¨

RR



AMi`Q/mÏ½Q Rk

Q#i2MÏ½Q /2 `2bmHi�/Qb [m2 `2+mT2`2K K2H?Q` Q KQ/2HQ /2 `2~2iBpB/�/2b Q#iB/Q +QK Q _hJ
+QMp2M+BQM�H- �mK2Mi�M/Q �bbBK � [m�HB/�/2 2 � +QM}�#BHB/�/2 /Q `2bmHi�/Q }M�H b2K T2`/2`
/2 pBbi� [m2biǤ2b /2 +mbiQ +QKTmi�+BQM�H 2MpQHpB/Qb- 7�iQ` +`őiB+Q M� 7Q`KmH�Ï½Q /� KB;`�Ï½Q
`2p2`b� MQ i2KTQ- 2 �BM/� K�Bb miBHBx�M/Q Q KûiQ/Q /Qb KőMBKQb [m�/`�/QbX � āM7�b2 �[mB
b2`�- TQ`i�MiQ- Q 2bim/Q 2 /2b2MpQHpBK2MiQ /2 �H;Q`BiKQb [m2 `2bQHp�K � 2[m�Ï½Q +QKTH2i�
/� QM/� /2 7Q`K� 7�+iőp2H T�`� � `2�HB/�/2 /� BM/ȹbi`B� H2p�M/Q 2K +QMbB/2`�Ï½Q [m2biǤ2b
+QKQ i2KTQ /2 T`Q+2bb�K2MiQ- 2bT�ÏQ /2 �`K�x2M�K2MiQ 2K /Bb+Q 2 � [m�HB/�/2 /� BK�;2K
KB;`�/� }M�HX GQ;Q- 2Mi`2 �b T`BM+BT�Bb 2i�T�b �[mB /Bb+miB/�b 2bi½Q, BV Q 2Mi2M/BK2MiQ
/Qb T`Q#H2K�b 2 HBKBi�ÏǤ2b /� KB;`�Ï½Q `2p2`b� MQ i2KTQ +QMp2M+BQM�Hc BBV �THB+�Ï½Q /2
�H;Q`BiKQ _hJ MQ /QKőMBQ /� 7`2[māM+B�c BBBV /2b2MpQHpBK2MiQ /2 K2iQ/QHQ;B� T�`� Q#i2MÏ½Q
/� BK�;2K 2K �#Q`/�;2K KőMBKQb [m�/`�/Qb +QK +QMbi`mÏ½Q /2 }Hi`Qb /2 7Q`K� MQ /QKőMBQ
/� BK�;2KX

L2bi2 i`�#�H?Q Qb 2b7Q`ÏQb 2bi½Q +QM+2Mi`�/Qb M� i2Mi�iBp� /2 Q#i2` K2H?Q`2b `2bmHi�/Qb-
2K `2H�Ï½Q ¨ KB;`�Ï½Q _hJ +QMp2M+BQM�H MQ /QKőMBQ /Q i2KTQ 2 MQ /QKőMBQ /� 7`2[māM+B�-
b2M/Q 2bi2 ȹHiBKQ miBHBx�M/Q � i`�Mb7Q`K�/� /2 6Qm`B2` ǳQM i?2 ~vǴ T`QTQbiQ TQ` �M/`�/2-
S2bi�M� 2 _2p2HQ UkyRdVX �bbBK- � T�`iB` /2bb2b `2bmHi�/Qb /2 KB;`�Ï½Q _hJ- b2;m2@b2 �
+QMbi`mÏ½Q 2 �THB+�Ï½Q /2 }Hi`Qb +QMpQHmiBpQb M½Q@2bi�+BQM�`BQb Q#iB/Qb MmK� �#Q`/�;2K
KőMBKQb [m�/`�/QbX a�#2@b2 [m2 � BK�;2K KB;`�/�- K2bKQ �[m2H� /2 K2H?Q` [m�HB/�/2-
M½Q `2T`2b2Mi� � `2~2iBpB/�/2 p2`/�/2B`� 2 bBK bm� p2`b½Q /BbiQ`+B/� TQ` p�`BQb 7�iQ`2b- 2Mi`2
Qb [m�Bb /2bi�+�K@b2, ;2QK2i`B� /2 �[mBbBÏ½Q /Qb /�/Qb- HBKBi�Ï½Q M� �#2`im`� 7QMi2@`2+2TiQ`
T`QpQ+�M/Q T`Q#H2K�b /2 BHmKBM�Ï½Q- 2 H2Mi2b /2 /2b7Q+�HBx�Ï½Q- +QKQ +Q`TQb /2 b�HX S�`�
`2bQHp2` 2bb2b T`Q#H2K�b 2 K2H?Q`�` � [m�HB/�/2 /� BK�;2K KB;`�/� }M�H- �T`QtBK�M/Q@�
K�Bb /� `2~2iBpB/�/2 T`Q+m`�/�- TQ/2@b2 BKTH2K2Mi�` 2b[m2K�b /2 KB;`�Ï½Q TQ` KőMBKQb
[m�/`�/Qb UG2�bi a[m�`2b _2p2`b2 JB;`�iBQM @ GaJV- b2M/Q 2bb� � KQiBp�Ï½Q T`BM+BT�H /2bi2
i`�#�H?QX

LQ GaJ +H�bbB+Q Qb /�/Qb Q#b2`p�/Qb b½Q KB;`�/Qb 2 � BK�;2K `2bmHi�Mi2 û miBHBx�/�
T�`�- K2/B�Mi2 KQ/2H�;2K "Q`M- ;2`�` Q [m2 û /2MQKBM�/Q �[mB /2 /�/Qb +�H+mH�/QbX h�Bb
/�/Qb +�H+mH�/Qb b½Q miBHBx�/Qb T�`� ;2`�` Q `2bő/mQ K2/B�Mi2 bm#i`�Ï½Q +QK Qb /�/Qb Q#@
b2`p�/Qb- `2bő/mQ 2bb2 [m2 b2`� KB;`�/Q T�`� ;2`�` Q ;`�/B2Mi2 miBHBx�/Q T�`� +�H+mH�` Q
+QKT`BK2MiQ /Q T�bbQ 2K #mb+� /Q `2bő/mQ KőMBKQ- Q [m2 iQ`M� TQbbőp2H- }M�HK2Mi2- �im@
�HBx�` � BK�;2K KB;`�/� U.�B- 6QrH2` 2 a+?mbi2`- kyRkVX 1bT2`�@b2 [m2- /2TQBb /2 mK�
[m�MiB/�/2 /2 Bi2`�ÏǤ2b- Q `2bmHi�/Q Q#iB/Q b2D� K�Bb T`ƦtBKQ /� `2~2iBpB/�/2X Pb #2M2@
7ő+BQb /2bb2 iBTQ /2 KB;`�Ï½Q b½Q BMi2`2bb�Mi2b K�b +QK �HiQ +mbiQ- i2M/Q 2K pBbi� [m2 �
+�/� Bi2`�Ï½Q û 72Bi� mK� /2KB;`�Ï½Q 2 mK� KB;`�Ï½QX S�`� `2bQHp2` 2bi2 T`Q#H2K�- Qm �Q
K2MQb /BKBMmB` Q BKT�+iQ 2K i2`KQb /2 +mbiQ- .�B 2 a+?mbi2` UkyRjV T`QTmb2`�K Q GaJ /2
QM/�b@TH�M�b- K2H?Q`�M/Q �bbBK bm� 2}+BāM+B� +QKTmi�+BQM�HX



AMi`Q/mÏ½Q Rj

�/2K�Bb- MQb �MQb `2+2Mi2b- � KB;`�Ï½Q _hJ TQ` KőMBKQb [m�/`�/Qb UGa_hJV i2K
�T`2b2Mi�/Q #QMb `2bmHi�/Qb U2X;X qQM;- _QM2M 2 "BQM/B- kyRRc .QM; 2i �HX- kyRkVX h`�i�@b2
/2 mK� iû+MB+� T`QKBbbQ`� T�`� BK�;2�K2MiQ- i2M/Q 2K pBbi� [m2- +QKQ +Bi�/Q �Mi2`BQ`@
K2Mi2- 2Mi`2 b2mb #2M27ő+BQb T`BM+BT�Bb 2bi� Q �mK2MiQ /2 `2bQHmÏ½Q H�i2`�H 2 p2`iB+�H 2 �
+QKT2Mb�Ï½Q /2 BHmKBM�Ï½Q /2pB/Q ¨ +�`�+i2`őbiB+�b /2 �[mBbBÏ½Q /Qb /�/Qb bőbKB+Qb 2 /2
Qp2`#m`/2MX Pm b2D�- +QKQ � BK�;2K KB;`�/� +QMp2M+BQM�HK2Mi2 û 2[mBp�H2Mi2 ¨ `2~2iBpB@
/�/2 ǳ#Q``�/�Ǵ T2H� K�i`Bx >2bbB�M�- /2p2@b2 �THB+�` � 2bb2 `2bmHi�/Q /� KB;`�Ï½Q �H;mK�
2biBK�iBp� �/2[m�/� /� BMp2`b� /2bb� K�i`Bx- i2M/Q 2K pBbi� [m2 bm� /2i2`KBM�Ï½Q 2t�i� û
BMpB�p2H +QKTmi�+BQM�HK2Mi2X

� Ga_hJ TQ/2 b2` 72Bi� MQ /QKőMBQ /Q /�/Q M� bm� 7Q`K� Bi2`�iBp�- K2M+BQM�/� �M@
i2`BQ`K2Mi2- Qm �/Qi�M/Q �#Q`/�;2K ǳQM2 bi2TǴ- QM/2 �Q `2bmHi�/Q /� /2KB;`�Ï½Q /Q /�/Q
KB;`�/Q +QMp2M+BQM�HK2Mi2 û �THB+�/Q mK QT2`�/Q` /2 �Dmbi2- Qm ǳK�i+?BM; }Hi2`Ǵ- T�`�
�T`QtBK�@HQ /Qb /�/Qb Q#b2`p�/Qb 2 2Mi½Q `2KB;`�@HQ U2X;X E?�HBH 2i �HX- kyRec GBm 2 S2i2`-
kyR3VX Pmi`� �#Q`/�;2K TQ/2 b2` H2p�/� � +�#Q MQ /QKőMBQ /� BK�;2K T�`� +�H+mH�` }Hi`Qb
/2 7Q`K� M½Q@2bi�+BQM�`BQb [m2 �T`QtBK2K � >2bbB�M� 2 bm� BMp2`b� T�`� TQbi2`BQ` �i2Mm�Ï½Q
/Qb b2mb 272BiQb bQ#`2 � BK�;2K KB;`�/�X _2bb�Hi�@b2 [m2- MQ T`2b2Mi2 i`�#�H?Q- b½Q �T`2@
b2Mi�/Qb Qb `2bmHi�/Qb /� Ga_hJ MQ /QKőMBQ /� BK�;2K 2K /QBb T�bbQb- b2M/Q Q T`BK2B`Q
T�`� 2biBK�iBp� /Q QT2`�/Q` [m2 �T`QtBK� Qb 272BiQb /� >2bbB�M� bQ#`2 � BK�;2K KB;`�/�
2 Q b2;mM/Q T�`� � 2biBK�iBp� /� BK�;2K Ga_hJ }M�H U2X;X GBT�`B 2i �HX- kyRNc aQM; :mQ
2 >m�x?QM; q�M;- kyRNVX �HûK /BbbQ- i�K#ûK û �T`2b2Mi�/Q Q `2bmHi�/Q /� K2bK� �#Q`@
/�;2K T�`� �H;Q`BiKQ 2K mK T�bbQ- QM/2 û 2biBK�/Q Q QT2`�/Q` [m2 �T`QtBK� Qb 272BiQb
/� BMp2`b� /� >2bbB�M� bQ#`2 � BK�;2K KB;`�/� T�`� TQbi2`BQ` �THB+�Ï½Q �Q `2bmHi�/Q /�
KB;`�Ï½Q +QMp2M+BQM�H U2X;X :mBiiQM- kyy9- kyRdVX _2bb�Hi�@b2 [m2- MQb /QBb �H;Q`BiKQb- mK
2 /QBb T�bbQb- b2KT`2 b½Q miBHBx�/Qb- +QKQ BK�;2Mb BMB+B�Bb- Qb `2bmHi�/Qb /� _hJ MQ /Q@
KőMBQ /Q i2KTQ 2 /� 7`2[māM+B� T�`� TQbi2`BQ` +QKT�`�Ï½QX .2bb� 7Q`K�- 2bT2`�@b2 �p�HB�`
� b2MbB#BHB/�/2 /Q 2b[m2K� /2 KőMBKQb [m�/`�/Qb MQ /QKőMBQ /� BK�;2K ¨ [m�HB/�/2 /�
BK�;2K KB;`�/� miBHBx�/� +QKQ 2Mi`�/� MQ T`Q+2bbQX



1
6mM/�K2MiQb

RXR JB;`�Ï½Q /2 /�/Qb bőbKB+Qb

1K bőbKB+� /2 `2~2t½Q Q K2BQ 7őbB+Q û 2t+Bi�/Q �i`�pûb /2 7QMi2b �`iB}+B�Bb /2 2M2`;B� U/B@
M�KBi2b M�b �[mBbBÏǤ2b 2K i2``� 2 �B`@;mMb M�b �[mBbBÏǤ2b 72Bi�b 2K �K#B2Mi2 K�`őiBKQ- TQ`
2t2KTHQV T�`� ;2`�` �bbBK /�/Qb bőbKB+Qb T�`� 2bim/�` � bm#bmT2`7ő+B2X LQb 2tT2`BK2MiQb
/2 �[mBbBÏ½Q /2 /�/Qb bőbKB+Qb � 2M2`;B� 2KBiB/� T2H� 7QMi2 b2 T`QT�;�;� �i`�pûb /Q K2BQ
7őbB+Q 2- �Q 2M+QMi`�` BMi2`7�+2b [m2 b2T�`�K K2BQb +QK /B72`2Mi2b T`QT`B2/�/2b- T�`i2 /2H�
û `2~2iB/� 2 T�`i2 û i`�MbKBiB/�X � 7`�Ï½Q `2~2iB/� /� 2M2`;B� û `2;Bbi`�/� 2K `2+2TiQ`2b
[m2 K2/2K Q i2KTQ /2 T2`+m`bQ 2 � �KTHBim/2 /� 2M2`;B� T`QT�;�Mi2X 1bb2 `2;Bbi`Q û `2@
T`2b2Mi�/Q TQ` i`�ÏQb bőbKB+Qb [m2 M�/� K�Bb b½Q /Q [m2 bû`B2b i2KTQ`�Bb [m2 `2T`2b2Mi�K
� `2bTQbi� /Q K2BQ ¨ 2t+Bi�Ï½QX

�/[mB`B/Q Q /�/Q bőbKB+Q- Q Q#D2iBpQ MQ T`Q+2bb�K2MiQ /2bi2b /�/Qb û- T`BM+BT�HK2Mi2-
�i2Mm�` `mő/Qb +Q2`2Mi2b 2 �H2�iƦ`BQb U`2p2`#2`�ÏǤ2b- `2~2tǤ2b KȹHiBTH�b- ar2HH LQBb2- 2i+XV 2
`2KQp2` /BbiQ`ÏǤ2b BM2`2Mi2b ¨ bm� �[mBbBÏ½Q- �bbQ+B�/�b �Qb 272BiQb /2 T`QT�;�Ï½Q /� 2M2`;B�
2K bm#bmT2`7ő+B2X S�`� �H+�MÏ�` i�Bb Q#D2iBpQb- Qb i`�ÏQb bőbKB+Qb TQ/2K b2` T`Q+2bb�/Qb 2K
/Bp2`bQb /QKőMBQb Qm 7�KőHB�b- b2M/Q 2b+QH?B/Qb �[m2H2b MQb [m�Bb Qb T`Q+2bbQb �THB+�/Qb
TQ/2K b2` K�Bb 2}+B2Mi2b 2 2Mi`2 Qb [m�Bb TQ/2@b2 /2bi�+�`,

Ç 6�KőHB� /2 iB`Q +QKmK U6B;m`� RXR�V- /QKőMBQ MQ [m�H � �[mBbBÏ½Q û 72Bi� 2 mK ;`mTQ
/2 i`�ÏQb û ;`�p�/Q TQ` `2+2TiQ`2b T�`� /2i2`KBM�/� /2iQM�Ï½Q Qm iB`QX h`�i�@b2 /Q
+?�K�/Q `2;Bbi`Q /2 +�KTQX

Ç 6�KőHB� /2 `2+2TiQ` +QKmK U6B;m`� RXR#V- ;`mTQ /2 i`�ÏQb `2;Bbi`�/Qb T2HQ K2bKQ

R9



6mM/�K2MiQb R8

`2+2TiQ`- Q`BmM/Qb /2 /Bp2`bQb iB`QbX

Ç 6�KőHB� /2 �7�bi�K2MiQ +QKmK U6B;m`� RXR+V- ;`mTQ /2 i`�ÏQb `2;Bbi`�/Qb +mD� /Bbi�M+B�
2Mi`2 7QMi2 2 `2+2TiQ` û � K2bK�X

Ç 6�KőHB� TQMiQ Kû/BQ +QKmK U6B;m`� RXR/V- 2K BM;Hāb *QKKQM JB/ SQBMi @ *JS-
;`mTQ /2 i`�ÏQb `2;Bbi`�/Qb +QK +QQ`/2M�/� /2 TQMiQ Kû/BQ +QKmK 2Mi`2 7QMi2 2
`2+2TiQ`X

6B;m`� RXR, :2QK2i`B� /2 �[mBbBÏ½Q T�`� U�V 7QMi2 +QKmK- U#V `2+2TiQ` +QKmK- U+V �7�b@
i�K2MiQ +QKmK 2 U/V TQMiQ Kû/BQ +QKmK- QM/2 +ő`+mHQb `2T`2b2Mi�K 7QMi2b 2 [m�/`�/Qb
`2T`2b2Mi�K `2+2TiQ`2bX 1bb� `2T`2b2Mi�Ï½Q T�`� 7QMi2b 2 `2+2TiQ`2b b2`� �/Qi�/� 2K iQ/Q
Q i2tiQX

lK pQHmK2 /2 /�/Qb �/[mB`B/Qb 2K H2p�Mi�K2MiQ bőbKB+Q K�`őiBKQ j.- TQ` 2t2KTHQ-
/2p2 b2` bm#K2iB/Q � mK� b2[māM+B� /2 T`Q+2bbQb +QK pBbi�b �Q K2H?Q` 2Mi2M/BK2MiQ /Qb
2p2MiQb ;2QHƦ;B+Qb [m2 Q`B;BM�`�K � `2bTQbi� bőbKB+�X SQ`i�MiQ- BMB+B�HK2Mi2- û M2+2bb�@
`BQ [m2 ?�D� T`2+Bb½Q M� BM7Q`K�Ï½Q /2 TQbB+BQM�K2MiQ /2 7QMi2b 2 `2+2TiQ`2b miBHBx�/Qb MQ
H2p�Mi�K2MiQ 2 mK +QMi`QH2 /2 [m�HB/�/2 KBMm+BQbQ /Q /�/Q �/[mB`B/Q T�`� ;�`�MiB` bm�
+QM}�#BHB/�/2X �/2K�Bb- û `2[m2`B/Q � bm#KBbb½Q /Qb /�/Qb ¨ /Bp2`b�b 2i�T�b /2 T`Q+2bb�@
K2MiQ [m2 pBb�K � T`Q/mÏ½Q /2 BK�;2K i`B/BK2MbBQM�H /� bm#bmT2`7ő+B2 +QK � +QM}�#BHB/�/2
/2pB/�X �bbBK- � T�`iB` /Qb /�/Qb �/[mB`B/Qb MQ +�KTQ U6B;m`� RXk�V MQbbQ i`�#�H?Q û Q#i2`
mK pQHmK2 /2 /�/Qb [m2 b2D� mK� `2T`2b2Mi�Ï½Q /Q KQ/2HQ /2 `2~2iBpB/�/2b 2K bm#bmT2`@
7ő+B2 U6B;m`� RXk#VX 1bb� 2i�T� }M�H /2 `2+QMbi`mÏ½Q /Q KQ/2HQ /2 `2~2iBpB/�/2b û +?�K�/�
/2 KB;`�Ï½Q /2 /�/Qb bőbKB+Qb 2- M2bi2 i`�#�H?Q- iQ/� �i2MÏ½Q 2bi�`� pQHi�/� T�`� BbbQ 2b@
T2+B}+�K2Mi2X



6mM/�K2MiQb Re

6B;m`� RXk, U�V _2;Bbi`Q Q#iB/Q MQ H2p�Mi�K2MiQ bőbKB+Q 2 U#V _2T`2b2Mi�Ï½Q /2 mK� b2Ï½Q
bőbKB+� /Q pQHmK2 }M�H /2 /�/Qb T`Q+2bb�/QbX

S�`� [m2 ?�D� 2Mi2M/BK2MiQ �/2[m�/Q /Qb Q#D2iBpQb /� KB;`�Ï½Q bőbKB+�- û M2+2bb�`BQ
+QKT`22M/2` Qb iBTQb /2 /BbiQ`ÏǤ2b T`2b2Mi2b MQb /�/Qb 2 � K�M2B`� /2 `2KQpā@H�bX AMB+B2KQb-
TQ`i�MiQ- +QMbB/2`�M/Q [m2 Q KQ/2HQ /2 bm#bmT2`7ő+B2 û +QMbiBimő/� /2 TQMiQb /B7`�iQ`2bX �
T�`iB` /2bb� +QM+2TÏ½Q- 2 T�`� bBKTHB}+�Ï½Q /Q 2Mi2M/BK2MiQ- b2`� miBHBx�/Q mK KQ/2HQ /2
p2HQ+B/�/2 +QMbi�Mi2 +QK mK TQMiQ /B7`�iQ` D 2 ;2QK2i`B� /2 �[mBbBÏ½Q /2 �7�bi�K2MiQ MmHQ
U6B;m`� RXjVX

6B;m`� RXj, U�V JQ/2HQ /2 p2HQ+B/�/2 +QMbi�Mi2 +QK mK TQMiQ /B7`�iQ` MQ TH�MQ x− zc U#V
`2;Bbi`Q MQ TH�MQ x− t0 /�b i`�D2iƦ`B�b `2T`2b2Mi�/�b MQ TH�MQ x− zX



6mM/�K2MiQb Rd

L� 6B;m`� RXj� û `2T`2b2Mi�/Q mK H2p�Mi�K2MiQ /2 �7�bi�K2MiQ MmHQ 72BiQ T�`� Q KQ/2HQ
/Q /B7`�iQ` 2 Q `2;Bbi`Q �bbQ+B�/Q û `2T`2b2Mi�/Q M� 6B;m`� RXj#X liBHBx�M/Q i�H `2T`2b2Mi�Ï½Q
2b[m2K�iB+�- T2`+2#2@b2 [m2 Q i2KTQ KőMBKQ /� +m`p� /2 i2KTQ /2 i`�MbBiQ Q+Q``2 [m�M/Q �
+QQ`/2M�/� ?Q`BxQMi�H /Q T�` 7QMi2@`2+2TiQ` +QBM+B/2 +QK � +QQ`/2M�/� ?Q`BxQMi�H /Q /B7`�iQ`
DX �HûK /BbbQ- TQ/2@b2 +�H+mH�` iQ/Qb Qb /2K�Bb i2KTQb /2 i`�MbBiQ T�`� Qb /Bp2`bQb p�HQ`2b
/2 +QQ`/2M�/� ?Q`BxQMi�H x K2/B�Mi2 miBHBx�Ï½Q /�b `2H�ÏǤ2b MQ i`B�M;mHQ DAP - `2i�M;mHQ
2K A,

DP
2

= AD
2
+ AP

2

(
vtx
2

)2

= (Z0)
2 + x2

t2x =

(
2Z0

v

)2

+
4x2

v2

tx =

(
t20 +

4x2

v2

) 1
2

+QK t0 =
2Z0

v
URXRV

QM/2 t0 û Q i2KTQ /mTHQ KőMBKQ- Z0 û � /Bbi�M+B� p2`iB+�H /� bmT2`7ő+B2 �Q TQMiQ /B7`�iQ` D-
v û � p2HQ+B/�/2 /Q K2BQ- x û � /Bbi�M+B� ?Q`BxQMi�H /Q T�` 7QMi2@`2+2TiQ` �Q TQMiQ /B7`�iQ`
D 2 tx û Q i2KTQ /mTHQ /2 i`�MbBiQ �bbQ+B�/Q �Q �7�bi�K2MiQ xX

� T�`iB` /2bb�b +QMbB/2`�ÏǤ2b- T�`� Q +�bQ 2D- mK TQMiQ MQ TH�MQ x − z 2[mBp�H2 �
mK� ?BTû`#QH2 MQ TH�MQ x − t0 U2[m�Ï½Q RXRV- +QK +m`p�im`� ;Qp2`M�/� T2H� p2HQ+B/�/2 /Q
K2BQX Pm b2D�- TQ/2@b2 �}`K�` [m2 �b �KTHBim/2b �bbQ+B�/�b � `2~2tǤ2b 2K TQMiQb /B7`�iQ`2b
�T�`2+2K 2bT�H?�/�b �Q HQM;Q /2 ?BTû`#QH2b /2 /B7`�Ï½Q M� b2Ï½Q /2 �7�bi�K2MiQ MmHQX GQ;Q-
T�`� Q#i2` mK� `2T`2b2Mi�Ï½Q �/2[m�/� /Q KQ/2HQ 2K bm#bmT2`7ő+B2 �T`2b2Mi�/Q M� 6B;m`�
RXj�- � T�`iB` /� b2Ï½Q /2 �7�bi�K2MiQ MmHQ `2T`2b2Mi�/� M� 6B;m`� RXj#- û M2+2bb�`BQ bQK�` �b
�KTHBim/2b 2bT�H?�/�b �Q HQM;Q /� ?BTû`#QH2 /2 /B7`�Ï½Q 2 TQbB+BQM�@H�b MQ �TB+2 /� `272`B/�
?BTû`#QH2- [m2 2bi� TQbB+BQM�/Q M� +QQ`/2M�/� ?Q`BxQMi�H +Q``2bTQM/2Mi2 ¨[m2H� /Q TQMiQ
/B7`�iQ` [m2 � Q`B;BMQmX _2bb�Hi�@b2 [m2 2bb� bQK� /2 �KTHBim/2b �Q HQM;Q /2 ?BTû`#QH2b /2
/B7`�Ï½Q û /2MQKBM�/� KB;`�Ï½Q bőbKB+�- 2 Q +QH�TbQ /2 /B7`�ÏǤ2b �[mB /2b+`BiQ û mK /Qb
Q#D2iBpQb /� KB;`�Ï½Q /2 /�/Qb bőbKB+QbX

�/B+BQM�HK2Mi2- Qmi`Q Q#D2iBpQ /� KB;`�Ï½Q û Q +Q``2iQ TQbB+BQM�K2MiQ /Qb 2p2MiQb 2K
bm#bmT2`7ő+B2X �bbBK- TQ/2@b2 �}`K�` [m2 � KB;`�Ï½Q û mK� i`�Mb7Q`K�Ï½Q /Q TH�MQ x − t

T�`� Q TH�MQ x− z Qm x− τ - QM/2 τ û Q i2KTQ KB;`�/QX S�`� BHmbi`�` � [m2bi½Q /Q `2TQbB@
+BQM�K2MiQ /2 2p2MiQb- b2`� �T`2b2Mi�/� mK� K�M2B`� /2 7�x2` KB;`�Ï½Q [m2 û 2[mBp�H2Mi2
�Q bQK�iƦ`BQ /�b �KTHBim/2b M�b ?BTû`#QH2b /2 /B7`�Ï½Q, Q 2bT�H?�K2MiQ /2 �KTHBim/2b 2K
b2KB@+ő`+mHQb- i�K#ûK +QM?2+B/Q +QKQ KûiQ/Q /�b 7`2Mi2b /2 QM/�X liBHBx�M/Q � `2T`2@



6mM/�K2MiQb R3

b2Mi�Ï½Q 2b[m2K�iB+� /� 6B;m`� RX9�- M� [m�H ?� mK K2BQ /2 p2HQ+B/�/2 +QMbi�Mi2 +QK
mK `2~2iQ` b2KB@+B`+mH�` /2 `�BQ R- T2`+2#2@b2 [m2 mK H2p�Mi�K2MiQ /2 �7�bi�K2MiQ MmHQ
T`Q/mxB`� mK� �KQbi`� MQ TH�MQ x − t U6B;m`� RX9#VX � `�x½Q T�`� BbbQ û [m2 � /Bbi�M+B�
T2`+Q``B/� M�b /Bp2`b�b i`�D2iƦ`B�b `2T`2b2Mi�/�b û b2KT`2 Q `�BQ R /Q b2KB@+ő`+mHQ- Q [m2
7�x +QK [m2 iQ/�b �b `2~2tǤ2b b2D�K `2;Bbi`�/�b MQ K2bKQ i2KTQ t0- D� [m2 Q K2BQ TQbbmB
p2HQ+B/�/2 +QMbi�Mi2X _2bb�Hi�@b2 [m2- +QKQ Q H2p�Mi�K2MiQ miBHBx�/Q û /2 �7�bi�K2MiQ MmHQ-
T�`� [m2 ?�D� `2;Bbi`Q +QK `2T`2b2Mi�Ï½Q MQ TH�MQ x− t û M2+2bb�`BQ [m2 Q T�` 7QMi2 `2+2TiQ`
2bi2D� TQbB+BQM�/Q 2K A- +�bQ +QMi`�`BQ � BM+B/āM+B� M� BMi2`7�+2 `2~2iQ`� M½Q b2`� MQ`K�H
2 �b i`�D2iƦ`B�b �b+2M/2Mi2b 2 /2b+2M/2Mi2b M½Q b2`½Q +QBM+B/2Mi2b U6B;m`� RX9�VX

6B;m`� RX9, U�V JQ/2HQ /2 p2HQ+B/�/2 +QMbi�Mi2 2 mK `2~2iQ` b2KB@+B`+mH�` MQ TH�MQ x − zc
U#V `2;Bbi`Q MQ TH�MQ x− t0 /�b i`�D2iƦ`B�b `2T`2b2Mi�/�b MQ TH�MQ x− zX

�bbBK- TQ/2@b2 �}`K�` [m2 � /Bbi�M+B� /Q TQMiQ A ¨ [m�H[m2` TQMiQ /Q b2KB@+ő`+mHQ û
R U6B;m`� RX9�VX SQ`i�MiQ- mK TQMiQ MQ TH�MQ x − t 2[mBp�H2 � mK b2KB@+ő`+mHQ /2 `�BQ R

MQ TH�MQ x− z- T�`� Q +�bQ 2D 2 +QK p2HQ+B/�/2 +QMbi�Mi2- /�/Q T2H� b2;mBMi2 2tT`2bb½Q,

z2 + (x− x0)
2 = R2 +QK R =

(
vt0
2

)

z2 =

(
vt0
2

)2

− (x− x0)
2

URXkV

Qm- MQ TH�MQ x− τ ,
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τ 2 = t20 −
4(x− x0)2

v2
+QK τ =

2z

v
URXjV

QM/2 τ û � Tb2m/Q@T`Q7mM/B/�/2 Qm i2KTQ KB;`�/QX

a2;mM/Q � 2[m�Ï½Q RXj- +�/� TQMiQ M� b2Ï½Q /2 �7�bi�K2MiQ MmHQ TQ/2 b2` 2bT�H?�/Q �Q
HQM;Q /2 b2KB@+ő`+mHQb T�`� [m2- K2/B�Mi2 Q T`Q+2bbQ /2 BMi2`72`āM+B� +QMbi`miBp� 2 /2bi`miBp�-
� b2Ï½Q KB;`�/� b2D� +QMbi`mő/�X �bbBK- TQ/2@b2 �THB+�` 2bb2 iBTQ /2 �#Q`/�;2K �Q KQ/2HQ
/2 mK� +�K�/� +QK `2~2iQ` BM+HBM�/Q- �/KBiBM/Q [m2 i�H `2~2iQ` û +QMbiBimő/Q TQ` p�`BQb
TQMiQb MQ TH�MQ x− t U6B;m`� RX8VX

6B;m`� RX8, 1K p2`K2H?Q- `2~2iQ` BM+HBM�/Q M� b2Ï½Q /2 �7�bi�K2MiQ MmHQ +QK �M;mHQ /2
K2`;mH?Q θc 2K T`2iQ- `2~2iQ` KB;`�/Q +QK �M;mHQ /2 K2`;mH?Q θM > θX

� b2Ï½Q /2 �7�bi�K2MiQ MmHQ Q#iB/�- � T�`iB` /Q KQ/2HQ /2 p2HQ+B/�/2 +QMbi�Mi2 +QK
`2~2iQ` BM+HBM�/Q- û `2T`2b2Mi�/� 2K p2`K2H?Q M� 6B;m`� RX8X _2bb�Hi�@b2 [m2 � p2HQ+B/�/2
/Q K2BQ û +QMbi�Mi2 2 B;m�H � 2km/s T�`� [m2 Qb 2BtQb t 2 z- /� b2Ï½Q 2KTBH?�/� 2 KB;`�/�-
`2bT2+iBp�K2Mi2- b2D�K BMi2`+�K#B�p2BbX �bbBK- � b2Ï½Q /2 �7�bi�K2MiQ MmHQ- 2K p2`K2H?Q-
2 Q KQ/2HQ 2K bm#bmT2`7ő+B2- 2K T`2iQ- TQ/2K b2` `2T`2b2Mi�/Qb 2bi�M/Q bQ#`2TQbiQb M�
6B;m`� RX8X � T�`iB` /2bb� `2T`2b2Mi�Ï½Q- T2`+2#2@b2 [m2 Q `2;Bbi`Q /� BM+B/āM+B� MQ`K�H
MQ TQMiQ A′ /Q `2~2iQ` 2K bm#bmT2`7ő+B2 �T�`2+2`� MQ TQMiQ A 2 Q `2;Bbi`Q /2 BM+B/āM+B�
MQ`K�H MQ TQMiQ B′ �T�`2+2`� MQ TQMiQ BX GQ;Q- M� b2Ï½Q /2 �7�bi�K2MiQ MmHQ � TQbBÏ½Q /Q
`2~2iQ` `2T`2b2Mi�/Q T2HQ b2;K2MiQ AB M½Q û 2[mBp�H2Mi2 ¨ TQbBÏ½Q p2`/�/2B`� /Q `2~2iQ`
`2T`2b2Mi�/Q T2HQ b2;K2MiQ A′B′ 2K bm#bmT2`7ő+B2- b2M/Q 2bb� mK� /�b `�xǤ2b T2H� [m�H û
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M2+2bb�`BQ KB;`�` Q `2~2iQ` AB T�`� � TQbBÏ½Q +Q``2i� /Q 2p2MiQ A′B′ [m2 /2m Q`B;2K � i�H
`2~2t½QX

S�`� [m2 i�H Q#D2iBpQ b2D� �H+�MÏ�/Q- TQ/2@b2 +QMbB/2`�` [m2 +�/� �KQbi`� MQ `2~2iQ`
AB /� b2Ï½Q /2 �7�bi�K2MiQ MmHQ û mK TQMiQ � b2` 2bT�H?�/Q 2K b2KB@+ő`+mHQb- +mDQb `�BQb
2bi�`½Q �bbQ+B�/Qb �Qb p�HQ`2b /2 t0 U2[m�Ï½Q RXkV- T�`� +�/� TQMiQ /Q `272`B/Q `2~2iQ`X P
`2bmHi�/Q /2 i�H 2bT�H?�K2MiQ û [m2- K2/B�Mi2 � BMi2`72`āM+B� +QMbi`miBp� 2 /2bi`miBp� /�b
�KTHBim/2b 2bT�H?�/�b- Q `2~2iQ` AB b2`� KB;`�/Q T�`� � TQbBÏ½Q /Q `2~2iQ` A′B′X SQ`i�MiQ-
2Mi`2 Qb 272BiQb /� KB;`�Ï½Q- TQ/2@b2 HBbi�` UuBHK�x- RN3dV,

RX P �M;mHQ /2 K2`;mH?Q /Q `2~2iQ` MQ KQ/2HQ û K�BQ` [m2 Q �M;mHQ /2 K2`;mH?Q /Q
`2~2iQ` M� b2Ï½Q /2 �7�bi�K2MiQ MmHQX GQ;Q- � KB;`�Ï½Q 7�x +QK [m2 Q K2`;mH?Q /Qb
`2~2iQ`2b BM+HBM�/Qb �mK2Mi2X

kX P +QKT`BK2MiQ /Q `2~2iQ` MQ KQ/2HQ û K2MQ` [m2 M� b2Ï½Q /2 �7�bi�K2MiQ MmHQX GQ;Q-
� KB;`�Ï½Q /BKBMmB Q +QKT`BK2MiQ /Qb `2~2iQ`2b BM+HBM�/QbX

jX � KB;`�Ï½Q /2bHQ+� Qb `2~2iQ`2b M� /B`2Ï½Q K2`;mH?Q �+BK�X

_2bb�Hi�@b2 [m2- bQK�` �KTHBim/2b �Q HQM;Q /2 ?BTû`#QH2b /2 /B7`�Ï½Q U2[m�Ï½Q RXRV 2
2bT�H?�@H�b �Q HQM;Q /2 b2KB@+ő`+mHQb U2[m�Ï½Q RXjV b½Q K�M2B`�b 2[mBp�H2Mi2b /2 KB;`�` Q
/�/Q bőbKB+Q- BHmbi`�/�b �[mB- +QK pBbi�b ¨ 7�+BHBi�Ï½Q /Q 2Mi2M/BK2MiQ- TQ` K2BQ /2 bBim�ÏǤ2b
�bbQ+B�/�b ¨ �[mBbBÏ½Q ?BTQiûiB+� /2 /�/Qb bőKB+Qb +QK �7�bi�K2MiQ MmHQ 2Mi`2 7QMi2b 2
`2+2TiQ`2bX

RXk JB;`�Ï½Q `2p2`b� MQ i2KTQ /2 /�/Qb T`û@2KTBH?�/Qb

1Mi`2 �b T`BM+BT�Bb iû+MB+�b /2 KB;`�Ï½Q /2 /�/Qb bőbKB+Qb 2bi� � KB;`�Ï½Q `2p2`b� MQ i2KTQ
2K /�/Qb T`û@2KTBH?�/Qb UQb iB`Qb `2T`2b2Mi�/Qb M� 6B;m`� RXR�- TQ` 2t2KTHQVX 1bb2 iBTQ /2
KB;`�Ï½Q +QMbi`ƦB � BK�;2K 2K bm#bmT2`7ő+B2 K2/B�Mi2 � +Q``2H�Ï½Q +`mx�/� 2Mi`2 Q +�KTQ
/2 QM/� /� 7QMi2 T`QT�;�/Q /B`2i�K2Mi2 2 Q +�KTQ /2 QM/� `2;Bbi`�/Q MQb +�M�Bb `2+2TiQ`2b
T`QT�;�/Qb 2K i2KTQ `2p2`bQ U6B;m`� RXeVX 1bi� BKTHő+BiQ M2bi� �}`K�Ï½Q [m2 Q T`Q+2bbQ
/2 BK�;2�K2MiQ- /2 K�M2B`� ;2`�H- +QMbiBimő@b2 T`BM+BT�HK2Mi2 /2 /m�b 2i�T�b T`BM+BT�Bb,
2ti`�TQH�Ï½Q /Q +�KTQ /2 QM/�b 2 �THB+�Ï½Q /� +QM/BÏ½Q /2 BK�;2K UCX 6X *H�2`#Qmi-
RNdRVX
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6B;m`� RXe, _2T`2b2Mi�Ï½Q 2b[m2K�iB+� /Q �H;Q`BiKQ /2 KB;`�Ï½Q `2p2`b� MQ i2KTQ- �/�T@
i�/Q /2 PHBp2B`� UkyR9VX

� 2ti`�TQH�Ï½Q miBHBx�/� M� KB;`�Ï½Q /2 /�/Qb bőbKB+Qb û Q +�H+mHQ /Q +�KTQ /2 QM/�b
[m2 b2`B� `2;Bbi`�/Q 2K /Bp2`b�b T`Q7mM/B/�/2b 2 i2KTQbX Pm b2D�- û TQbbőp2H +�H+mH�` Q +�KTQ
/2 QM/� 2K [m�H[m2` TQbBÏ½Q MQ 2bT�ÏQ /Q KQ/2HQ 2bim/�/Q 2 2K [m�H[m2` i2KTQ- �i`�pûb
/� 2[m�Ï½Q /� QM/�X _2bb�Hi�@b2 [m2- MQ [m2 b2 `272`2 ¨ _hJ- M½Q ?� [m�H[m2` `2bi`BÏ½Q
[m�MiQ �Q +�KTQ /2 p2HQ+B/�/2b miBHBx�/Q 2 ¨ +QKTH2tB/�/2 /�b 2bi`mim`�b 2K bm#bmT2`7ő+B2X
a2M/Q- TQ`i�MiQ- 2bi� mK� iû+MB+� KmBiQ 2}+B2Mi2 2K i2`KQb /� [m�HB/�/2 /Q BK�;2�K2MiQX
� ;`�M/2 [m2bi½Q û Q b2m �HiQ +mbiQ +QKTmi�+BQM�HX

*QM7Q`K2 BHmbi`� � 6B;m`� RXe- Q +�KTQ /� 7QMi2 /2p2 b2` T`QT�;�/Q /B`2i�K2Mi2 2-
T�`� +�/� TQbBÏ½Q /� 7QMi2 �Q HQM;Q /Q KQ/2HQ /2 p2HQ+B/�/2b- /2p2K b2` �`K�x2M�/Qb
iQ/Qb Qb BMbi�Mi�M2QbX Pm b2D�- /2p2@b2 +�H+mH�` 2 �`K�x2M�` Q +�KTQ /2 QM/� 2K iQ/Qb
Qb TQMiQb /Q KQ/2HQ T�`� +�/� BMbi�Mi2 /2 i2KTQX P [m2 `2[m2` ;`�M/2 [m�MiB/�/2 /2
2bT�ÏQ 2K /Bb+Q 2fQm 2K K2KƦ`B�- �HûK /2 BKTHB+�` 2K i2KTQ /2 T`Q+2bb�K2MiQ TQ` +�mb�
/� +QMb2[m2Mi2 M2+2bbB/�/2 /2 2b+`Bi� 2 H2Bim`� /Qb BMbi�Mi�M2QbX lK TQbbőp2H K�M2B`� /2
KBMBKBx�` Q BKT�+iQ `2H�+BQM�/Q �Q �`K�x2�K2MiQ /2 iQ/Qb Qb BMbi�Mi�M2Qb- û i`�#�H?�`
+QK ǳ+?2+FTQBMibǴX L2bb2 +�bQ- �`K�x2M�@b2 mK� /2i2`KBM�/� [m�MiB/�/2 /2 BMbi�Mi�M2Qb
2 `2+mT2`�@b2 Qb /2K�Bb ¨ K2/B/� [m2 b2 /� � T`QT�;�Ï½Q `2p2`b� /Qb `2+2TiQ`2bX �bbBK-
/2 7Q`K� b2K2H?�Mi2 ¨ T`QT�;�Ï½Q /�b 7QMi2b- 7�x@b2 � T`QT�;�Ï½Q `2p2`b� /Qb `2+2TiQ`2b
/Q i2KTQ }M�H �iû Q i2KTQ BMB+B�H- ;2`�M/Q �bbBK Qb BMbi�Mi�M2Qb Q`BmM/Qb /� T`QT�;�Ï½Q
`2p2`b�X
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S�`� 7�x2` � `272`B/� 2ti`�TQH�Ï½Q /2 7QMi2b 2 `2+2TiQ`2b- û miBHBx�/� � 2[m�Ï½Q /B72`2M+B�H
T�`+B�H /2 b2;mM/� Q`/2K MQ i2KTQ- +QM?2+B/� +QKQ 2[m�Ï½Q /� QM/� �+ȹbiB+� T�`� K2BQb
BbQi`ƦTB+Qb 2 +QK /2MbB/�/2 +QMbi�Mi2- /�/� TQ`,

1

c2
∂2 p (`, t)

∂ t2
−∇2 p (`, t) = f (`s, t) URX9V

QM/2 p (`, t) = p (x, z, t) û Q +�KTQ /2 QM/� [m2 b2 T`QT�;� MQ 2bT�ÏQ /Q KQ/2HQ �Q HQM;Q
/Q i2KTQ- c = c (`) û Q +�KTQ /2 p2HQ+B/�/2b- f (`s, t) û Q i2`KQ 7QMi2 2 ∇2 û Q QT2`�/Q`
G�TH�+B�MQ [m2 �THB+� /2`Bp�/�b T�`+B�Bb 2bT�+B�Bb /2 b2;mM/� Q`/2K /�/Q TQ` ∇2 ≡ ∂2

∂x2+
∂2

∂z2 X

GQ;Q- 72Bi� � 2ti`�TQH�Ï½Q /Qb +�KTQ /2 QM/�b- TQ/2@b2 +QMbi`mB` � BK�;2K- /2 �+Q`/Q
+QK � b2[māM+B� /2 T�bbQb �T`2b2Mi�/� MQ ~mtQ;`�K� /� 6B;m`� RXd- miBHBx�M/Q � b2;mBMi2
2[m�Ï½Q +QM?2+B/� +QKQ +QM/BÏ½Q /2 BK�;2K UCX 6X *H�2`#Qmi- RNdRV,

m (`) =
∫ T

0

pS(`, t) · pR(`, t) dt , URX8V

QM/2 pS (`, t) = pS (x, z, t) û Q +�KTQ /2 QM/�b /� 7QMi2 [m2 û T`QT�;�/Q /B`2i�K2Mi2-
pR (`, t) = pR (x, z, t) û Q +�KTQ /2 QM/�b `2;Bbi`�/Q MQb +�M�Bb `2+2TiQ`2b 2 T`QT�;�/Q
`2p2`b�K2Mi2 2 m (`) û � BK�;2K KB;`�/� `2bmHi�Mi2 /� +Q``2H�Ï½Q +`mx�/� 2Mi`2 2bi2b +�KTQb
/2 QM/� /Q i2KTQ x2`Q �Q i2KTQ K�tBKQX

6B;m`� RXd, _2T`2b2Mi�Ï½Q 2b[m2K�iB+� /Q ~mtQ;`�K� /2 KB;`�Ï½Q `2p2`b� MQ i2KTQX
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RXkXR JûiQ/Q /�b /B72`2MÏ�b@}MBi�b

� 2[m�Ï½Q [m2 /2b+`2p2 � T`QT�Ï½Q /2 QM/�b �+ȹbiB+�b T�`� K2BQb +QK /2MbB/�/2 +QMbi�Mi2
TQ/2 b2` 2b+`Bi� +QKQ,

∂2 p (`, t)
∂ t2

= −G2 p (`, t) URXeV

QM/2 −G2 = c2 ∇2X

Zm2 TQbbmB bQHmÏ½Q /Q iBTQ,

p (`, t) = A cos(G t) + B sin(G t) , URXdV

QM/2 A 2 B b½Q +QMbi�Mi2b [m2 TQ/2K b2` +�H+mH�/�b ¨ T�`iB` /�b b2;mBMi2b +QM/BÏǤ2b BMB+B�Bb,

p (`, t = 0) = p0 2
[
∂ p (`, t = 0)

∂ t

]

t=0

= ṗ0 URX3V

S�`� t = 0 2 miBHBx�M/Q �b +QM/BÏǤ2b 2tT`2bb�b T2H� 2[m�Ï½Q RX3- TQ/2@b2- TQ`i�MiQ-
2b+`2p2`,

p (`, t) = p0 cos(G t) +
ṗ0
G sin(G t) URXNV

.2bb� 7Q`K�- TQ/2@b2 2b+`2p2` 2[m�ÏǤ2b 2[mBp�H2Mi2b ¨ 2[m�Ï½Q RXN T�`� i2KTQb TQbi2`B@
Q`2b 2 �Mi2`BQ`2b `2bT2+iBp�K2Mi2,

p (`, t+∆ t) = p0 cos[G (t+∆ t)] +
ṗ0
G sin[G (t+∆ t)] URXRyV

2

p (`, t−∆ t) = p0 cos[G (t−∆ t)] +
ṗ0
G sin[G (t−∆ t)] URXRRV

.2b2MpQHp2M/Q Qb +Qbb2MQb 2 b2MQb T`2b2Mi2b M�b 2[m�ÏǤ2b RXRy 2 RXRR- 2 bQK�M/Q@�b-
Q#iûK@b2 � bQHmÏ½Q �M�HőiB+� /� 2[m�Ï½Q /� QM/� RXe,

p (`, t+∆ t) + p (`, t−∆ t) = 2 cos(G∆ t) p (`, t) URXRkV

1tT�M/BM/Q Q cos(G∆ t) T`2b2Mi2 M� 2[m�Ï½Q RXRk 2K bû`B2 /2 h�vHQ`- TQ/2@b2 2b+`2p2`,
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cos(G∆ t) = 1− (G∆ t)2

2
+

(G∆ t)4

24
− (G∆ t)6

720
+ . . .

=
∞∑

k=0

(−1)k · (G∆ t)2k

2k!
URXRjV

SQ`i�MiQ- `22b+`2p2@b2 � bQHmÏ½Q �M�HőiB+� U2[m�Ï½Q RXRkV miBHBx�M/Q 2bb� 2tT�Mb½Q- +QKQ
b2;m2,

p (`, t+∆ t) + p (`, t−∆ t) = 2

[ ∞∑

k=0

(−1)k · (G∆ t)2k

2k!

]
p (`, t) URXR9V

h`mM+�M/Q � bû`B2 �T`2b2Mi�/� M� 2[m�Ï½Q RXRj MQ b2;mM/Q i2`KQ- Q#iûK@b2,

p (`, t+∆ t) + p (`, t−∆ t) = 2

[
1− (G∆ t)2

2

]
p (`, t)

= 2 p (`, t)− (G∆ t)2 p (`, t) URXR8V

h2K@b2- TQ`i�MiQ- � bQHmÏ½Q TQ` /B72`2MÏ�b@}MBi�b /2 b2;mM/� Q`/2K MQ i2KTQ,

p (`, t+∆ t)− 2 p (`, t) + p (`, t−∆ t) = −(G∆ t)2 p (`, t) URXReV

�bbBK- H2K#`�M/Q [m2 −G2 = c2 ∇2 2 � T�`iB` /� 2[m�Ï½Q RXe- TQ/2@b2 �}`K�` [m2,

∂2 p (`, t)
∂ t2

≈ p (`, t+∆ t)− 2 p (`, t) + p (`, t−∆ t)

∆t2
, URXRdV

b2M/Q 2bb� � �T`QtBK�Ï½Q TQ` /B72`2MÏ�b@}MBi�b /2 b2;mM/� Q`/2K T�`� � /2`Bp�/� i2KTQ`�H
T`2b2Mi2 M� 2[m�Ï½Q �+ȹbiB+� /� QM/�X

S�`� Q#i2` � 2tT�Mb½Q /2 [m�`i� Q`/2K MQ i2KTQ- #�bi� BM+HmB` K�Bb mK i2`KQ M�
2tT�Mb½Q /Q +Qbb2MQ TQ` bû`B2 /2 h�vHQ` U2[m�Ï½Q RXRjV,

p (`, t+∆ t) + p (`, t−∆ t) = 2

[
1− (G∆ t)2

2
+

(G∆ t)4

24

]
p (`, t)

= 2 p (`, t)− (G∆ t)2 p (`, t) + (G∆ t)4

12
p (`, t) URXR3V
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SQ`i�MiQ- � bQHmÏ½Q TQ` /B72`2MÏ�b@}MBi�b /2 [m�`i� Q`/2K MQ i2KTQ û /�/� TQ`,

p (`, t+∆ t)− 2 p (`, t) + p (`, t−∆ t) = −(G∆ t)2 p (`, t) + (G∆ t)4

12
p (`, t) URXRNV

�/2K�Bb- /� 2[m�Ï½Q RXe- TQ/2@b2 BM72`B` Q b2;mBMi2 /2b2MpQHpBK2MiQ,

∂2

∂ t2

(
∂2 p (`, t)

∂ t2

)
= −G2

(
∂2 p (`, t)

∂ t2

)

= −G2 ·
(
−G2 p (`, t)

)

= G4p (`, t) URXkyV

P [m2 H2p�- T�`� Q +�bQ /� 2[m�Ï½Q /� QM/�- ¨ b2;mBMi2 BM72`āM+B�,

∂4

∂ t4
⇐⇒ G4 URXkRV

GQ;Q- TQ/2@b2 7�x2` Q b2;mBMi2 /2b2MpQHpBK2MiQ T�`� � bQHmÏ½Q TQ` /B72`2MÏ�b@}MBi�b /2
[m�`i� Q`/2K MQ i2KTQ �T`2b2Mi�/� M� 2[m�Ï½Q RXRN,

p (`, t+∆ t)− 2 p (`, t) + p (`, t−∆ t)

∆t2
= −G2 p (`, t) + G4 ∆ t2

12
p (`, t)

p (`, t+∆ t)− 2 p (`, t) + p (`, t−∆ t)

∆t2
− G4 ∆ t2

12
p (`, t) = −G2 p (`, t)

p (`, t+∆ t)− 2 p (`, t) + p (`, t−∆ t)

∆t2
− 1

12

∂2

∂ t2

(
∂2 p (`, t)

∂ t2

)
∆t2 = −G2 p (`, t)

o�H2 `2bb�Hi�` [m2 TQ/2@b2 �mK2Mi�` � Q`/2K /Q KûiQ/Q /2 /B72`2MÏ�b@}MBi�b Q [m�MiQ 7Q`
+QMp2MB2Mi2X P BM+`2K2MiQ /� Q`/2K �mK2Mi� � T`2+Bb½Q /� �T`QtBK�Ï½Q 2 iQ`M� TQbbőp2H
� /2}MBÏ½Q /2 BMi2`p�HQb /2 �KQbi`�;2K +�/� p2x K�BQ`2bX LQ [m2 b2 `272`2 ¨ /2`Bp�/�
i2KTQ`�H T`2b2Mi2 M� 2[m�Ï½Q /� QM/� �+ȹbiB+�- +QMim/Q- b2`� miBHBx�/� � �T`QtBK�Ï½Q /2
b2;mM/� Q`/2K T�`� � BKTH2K2Mi�Ï½Q /� KB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQX GQ;Q- M2bi2
TQMiQ TQ/2@b2 �}`K�` [m2 2bi½Q H�MÏ�/�b �b #�b2b T�`� � `272`B/� BKTH2K2Mi�Ï½Q- �i`�p2b
/Q KûiQ/Q /2 /B72`2MÏ�b@}MBi�b- mK� p2x [m2 b2 TQ/2 7�x2` � T`QT�;�Ï½Q /B`2i� /Q +�KTQ



6mM/�K2MiQb ke

/2 QM/� /� 7QMi2 2 � T`QT�;�Ï½Q 2K i2KTQ `2p2`bQ /Qb `2+2TiQ`2b �i`�pûb /� 2[m�Ï½Q RXReX
Pb ȹMB+Qb `2[mBbBiQb T�`� BbbQ b½Q � p2HQ+B/�/2 /Q K2BQ 2 Q +�H+mHQ /Q G�TH�+B�MQ TQ` �H;mK
KûiQ/Q /2 �T`QtBK�Ï½Q /�b /2`Bp�/�b 2bT�+B�Bb miBHBx�M/Q- TQ` 2t2KTHQ- /B72`2MÏ�b@}MBi�b
U�H7Q`/- E2HHv 2 "QQ`2- RNd9V- bBKBH�`K2Mi2 �Q [m2 7QB 72BiQ T�`� Q i2KTQ- Qm Q KûiQ/Q
Tb2m/Q@2bT2+i`�H UEQbHQz 2 E2bbH2`- RNNyVX

1bi�#BHB/�/2

� [m2bi½Q /� 2bi�#BHB/�/2 û /2 ;`�M/2 BKTQ`i�M+B� MQ b2MiB/Q /2 ;�`�MiB` [m2 Qb p�HQ`2b
/Qb +�KTQb /2 T`2bb½Q +�H+mH�/Qb �Q HQM;Q /� T`QT�;�Ï½Q M½Q +`2bÏ�K BM/2}MB/�K2Mi2 ¨
K2/B/� [m2 � T`QT�;�Ï½Q Q+Q``2X �bbBK- û M2+2bb�`BQ 2bim/�` Q BMi2`p�HQ /2 i2KTQ ∆t T�`�
;�`�MiB` � 2bi�#BHB/�/2 /� T`QT�;�Ï½Q /Qb +�KTQbX *QK pBbi� ¨ 2bb2 iBTQ /2 �M�HBb2- b2D� �
b2;mBMi2 bQHmÏ½Q /2 QM/� TH�M� 2[mBp�H2Mi2 � mK� p�`B�Ï½Q ?�`KƬMB+� MQ +�KTQ /2 T`2bb½Q,

pn
l,m = e i (ω n∆t−kx l∆x−kz m∆z) URXkkV

am#biBimBM/Q RXkk M�b �T`QtBK�ÏǤ2b /�b /2`Bp�/�b T�`+B�Bb T`2b2Mi2b M� 2[m�Ï½Q /� QM/�
�+ȹbiB+� Up2` 2[m�ÏǤ2b RXe 2 RXRdV miBHBx�M/Q � �T`QtBK�Ï½Q TQ` /B72`2MÏ�b@}MBi�b /2 2Ƽ Q`/2K
2 72Bi� �H;mK� K�MBTmH�Ï½Q �H;û#`B+�- i2K@b2 [m2,

∂2 pn
l,m

∂ t2
= − 4

∆t2
· e i (ω n∆t−kx l∆x−kz m∆z) · sin2

(
ω∆t

2

)
URXkjV

∂2 pn
l,m

∂ x2
= − 4

∆x2
· e i (ω n∆t−kx l∆x−kz m∆z) · sin2

(
kx ∆x

2

)
URXk9V

∂2 pn
l,m

∂ z2
= − 4

∆z2
· e i (ω n∆t−kx l∆x−kz m∆z) · sin2

(
kz ∆z

2

)
URXk8V

�bbBK- +QMbB/2`�M/Q K�H?� [m�/`�/� +QK ∆x = ∆z = h- TQ/2@b2 2b+`2p2` Q G�TH�+B�MQ
+QKQ,

∇2 pn
l,m = − 4

h2
· e i (ω n∆t−kx l∆x−kz m∆z) ·

[
sin2

(
kx ∆x

2

)
+ sin2

(
kz ∆z

2

)]
URXkeV

am#biBimBM/Q �b 2[m�ÏǤ2b RXkj 2 RXke M� 2[m�Ï½Q /� QM/� RXe- 2 K�MBTmH�M/Q �H;2#`B+�@
K2Mi2 mK TQm+Q K�Bb- i2K@b2 [m2,
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sin2

(
ω∆t

2

)
=

c2 ∆t2

h2

[
sin2

(
kx ∆x

2

)
+ sin2

(
kz ∆z

2

)]
URXkdV

6BM�HK2Mi2- BbQH�M/Q ω- +?2;�@b2 ¨ `2H�Ï½Q /2 /BbT2`b½Q [m2 2tT`2bb� � 7`2[māM+B� �M;mH�`
+QKQ 7mMÏ½Q /Q MȹK2`Q /2 QM/�,

ω =
2

∆t
sin−1

{
c∆t

h

[
sin2

(
kx ∆x

2

)
+ sin2

(
kz ∆z

2

)]1/2}
URXk3V

L2bi2 TQMiQ +QM+2Mi`�@b2 �i2MÏ½Q MQ �`;mK2MiQ /Q �`+Q b2MQ- H2p�M/Q 2K +QMbB/2`�Ï½Q
[m2 kx = kxNyquist =

π
∆x 2 kz = kzNyquist =

π
∆z ,

ω =
2

∆t
sin−1

{
c∆t

h

[
sin2

(π
2

)
+ sin2

(π
2

)]1/2}

=
2

∆t
sin−1

(
c∆t

2
·
√
2

)
URXkNV

L� +QM/BÏ½Q /2 7`2[māM+B� /2 Lv[mBbi- M½Q 2tBbi2 ω +QK p�HQ` `2�H b2 Q �`;mK2MiQ /Q
�`+Q b2MQ 7Q` K�BQ` [m2 1X GQ;Q,

c∆t

h
≤ 1√

2
URXjyV

.�ő- � 2[m�Ï½Q RXjy TQ/2 b2` miBHBx�/� T�`� � /2}MBÏ½Q /2 ∆t 2bi�p2H T�`� Q +�bQ /�
�T`QtBK�Ï½Q TQ` /B72`2MÏ�b@}MBi�b /2 Q`/2K k MQ +�bQ #B@/BK2MbBQM�H- b2M/Q M2+2bb�`BQ /2@
b2MpQHpBK2MiQ �M�HQ;Q T�`� 2bi2M/2` � �M�HBb2 T�`� Q`/2Mb bmT2`BQ`2b 2fQm T�`� Q +�bQ
i`B@/BK2MbBQM�HX

.BbT2`b½Q LmKû`B+�

.BbT2`b½Q û mK 72MƬK2MQ �bbQ+B�/Q �Q `2H�+BQM�K2MiQ 2Mi`2 p2HQ+B/�/2 /2 7�b2 2 p2HQ+B/�/2
/2 ;`mTQ Uh2H7Q`/ 2i �HX- RNdeV- /2 7Q`K� [m2 b2 � p2HQ+B/�/2 /2 7�b2 2 /2 ;`mTQ b½Q B;m�Bb- M½Q
?� /BbT2`b½Q 7őbB+�X *QK � /Bb+`2iBx�Ï½Q- M� [m�H Q 2bT�ÏQ 7őbB+Q û �KQbi`�/Q 2K BMi2`p�HQb
/2}MB/Qb- bm`;2 Q [m2 û /2MQKBM�/Q /BbT2`b½Q MmKû`B+�- 72MƬK2MQ [m2 ;m�`/� `2H�Ï½Q +QK
Q `2H�+BQM�K2MiQ 2Mi`2 p2HQ+B/�/2 /2 7�b2 2 � p2HQ+B/�/2 /Q K2BQ 7őbB+Q QM/2 � T`QT�;�Ï½Q
Q+Q``2X

o2HQ+B/�/2b /2 7�b2 2 ;`mTQ b½Q 2tT`2bb�b +QKQ,
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cf =
ω

k
, URXjRV

cg =
dω

d k
, URXjkV

QM/2 ω û � 7`2[māM+B� �M;mH�` 2 k û Q MȹK2`Q /2 QM/�X

oQHi�M/Q ¨ 2[m�Ï½Q /2 /BbT2`b½Q URXk3V 2 +QMbB/2`�M/Q Q +�bQ mMB@/BK2MbBQM�H- i2K@b2
[m2,

ω =
2

∆t
sin−1

[
α sin

(
kx ∆x

2

)]
, +QK α =

c∆t

∆x
. URXjjV

a2 α = 1- TQ/2@b2 `22b+`2p2` � 2[m�Ï½Q RXjj +QKQ,

ω =
2

∆t
sin−1

[
sin

(
kx ∆x

2

)]

=
k∆x

∆t
= k

dx

dt
URXj9V

Pm �BM/�,

ω

k
= cf =

dx

dt
= c , URXj8V

TQ`i�MiQ M½Q 2tBbi2 /BbT2`b½Q MmKû`B+� b2 α = 1

�/2K�Bb- TQ/2@b2 +QMbi`mB` mK /B�;`�K� /2 +m`p�b T�`� �M�HBb2 /� /BbT2`b½Q MmKû`B+�
¨ K2/B/� [m2 α p�`B�X S�`� BbbQ- `22b+`2p2@b2 � 2[m�Ï½Q RXjj miBHBx�M/Q mK� p�`B�p2H �mtBHB�`
ξ- +QKQ b2;m2,

ξ = 2 sin−1

[
α sin

(
kx ∆x

2

)]
+QK ω =

ξ

∆t
URXjeV

*QKQ ω = cf k- TQ/2@b2 2b+`2p2`,

cf k =
ξ

∆t
=⇒ cf k∆x = ξ

∆x

∆t
= ξ c

1 }M�HK2Mi2,
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cf
c

=
ξ

k∆x
URXjdV

SQ`i�MiQ- T�`� +�/� p�HQ` /2 k∆x Q p�HQ` /2 ξ û +�H+mH�/Q �i`�pûb /� 2[m�Ï½Q RXjeX
1K b2;mB/�- b2;mM/Q � 2[m�Ï½Q RXjd- Q p�HQ` /2 ξ û /BpB/B/Q TQ` k∆x- Q [m2 +Q``2bTQM/2 ¨
p2HQ+B/�/2 /2 7�b2 MQ`K�HBx�/� cf / cX S�`� p�HQ`2b /2 α K2MQ`2b [m2 R- Q b2;mM/Q K2K#`Q
/� 2[m�Ï½Q RXjd /2p2 b2` MQ`K�HBx�/Q TQ` α 2 +QMbi`ƦB@b2 �b +m`p�b T�`� /Bp2`bQb p�HQ`2b /2
α U6B;m`� RX3VX

6B;m`� RX3, .B�;`�K� /2 /BbT2`b½Q T�`� Q KûiQ/Q /�b /B72`2MÏ�b@}MBi�b /2 b2;mM/� Q`/2K
�THB+�/Q �Q +�bQ mMB@/BK2MbBQM�HX

.� �M�HBb2 /�b +m`p�b M� 6B;m`� RX3 T2`+2#2@b2 [m2 T�`� α = 1 M½Q ?� /BbT2`b½Q MmKû`B+�-
i2M/Q 2K pBbi� [m2 � p2HQ+B/�/2 /2 7�b2 û B;m�H ¨ p2HQ+B/�/2 /Q K2BQ M2bi2 +�bQX hQ/�pB�-
T�`� p�HQ`2b /2 α K2MQ`2b [m2 R � /BbT2`b½Q b2KT`2 2tBbi2- iQ`M�M/Q@b2 K�Bb T`Q2KBM2Mi2
MQb K�BQ`2b p�HQ`2b /2 k∆xX �/2K�Bb- MQi�@b2 [m2 � /BbT2`b½Q û bm}+B2Mi2K2Mi2 T2[m2M� b2
k∆x < 5X SQ`i�MiQ- MQ HBKBi2,

k∆x =
2 π

λ
·∆x =

π

5
=⇒ ∆x =

λ

10
,

QM/2 λ û Q +QKT`BK2MiQ /2 QM/�X Pm b2D�- Q +QKT`BK2MiQ /2 QM/� +Q``2bTQM/2 � 10 2H2K2MiQb
/� K�H?� T�`� � �T`QtBK�Ï½Q TQ` /B72`2MÏ�b@}MBi�b /2 Q`/2K 2X

RXkXk JûiQ/Q /2 2tT�Mb½Q `�TB/� U_1JV

P KûiQ/Q /2 2tT�Mb½Q `�TB/� Uǳ_�TB/ 1tT�MbBQM J2i?Q/Ǵ @ _1JV û mK KûiQ/Q 2tTHő+BiQ
�THB+�/Q ¨ bQHmÏ½Q �M�HőiB+� /� 2[m�Ï½Q /� QM/� �+ȹbiB+� Up2` b2Ï½Q RXkXR @ 2[m�Ï½Q RXRkV [m2
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miBHBx� � 2tT�Mb½Q 2K TQHBMƬKBQb /2 *?2#vb?2p U2X;X EQbHQz 2i �HX- RN3Nc S2bi�M� 2 aiQz�-
kyRyVX �T2b�` /Q mbQ +QKmK /Q KûiQ/Q /�b /B72`2MÏ�b@}MBi�b MQ /B� � /B� /� BM/ȹbi`B�- �Q
miBHBx�@HQ û M2+2bb�`BQ 2bim/�` Q 72MƬK2MQ /2 2bi�#BHB/�/2 �T`2b2Mi�/Q �Mi2`BQ`K2Mi2 T�`�
/2}MB` Q BMi2`p�HQ /2 �KQbi`�;2K i2KTQ`�H � b2` miBHBx�/Q M� T`QT�;�Ï½Q /Qb +�KTQb /2
QM/�X 1bb2 iBTQ /2 �M�HBb2- +QM7Q`K2 pBbiQ M� b2Ï½Q RXkXR U2[m�Ï½Q RXjyV- � /2T2M/2` /Q
K2BQ 7őbB+Q 2 /� �KQbi`�;2K 2bT�+B�H- TQ/2 H2p�` ¨ 2b+QH?� /2 BMi2`p�HQb /2 i2KTQ +�/� p2x
K2MQ`2b- Q [m2 +�mb� ;`�M/2 BKT�+iQ MQ +mbiQ +QKTmi�+BQM�H /� KB;`�Ï½Q _hJX SQ` 2bb�
`�x½Q Q _1J `2+m`bBpQ miBHBx�/Q �[mB US2bi�M� 2 aiQz�- kyRyV TQ/2 b2` mK� �Hi2`M�iBp�
BMi2`2bb�Mi2 T�`� b2` �THB+�/� ¨ bQHmÏ½Q �M�HőiB+� 2tT`2bb� T2H� 2[m�Ï½Q RXRk- 2tT�M/BM/Q �
7mMÏ½Q +Qbb2MQ �HB T`2b2Mi2 �i`�pûb /� 2tT�Mb½Q 2K bû`B2 /2 *?2#vb?2p T�`� � BKTH2K2M@
i�Ï½Q /� KB;`�Ï½Q _hJ- MmK2`B+�K2Mi2 2bi�p2H K2bKQ [m�M/Q b½Q miBHBx�/Qb p�HQ`2b /2
�KQbi`�;2K i2KTQ`�H ∆t K�BQ`2bX

a2D� � 2tT�Mb½Q C�+Q#@�M;2` �bbBK `2T`2b2Mi�/�,

eiKR cos θ =
∞∑

n=0

εn i
n Jn (KR) cos (n θ), URXj3V

QM/2 ε0 = 1- εn = 2 T�`� n ≥ 1 2 Jn û � 7mMÏ½Q /2 "2bb2HX

6�x2M/Q z = i cos θ- TQ/2@b2 2b+`2p2`,

eKRz =
∞∑

n=0

εn Jn(KR)Qn(z), URXjNV

QM/2 Qn(z) = in cos (n θ) b½Q Qb TQHBMƬKBQb /2 *?2#vb?2p KQ/B}+�/QbX

a�#2M/Q [m2 Qb TQHBMƬKBQb /2 *?2#vb?2p /2 T`BK2B`Q iBTQ b½Q /�/Qb TQ` Tn(x) =

cos (n θ)- +QK x = cos θ 2 −1 ≤ x ≤ 1- 2 T�`� n ≥ 2- TQ/2@b2 2b+`2p2`,

cos (nθ) = 2cos θ · cos [(n− 1)θ]− cos [(n− 2)θ] URX9yV

P [m2 BKTHB+� 2K,

Tn(x) = 2xTn−1(x)− Tn−2(x) URX9RV

�bbBK- TQ/2@b2 2b+`2p2` � b2;mBMi2 `2H�Ï½Q /2 `2+Q``āM+B� T�`� Qb TQHBMƬKBQb /2 *?2#vb?2p,

Tn+1(x) = 2xTn(x)− Tn−1(x), URX9kV

T�`� n ≥ 2 2 +QK T0(x) = 1 2 T1(x) = xX
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� +QMbi`mÏ½Q /� `2H�Ï½Q /2 `2+Q``āM+B� /Qb TQHBMƬKBQb /2 *?2#vb?2p KQ/B}+�/Qb Qn(z)-
T`2b2Mi2 M� 2[m�Ï½Q RXjN- û Q#iB/� � T�`iB` /� 2[m�Ï½Q RX9yX �bbBK- TQ/2@b2 2b+`2p2` �
b2;mBMi2 `2H�Ï½Q /2 `2+Q``āM+B� T�`� Qb TQHBMƬKBQb /2 *?2#vb?2p KQ/B}+�/Qb,

Qn+1(z) = 2 z Qn(z) +Qn−1(z), URX9jV

T�`� n ≥ 2 2 +QK Q0(z) = 1 2 Q1(z) = zX

.2b2MpQHp2M/Q mK TQm+Q K�Bb � `2H�Ï½Q /2 `2+Q``āM+B� 2K RX9j- Q#iûK@b2,

z Qn+1(z) =
Qn+2(z)−Qn(z)

2
URX99V

z Qn−1(z) =
Qn(z)−Qn−2(z)

2
URX98V

6BM�HK2Mi2- KmHiBTHB+�M/Q � 2[m�Ï½Q RX9j TQ` z 2 bm#biBimBM/Q M� K2bK� �b 2[m�ÏǤ2b
RX99 2 RX98- Q#iûK@b2 � `2H�Ï½Q /2 `2+Q``āM+B� miBHBx�/� M� BKTH2K2Mi�Ï½Q /Q _1J miBHBx�/�
�[mB,

Qn+2(z) = 2 (2 z2 + 1)Qn −Qn−2(z), URX9eV

T�`� n > 2 2 +QK Q0(z) = 1- Q1(z) = z 2 Q2(z) = 2 z2 + 1X

oQHi�M/Q ¨ 2tT�Mb½Q C�+Q#@�M;2` U2[m�Ï½Q RXjNV 2 7�x2M/Q K = t 2 z = A
R - Q#iûK@b2,

eA t =
∞∑

n=0

εn Jn(t R)Qn

(
A

R

)
URX9dV

.2 QM/2 TQ/2@b2 2b+`2p2`,

eiG t =
∞∑

n=0

εn Jn(t R)Qn

(
iG
R

)
URX93V

e−iG t =
∞∑

n=0

εn Jn(t R)Qn

(
−iG
R

)
URX9NV

a�#2M/Q [m2,
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Qn

(
−iG
R

)
=






−Qn

(
iG
R

)
, M őKT�`

Qn

(
iG
R

)
, M T�`

URX8yV

SQ/2@b2 �;Q`� 7�x2` � 2tT�Mb½Q 2K bû`B2 /2 *?2#vb?2p /Q +Qbb2MQ- +QKQ b2;m2,

cos (G t) =
eiG t + e−iG t

2

=
1

2

[ ∞∑

n=0

εn Jn(t R)Qn

(
iG
R

)
+

∞∑

n=0

εn Jn(t R)Qn

(
−iG
R

)]
URX8RV

.2b2MpQHp2M/Q Qb bQK�iƦ`BQb M� 2[m�Ï½Q RX8R Qb i2`KQb őKT�`2b b2`½Q +�M+2H�/Qb 2 bƦ
`2bi�`� � +QMi`B#mBÏ½Q /Qb i2`KQb T�`2bX SQ`i�MiQ- TQ/2@b2 2b+`2p2`,

cos(G∆t) =
∞∑

npar=0

c2n J2n(R∆t)Q2n

(
iG
R

)
URX8kV

+QK c0 = 1 2 cn = 2 T�`� n ≥ 1X

*QM7Q`K2 2tT`2bbQ M� 2[m�Ï½Q /� QM/� RXe- i2KQb [m2 −G2 = c2 ∇2- [m2 TQ/2 b2`
2tT`2bbQ 2K i2`KQb /Qb MȹK2`Qb /2 QM/� +QKQ,

G = c
√

F2
x + F2

z URX8jV

hQK�M/Q Qb MȹK2`Qb /2 QM/� /2 Lv[mBbi- i2K@b2,

Gmax = cmax

√( π

∆x

)2

+
( π

∆z

)2

SQ`i�MiQ- R û Q K�tBKQ p�HQ` /2 G- i2M/Q 2K pBbi� [m2
(
iG
R

)
i2K `2H�Ï½Q +QK Q �`;mK2MiQ

/2 mK +Qbb2MQ- +QM7Q`K2 2tT`2bbQ T2H� 2[m�Ï½Q RX8kX P [m2 H2p� ¨ `2H�Ï½Q,

R = cmax

√( π

∆x

)2

+
( π

∆z

)2

, URX89V

QM/2 cmax û � p2HQ+B/�/2 K�tBK� /Q K2BQ 2 ∆x 2 ∆z b½Q �b /BK2MbǤ2b /� K�H?� /2 /Bb+`2@
iBx�Ï½Q /Q `272`B/Q K2BQX
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SQ`i�MiQ- � BKTH2K2Mi�Ï½Q /� KB;`�Ï½Q _hJ miBHBx�M/Q _1J TQ/2 b2` 72Bi� �i`�pûb /�
b2;mBMi2 �THB+�Ï½Q M� bQHmÏ½Q �M�HőiB+� /� 2[m�Ï½Q �+ȹbiB+� /� QM/�,

p (`, t+∆ t) + p (`, t−∆ t) = 2 cos (G∆t) p(`, t)

= 2

[
M∑

k=0

c2k J2k(R∆t)Q2k

(
iG
R

)]
p(`, t), URX88V

+QK bQK�iƦ`BQ +QMp2`;BM/Q b�iBb7�iQ`B�K2Mi2 [m�M/Q M ≥ R∆t Uh�H@1x2`- EQbHQz 2 EQ`2M-
RN3dVX



2
_hJ T`û@2KTBH?�K2MiQ MQ /QKőMBQ
/� 7`2[māM+B�

kXR h2Q`B� /2 2bT�H?�K2MiQ @ KQ/2H�;2K "Q`M 2 _hJ

S�`� /2b2MpQHpBK2MiQ /� KB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B�- � 2[m�Ï½Q RX9- 2b+`Bi� MQ
/QKőMBQ /Q i2KTQ- �+`2b+B/� /Q i2`KQ 7QMi2 b2`� i`�Mb7Q`K�/� T�`� Q /QKőMBQ /� 7`2[māM+B�X
SQ`i�MiQ- b2D� � 2[m�Ï½Q �+ȹbiB+� /� QM/� MQ /QKőMBQ /Q i2KTQ T�`� K2BQb BbQi`ƦTB+Qb- +QK
/2MbB/�/2 +QMbi�Mi2 2 i2`KQ 7QMi2- 2tT`2bb� TQ`,

1

c2
∂2 p (`, t)

∂ t2
−∇2 p (`, t) = f (`s, t) UkXRV

QM/2 p (`, t) = p (x, z, t) û Q +�KTQ /2 QM/� [m2 b2 T`QT�;� MQ 2bT�ÏQ /Q KQ/2HQ �Q HQM;Q /Q
i2KTQ- c = c (`) û Q +�KTQ /2 p2HQ+B/�/2b- ∇2 û Q QT2`�/Q` G�TH�+B�MQ [m2 �THB+� /2`Bp�/�b
T�`+B�Bb 2bT�+B�Bb /2 b2;mM/� Q`/2K /�/Q TQ` ∇2 ≡ ∂2

∂x2 + ∂2

∂z2 2 f(`s, t) = f (xs, zs, t) û Q
i2`KQ 7QMi2X

*QKQ b2`� 72BiQ Q /2b2MpQHpBK2MiQ K�i2K�iB+Q T�`� Q +�H+mHQ /Q QT2`�/Q` /2 KB;`�Ï½Q
MQ /QKőMBQ /� 7`2[māM+B�- û M2+2bb�`BQ `22b+`2p2` � 2[m�Ï½Q /� QM/� MQ `272`B/Q /QKőMBQ
K2/B�Mi2 �THB+�Ï½Q /� i`�Mb7Q`K�/� /2 6Qm`B2`- Q#i2` � /2MQKBM�/� 2[m�Ï½Q /2 >2HK?QHix
T�`� 2Mi½Q `2bQHpā@H� 2- TQ` }K- �THB+�` � �T`QtBK�Ï½Q /2 "Q`MX SQ`i�MiQ- �THB+�M/Q i`�Mb@
7Q`K�/� /B`2i� /2 6Qm`B2` MQ +�KTQ /2 T`2bb½Q 2 MQ i2`KQ 7QMi2- TQ/2@b2 2b+`2p2` � `272`B/�
2[m�Ï½Q /2 >2HK?QHix Q`BmM/� /� 2[m�Ï½Q �+ȹbiB+� /� QM/� U2[m�Ï½Q kXRV +QKQ b2;m2,

[
ω2 s2(`) +∇2

]
P (` | `s,ω) = −W (ω) δ(` − `s) UkXkV

j9
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QM/2 ω û � 7`2[māM+B� �M;mH�`- s(`) = 1
c(`) û � p�;�`QbB/�/2- ` = (x, z) û Q p2iQ` TQbBÏ½Q 2

`s = (xs, zs) û � TQbBÏ½Q /� 7QMi2X P (` | `s,ω) û Q +�KTQ /2 T`2bb½Q- MQ /QKőMBQ /� 7`2[māM+B�-
Q`BmM/Q /2 mK� 7QMi2 M� TQbBÏ½Q `s iQK�/Q M� TQbBÏ½Q `- F (`,ω) = −W (ω) δ(` − `s) 2 Q
i2`KQ W (ω) û Q b2m 2bT2+i`QX

_2T`2b2Mi�M/Q Q KQ/2HQ /2 p�;�`QbB/�/2b +QKQ b2M/Q +QKTQbiQ /Q KQ/2HQ /2 7mM/Q
K�Bb mK� T2`im`#�Ï½Q- 2 7�x2M/Q Q �M�HQ;Q T�`� +�KTQ /2 T`2bb½Q i2K@b2 [m2,

s(`) = s0(`) + δs(`) UkXjV

2

P (` | `s,ω) = P0(` | `s,ω) + δP (` | `s,ω) UkX9V

QM/2 s0(`) û Q KQ/2HQ /2 7mM/Q 2 P0(` | `s,ω) û Q +�KTQ T`QT�;�/Q M2bb2 KQ/2HQ- δs(`) û �
T2`im`#�Ï½Q 2 δP (` | `s,ω) û Q +�KTQ /2 T`2bb½Q 2bT�H?�/QX

6B;m`� kXR, _2T`2b2Mi�Ï½Q 2b[m2K�iB+� /� T`QT�;�Ï½Q /Q +�KTQ /2 QM/� /� 7QMi2 MQ KQ/2HQ
/2 7mM/Q 2 /Q +�KTQ /2 QM/� 2bT�H?�/Q /2pB/Q �Q 7�iQ` /2 T2`im`#�Ï½Q MQ KQ/2HQ UδsVX

P Q#D2iBpQ �Q }M�H /Q /2b2MpQHpBK2MiQ �[mB BMB+B�/Q û Q#i2` mK� 2tT`2bb½Q T�`� δP [m2-
M� `2T`2b2Mi�Ï½Q 2b[m2K�iB+� /� 6B;m`� kXR- û Q +�KTQ /2 QM/� 2bT�H?�/Q [m2 b2`� `2;Bbi`�/Q
MQb +�M�Bb `2+2TiQ`2b /Bbi`B#mő/Qb �Q HQM;Q /� bmT2`7ő+B2 /2 H2p�Mi�K2MiQX SQ`i�MiQ- b2;mBM/Q
�/B�Mi2- b2D� � 7QMi2 mK� 7mMÏ½Q /2Hi� MQ KQ/2HQ /2 7mM/Q 2 � 2[m�Ï½Q /2 QM/� MQ /QKőMBQ
/� 7`2[māM+B� �Mi2`BQ`K2Mi2 �T`2b2Mi�/� U2[m�Ï½Q kXkV TQ/2 b2` 2b+`Bi� +QKQ b2;m2,
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[
ω2 s20(`) +∇2

]
G0(` | `s,ω) = −δ(` − `s), UkX8V

QM/2 G0(`,ω) û � 7mMÏ½Q /2 :`22M T�`� Q KQ/2HQ /2 7mM/QX

S�`� � T`QT�;�Ï½Q /� 7QMi2 MQ KQ/2HQ /2 7mM/Q- mb�@b2 � b2;mBMi2 2[m�Ï½Q,

[
ω2 s20(`) +∇2

]
P0(` | `s,ω) = −W (ω) δ(` − `s), UkXeV

QM/2 P0(`,ω) û Q +�KTQ MQ KQ/2HQ /2 7mM/QX

P#b2`p�M/Q �b 2[m�ÏǤ2b kX8 2 kXe- Q#iûK@b2 [m2,

P0(` | `s,ω) = W (ω)G0(` | `s,ω) UkXdV

GQ;Q- � }K /2 Q#i2` mK� bQHmÏ½Q T�`� � 2[m�Ï½Q /� QM/�- Q +�KTQ /2 QM/� iQi�H i�K#ûK
TQ/2 b2` /�/Q TQ`,

P (` | `s,ω) = W (ω)G(` | `s,ω) UkX3V

QM/2 G(`,ω) û � 7mMÏ½Q /2 :`22M [m2 b�iBb7�x � 2[m�Ï½Q /2 >2HK?QHix,

[
ω2 s2(`) +∇2

]
G(` | `s,ω) = −δ(` − `s) UkXNV

�/2K�Bb- +QKQ � p�;�`QbB/�/2 �T�`2+2 �Q [m�/`�/Q M� 2[m�Ï½Q /� QM/�- 7�x@b2,

s2(`) = [s0(`) + δs(`)]2

= s20(`) + 2s0(`) δs(`) + δs2(`) UkXRyV

.2bT`2x�M/Q Q i2`KQ /2 ;`�m 2 MQ [m�/`�/Q /� p�;�`QbB/�/2 /� 2[m�Ï½Q kXRy- i2M/Q
2K pBbi� [m2 δs2(`) <<< 1- bm#biBim2@b2 M� 2[m�Ï½Q /� QM/� UkXkV �b `2H�ÏǤ2b /2}MB/�b 2
Q#iûK@b2,

[
ω2 s20(`) +∇2

]
P (` | `s,ω) = F (`s,ω)− 2ω2 s0(`) δs(`)P (` | `s,ω) UkXRRV

JmHiBTHB+�M/Q �K#Qb Qb H�/Qb /� 2[m�Ï½Q kXRR TQ` G0(` | `
′
,ω) 2 BMi2;`�M/Q 2K iQ/Q Q

pQHmK2 +QMi2M/Q Q őM/B+2 r
′ - Q#iûK@b2 � 2[m�Ï½Q /2 GBTTK�MM@a+?rBM;2`,
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∫ [
ω2 s20(`) +∇2

]
P (`′ | `s,ω)G0(` | `

′
,ω) d`′

=
∫

F (`′
)G0(` | `

′
,ω) d`′ − 2ω2

∫
s0(`

′
) δs(`′

)P (`′ | `s,ω)G0(` | `
′
,ω) d`′

, UkXRkV

[m2 û mK� 2[m�Ï½Q BMi2;`�H +QK P (`′ | `s,ω) /2b+QM?2+B/Q /2 �K#Qb Qb H�/Qb 2 m(`′
) =

2 s0(`
′
) δs(`′

) `2T`2b2Mi�M/Q Q KQ/2HQ /2 `2~2iBpB/�/2bX

h2KQb [m2,

G0 = ω2 s20(`) +∇2

G0 G0(` | `s,ω) = −δ(` − `s)

1 b2M/Q,

F (`,ω) = −W (ω) δ(` − `s)

SQ/2@b2- TQ`i�MiQ- `22b+`2p2` � 2[m�Ï½Q kXRk +QKQ,

∫
G0P (`′ | `s,ω)G0(` | `

′
,ω) d`′

=
∫

F (`′
)G0(` | `

′
,ω) d`′ − ω2

∫
m(`′

)P (`′ | `s,ω)G0(` | `
′
,ω) d`′

, UkXRjV

S`Qbb2;mBM/Q,

∫
−P (`′ | `s,ω) δ(` − `s) d`′

=
∫

−W (ω) δ(` − `s)G0(` | `
′
,ω) d`′ − ω2

∫
m(`′

)P (`′ | `s,ω)G0(` | `
′
,ω) d`′ UkXR9V

� bm#biBimBÏ½Q /�b `2H�ÏǤ2b P0(` | `s,ω) = W (ω)G0(` | `s,ω) 2 P (` | `s,ω) = W (ω)G(` | `s,ω)
`2bmHi� 2K,

−
∫

P (`′ | `s,ω) δ(` − `s) d`′
=

−
∫

P0(` | `
′
,ω) δ(` − `s) d`′ − ω2

∫
m(`′

)W (ω)G(`′ | `s,ω)G0(` | `
′
,ω) d`′ UkXR8V
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�THB+�M/Q � �T`QtBK�Ï½Q /2 "Q`M G(`′ | `s,ω) = G0(`
′ | `s,ω)- i2KQb [m2,

P (` | `s,ω) = P0(` | `s,ω) + ω2

∫
m(`′

)W (ω)G0(`
′ | `s,ω)G0(` | `

′
,ω) d`′

, UkXReV

QM/2 Q i2`KQ BMi2;`�H û Q +QKTQM2Mi2 /2 +�KTQ 2bT�H?�/QX

GQ;Q- �p�HB�M/Q Q +�KTQ �Q HQM;Q /Qb `2+2TiQ`2b Ux = xrV 2 b2M/Q δP (`r | `s,ω) =

P (`r | `s,ω)− P0(`r | `s,ω)- Q#iûK@b2,

δP (`r | `s,ω) = ω2

∫
m(`′

)W (ω)G0(`
′ | `s,ω)G0(` | `

′
,ω) d`′

, UkXRdV

h2M/Q 2K pBbi� [m2 � 2[m�Ï½Q kXRd `2T`2b2Mi� Q T`Q#H2K� /B`2iQ- TQ/2@b2 `22b+`2pā@H�
2K bm� 7Q`K� HBM2�`Bx�/� +QKQ b2;m2,

δP (`r | `s,ω) = L(` | `s, `r | `,ω)m(`) UkXR3V

SQ`i�MiQ- Q QT2`�/Q` /2 KQ/2H�;2K /B`2i� û 2tTHB+Bi�K2Mi2 /�/Q TQ`,

L(` | `s, `r | `,ω) = ω2 W (ω)G0(` | `s,ω)G0(`r | `,ω) , UkXRNV

QM/2 G0(` | `s,ω) û � 7mMÏ½Q /2 :`22M- MQ KQ/2HQ /2 7mM/Q- /� 7QMi2 M� TQbBÏ½Q `s T�`� �
TQbBÏ½Q 2bT�H?�/Q`� `c G0(`r | `,ω) û � 7mMÏ½Q /2 :`22M- MQ KQ/2HQ /2 7mM/Q- /� TQbBÏ½Q
2bT�H?�/Q`� ` T�`� Qb `2+2TiQ`2b 2K `rX

ú TQbbőp2H bmK�`Bx�` � KQ/2H�;2K "Q`M- TQ`i�MiQ- /� b2;mBMi2 7Q`K�,






[
ω2 s20(`) +∇2

]
P0(` | `s,ω) = F (`s,ω)

[
ω2 s20(`) +∇2

]
δP (`r | `s,ω) = ω2 m(`)P0(` | `s,ω)

� T�`iB` /� T`BK2B`� 2[m�Ï½Q Q#iûK@b2 P0 miBHBx�M/Q Q +�KTQ /2 7mM/Q s0(`)- 2 2K
b2;mB/� δP `2bQHp2M/Q@b2 � b2;mM/� 2[m�Ï½Q +QK i2`KQ 7QMi2 /�/Q TQ` ω2 m(`)P0X

�THB+�M/Q Q QT2`�/Q` �/DmMiQ /Q L Q#iB/Q �Mi2`BQ`K2Mi2 U2[m�Ï½Q kXRNV �Qb /�/Qb Q#@
b2`p�/Qb δP = /obs- 2 H2p�M/Q 2K +QMbB/2`�Ï½Q � `2H�Ï½Q /2 `2+BT`Q+B/�/2 /�b 7mMÏǤ2b /2
:`22M- G0(`r | `,ω) = G0(` | `r,ω)- i2KQb,

m(`) = G∗ δP (`r | `s,ω) UkXkyV



_hJ T`û@2KTBH?�K2MiQ MQ /QKőMBQ /� 7`2[māM+B� jN

Zm2 TQ/2 b2` `22b+`Bi� +QKQ,

m(`) = Re




∑

ω

ω2
∑

xs

∑

xr

S`QT�;�Ï½Q /B`2i�︷ ︸︸ ︷
W (ω)G∗

0(` | `s,ω) G∗
0(` | `r,ω) δP (`r | `s,ω)︸ ︷︷ ︸

S`QT�;�Ï½Q `2p2`b�



 UkXkRV

QM/2 ∗ `2T`2b2Mi� Q +QMDm;�/Q i`�MbTQbiQX

1bb� ȹHiBK� 2[m�Ï½Q UkXkRV `2T`2b2Mi� � +QM/BÏ½Q /2 BK�;2K T�`� � KB;`�Ï½Q M� 7`2[māM@
+B�X L2bb2 iBTQ /2 +QM/BÏ½Q � BK�;2K û +QMbi`mő/� � T�`iB` /� KmHiBTHB+�Ï½Q /Q +�KTQ /2
QM/� /� 7QMi2 T`QT�;�/Q /B`2i�K2Mi2 +QK Q +�KTQ /2 QM/� /Q `2+2T2iQ` T`QT�;�/Q `2p2`@
b�K2Mi2- T�`� � K2bK� 7`2[māM+B�- 2 +QK TQbi2`BQ` bQK� /2 iQ/�b �b 7`2[māM+B�b 2 7QMi2bX

kXk 1ti`�TQH�Ï½Q _1J MQ 2b[m2K� ǳQM i?2 ~vǴ

� 2ti`�TQH�Ï½Q _1J �[mB miBHBx�/� û `2+m`bBp� US2bi�M� 2 aiQz�- kyRyV- b2M/Q BKTH2K2Mi�/�
� T�`iB` /� 2[m�Ï½Q RX88- +mDQ /2b2MpQHpBK2MiQ 2bi� /2KQMbi`�/Q M� b2Ï½Q RXkXkX *QM7Q`K2
/Bb+miB/Q- � 2ti`�TQH�Ï½Q MQ i2KTQ miBHBx�M/Q _1J `2+m`bBpQ û 2bi�p2H 2 M½Q �T`2b2Mi�
T`Q#H2K�b `2H�+BQM�/Qb ¨ /BbT2`b½Q MmKû`B+�- b2M/Q K�Bb �i`�iBp�- TQ`i�MiQ- /Q [m2 Qb +Q@
M?2+B/Qb KûiQ/Qb /B72`2MÏ�b@}MBi�b 2 Tb2m/Q@2bT2+i`�HX

*QKQ b2`� miBHBx�/Q �[mB Q _1J T�`� � 2ti`�TQH�Ï½Q MQ i2KTQ- � i`�Mb7Q`K�Ï½Q /Q
+�KTQ /2 QM/� T�`� Q /QKőMBQ /� 7`2[māM+B� b2`� 72Bi� � +�/� T�bbQ MQ i2KTQX Pm b2D�-
+�H+mH�@b2 Qb +�KTQb `272`2Mi2b ¨b T`QT�;�ÏǤ2b /B`2i� 2 `2p2`b� 2K /2i2`KBM�/Q i2KTQ-
`2bT2+iBp�K2Mi2 `2H�+BQM�/�b � 7QMi2b 2 `2+2TiQ`2b- T�`� 2Mi½Q H2p�@HQb T�`� Q /QKőMBQ i`�Mb@
7Q`K�/QX S�`� 7�x2` 2bb� Km/�MÏ� /2 /QKőMBQ û miBHBx�/� �[mB � i`�Mb7Q`K�/� /Bb+`2i� /2
6Qm`B2`- +QKQ b2;m2,

P (`,ω) =
nt−1∑

n=0

eiω n∆t p (`, n∆t), UkXkkV

+QK ∆t Q BMi2`p�HQ /2 �KQbi`�;2K i2KTQ`�H 2 nt Q MȹK2`Q /2 �KQbi`�b MQ i2KTQX

.B72`2Mi2 /� KB;`�Ï½Q _hJ 72Bi� MQ /QKőMBQ /Q i2KTQ- M� [m�H û `2[m2`B/Q Q �`K�@
x2M�K2MiQ 2K /Bb+Q /2 iQ/Qb BMbi�Mi�M2Qb `272`2Mi2b �Q +�KTQ /2 QM/� /� 7QMi2- Qm T2HQ
K2MQb T�`i2 /2H2b U;`�p�Ï½Q /2 ǳ+?2+FTQBMibǴV- MQ 2b[m2K� ǳQM i?2 ~vǴ b½Q 72Bi�b � T`QT�@
;�Ï½Q /B`2i� 2 `2p2`b�- 2K mK ȹMB+Q HQQT i2KTQ`�H- b2K � M2+2bbB/�/2 /2 i2` bB/Q ;`�p�/Q
�Mi2`BQ`K2Mi2 Qb BMbi�Mi�M2Qb `272`2Mi2b ¨b 7QMi2bX P [m2 Q+Q``2 û [m2- i2M/Q bB/Q +�H+mH�/Q
Q Mȹ+H2Q /� i`�Mb7Q`K�/� 7Q`� /Q HQQT MQ i2KTQ U2[m�Ï½Q kXkkV- � +�/� T�bbQ ∆t Qb +�KTQb
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/�b 7QMi2b 2 `2+2TiQ`2b b½Q i`�Mb7Q`K�/Qb T�`� Q /QKőMBQ /� 7`2[māM+B� 2- M2bb2 /QKőMBQ- �
BK�;2K û +QMbi`mő/� �THB+�M/Q � +QM/BÏ½Q /2 BK�;2K Up2` 2[m�Ï½Q kXk9VX

6B;m`� kXk, _2T`2b2Mi�Ï½Q 2b[m2K�iB+� /� i`�Mb7Q`K�/� /2 6Qm`B2` MQ 2b[m2K� ǳQM i?2 ~vǴ

�bbBK- +QM7Q`K2 `2T`2b2Mi�Ï½Q M� 6B;m`� kXk- Qb Mȹ+H2Qb /� i`�Mb7Q`K�/� T`2pB�K2Mi2
+�H+mH�/Qb `2+2#2`½Q T�BMûBb /2 BMbi�Mi�M2Qb 2 T`Q/mxB`½Q pQHmK2b /2 /�/Qb MQ /QKőMBQ
i`�Mb7Q`K�/QX GQ;Q- +�H+mH�/Qb iQ/Qb Qb +QKTQM2Mi2b /� i`�Mb7Q`K�/� /2 6Qm`B2`- b2`�
72Bi� � KmHiBTHB+�Ï½Q /Qb +�KTQb MQ MQpQ /QKőMBQ- � +�/� T�bbQ MQ i2KTQ- +QKQ b2;m2,

Ps(`,ω) · Pr(`,ω) = [Ps,real(`,ω) + i Ps,imag(`,ω)] · [Pr,real(`,ω) + i Pr,imag(`,ω)]
= [Ps,real(`,ω) · Pr,real(`,ω)− Ps,imag(`,ω) · Pr,imag(`,ω)]

+ i [Ps,real(`,ω) · Pr,imag(`,ω) + Ps,imag(`,ω) · Pr,real(`,ω)] UkXkjV

hQK�M/Q � T�`i2 `2�H T�`� +QMbi`mB` � BK�;2K- b2;m2 [m2- � +�/� T�bbQ i2KTQ`�H- i2KQb
[m2,

Re [Ps(`,ω) · Pr(`,ω)] = Ps,real(`,ω) · Pr,real(`,ω)− Ps,imag(`,ω) · Pr,imag(`,ω), UkXk9V

QM/2 Ps(`,ω) û Q +�KTQ /� 7QMi2- Pr(`,ω) û Q +�KTQ /Q `2+2TiQ`- Ps,real(`,ω) û � T�`i2 `2�H
/Q +�KTQ /2 QM/� /� 7QMi2- Ps,imag(`,ω) û � T�`i2 BK�;BM�`B� /Q +�KTQ /2 QM/� /� 7QMi2-
Pr,real(`,ω) û � T�`i2 `2�H /Q +�KTQ /2 QM/� /Q `2+2TiQ` 2 Pr,imag(`,ω) û � T�`i2 BK�;BM�`B�
/Q +�KTQ /2 QM/� /Q `2+2TiQ`X

SQ`i�MiQ- � BK�;2K û /�/� TQ`,

m (`) =
∑

w

Re (Ps · Pr) UkXk8V
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�H;Q`Bi?K R Sb2m/Q@+Ʀ/B;Q _hJ MQ /QKőMBQ /� 7`2[māM+B�
R, _2�/, ∆x,∆z,∆t, nx, nz, nt, fpeak, fmin, fmax, v(`), sismo
k, *�H+mH�i2, R,M, df, nω,ω
j,
9, 7Q` iω = 0, 1, . . . , (nω − 1) /Q
8, ω (iω) = 2 π · (iω · df + fmin)
e, 2M/ 7Q`
d,
3, 7Q` it = 0, 1, . . . , (nt− 1) /Q
N, 7Q` iω = 0, 1, . . . , (nω − 1) /Q

Ry, TDFreal(it, iω) = cos [ω (iω) · it · dt]
RR, TDFimag(it, iω) = sin [ω (iω) · it · dt]
Rk, 2M/ 7Q`
Rj, 2M/ 7Q`
R9,
R8, *�``2;� 7QMi2
Re, 7Q` it = 0, 1, . . . , (nt− 1) /Q
Rd, S`QT�;�, PS, PPS

R3, PS = PS + src(it)
RN, S`QT�;�, PR, PPR

ky, PR = PR + sismo(nt− it− 1)
kR, 7Q` iω = 0, 1, . . . , (nω − 1) /Q
kk, PS,real = PS,real + TDFreal(it, iω) · PPS

kj, PS,imag = PS,imag + TDFimag(it, iω) · PPS

k9, PR,real = PR,real + TDFreal(it, iω) · PPR

k8, PR,imag = PR,imag + TDFimag(it, iω) · PPR

ke, Imgf = Imgf + ω2 (PS,real · PR,real − PS,imag · PR,imag)
kd, 2M/ 7Q`
k3, �im�HBx�Ï½Q /Qb +�KTQb,
kN, AUX = PPS ;PPS = PS ;PS = AUX
jy, AUX = PPR ;PPR = PR ;PR = AUX
jR, 2M/ 7Q`
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1Mi½Q- /2 7Q`K� bmK�`Bx�/� 2 +QM7Q`K2 Q Tb2m/Q@+Ʀ/B;Q R- TQ/2@b2 /2b+`2p2` Q �H;Q@
`BiKQ �[mB �T`2b2Mi�/Q U�M/`�/2- kyRdV- +QKQ b2;m2, BV H2Bim`� /2 T�`�K2i`Qb U/BK2MbǤ2b
/Q KQ/2HQ- �KQbi`�;2K i2KTQ`�H 2 2bT�+B�H- 7`2[māM+B� /2 TB+Q /� 7QMi2- 7`2[māM+B� KőMBK�
2 K�tBK� T�`� � i`�Mb7Q`K�/� /Bb+`2i� /2 6Qm`B2`Vc BBV H2Bim`� /�b 2Mi`�/�b `2[m2`B/�b Up2@
HQ+B/�/2 2 bBbKQ;`�K� /2 iB`QbVc BBBV +�H+mHQ /2 p�`B�p2Bb `2[m2`B/�b T2HQ _1J UR 2 M @ p2`
b2Ï½Q RXkXkVc BpV +�H+mHQ /Q BMi2`p�HQ 2Mi`2 7`2[māM+B�b df - /Q MȹK2`Q /2 7`2[māM+B�b nω 2
;2`�Ï½Q /Q p2iQ` /2 7`2[māM+B�b ωc pV +�H+mHQ /Q Mȹ+H2Q /� i`�Mb7Q`K�/� /Bb+`2i� /2 6Qm`B2`
TDF c pBV +�``2;�K2MiQ /� 7QMi2 srcc pBBV BMB+BQ /Q HQQT i2KTQ`�H 2- /2Mi`Q /Q HQQT- BMD2Ï½Q /�
7QMi2 UMQ +�KTQ /Q i2KTQ T`2b2Mi2 PSV 2 bBbKQ;`�K� Ui�K#ûK MQ +�KTQ /Q i2KTQ T`2b2Mi2
PRV T�`� 7�x2` T`QT�;�Ï½Q /B`2i� 2 `2p2`b�- `2bT2+iBp�K2Mi2- 2 �bbBK Q#i2` PPs U+�KTQ /�
7QMi2 MQ 7mim`QV 2 PPr U+�KTQ /Qb `2+2TiQ`2b MQ T�bb�/QV miBHBx�M/Q _1Jc pBBBV /2Mi`Q /Q
HQQT MQ i2KTQ �#`2@b2 mK HQQT /2 7`2[māM+B� T�`� ;2`�` Qb pQHmK2b BHmbi`�/Qb M� 6B;m`� kXk
2 �THB+�` � +QM/BÏ½Q /2 BK�;2K 2tT`2bb� T2H� 2[m�Ï½Q kXk9c BtV }M�HK2Mi2- �im�HBx�@b2 Qb
+�KTQb T�`� /�` T`Qbb2;mBK2MiQ ¨ T`QT�;�Ï½QX



3
JB;`�Ï½Q /2 /�/Qb bőbKB+Qb TQ`
KőMBKQb [m�/`�/Qb

jXR P K2iƦ/Q /2 KőMBKQb [m�/`�/Qb

� K�BQ`B� /Qb T`Q#H2K�b ;2Q7őbB+Qb TQ/2K b2` i`�Mb7Q`K�/Qb Qm �T`QtBK�/Qb T�`� p2`bǤ2b
HBM2�`2b UJ2MF2- kyR3V- [m2 TQ/2K b2` /2b+`Bi�b T2H� b2;mBMi2 `2H�Ï½Q,

s ? = v, UjXRV

QM/2 v û Q p2iQ` /2 /�/Qb Q#b2`p�/Qb- ? û Q p2iQ` /2 T�`�K2i`Qb /Q KQ/2HQ /2b+QM?2+B/Q 2
s û � K�i`Bx [m2 `2H�+BQM� Q 2bT�ÏQ /Qb /�/Qb +QK Q 2bT�ÏQ /Q KQ/2HQX

.2}MB/� � `2H�Ï½Q K�i2K�iB+� T�`� +QMbi`mÏ½Q /� K�i`Bx s- Qm b2D�- /2}MB/� � ;2QK2i`B�
/Q 2tT2`BK2MiQ- TQ/2@b2 Q#i2` mK p2iQ` /2 /�/Qb +�H+mH�/Qb ṽ 2- +QMb2[m2Mi2K2Mi2- Q p2iQ`
2``Q 2,

2 = v − ṽ

= v − s ?̃, UjXkV

QM/2 2 û Q 2``Q [m2 +QMiûK Q /2bpBQ 2Mi`2 Qb p�HQ`2b Q#b2`p�/Qb 2 +�H+mH�/Qb 2 ?̃ û Q p2iQ`
T�`�K2i`Qb 2biBK�/Qb /Q KQ/2HQ- M½Q M2+2bb�`B�K2Mi2 +Q``2iQb- K�b T`ƦtBKQb /BbbQX

P KûiQ/Q /Qb KőMBKQb [m�/`�/Qb b2 T`QTǤ2 � +�H+mH�` Q p2iQ` T�`�K2i`Qb /Q KQ/2HQ
?̃ T�`� Q [m�H Q bQK�iƦ`BQ /Qb 2H2K2MiQb /Q p2iQ` 2``Q 2- 2H2p�/Qb �Q [m�/`�/Q- û KőMBKQX

9j
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S�`� 2tT`2bb�` 2bb� b2Mi2MÏ� K�i2K�iB+�K2Mi2- Q 2``Q b2`� 2b+`BiQ 2K 7Q`K� K�i`B+B�H- +QKQ
b2;m2,

2 =
[
v s

]



1

−?̃



 UjXjV

SQ/2@b2 BMi`Q/mxB`- TQ`i�MiQ- � /2MQKBM�/� 7Q`K� [m�/`�iB+� Z +QKQ 7mMÏ½Q /Qb T�`�@
K2i`Qb /Q KQ/2HQ,

Z(?̃) = 2T2

=
[
1 −?̃T

]



vT

sT



 [
v s

]



1

−?̃





=
[
1 −?̃T

]



vTv vTs

sTv sTs








1

−?̃



 UjX9V

*QKQ 2bT2`�@b2 +�H+mH�` ?̃ T�`� Q [m�H Z(?̃) û KőMBKQ- TQ/2@b2 Q#i2` �b +?�K�/�b
2[m�ÏǤ2b MQ`K�Bb 7�x2M/Q � b2;mBMi2 KBMBKBx�Ï½Q,

∂Z
∂?̃T = ∇Z = y UjX8V

P [m2 H2p� � mK� 2tT`2bb½Q K�i`B+B�H T�`� Q ;`�/B2Mi2,

∇Z =
[
sTv sTs

]



1

−?̃



 =
[
−# �

]



1

?̃



 = y, UjXeV

+QK # = sTv 2 � = sTs

.2 QM/2 Q#iûK@b2,

sTs ?̃ = sTv UjXdV

1- }M�HK2Mi2- � bQHmÏ½Q KőMBKQb [m�/`�/Qb UJ2MF2- kyR3V,

?̃ = (sTs)−1 sTv UjX3V
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jXRXR JûiQ/Q ;`�/B2Mi2

o�`B�/�b b½Q �b K�M2B`�b /2 `2bQHp2` �b 2[m�ÏǤ2b MQ`K�Bb 2tT`2bb�b T2H� 2[m�Ï½Q jXdX lK�
/2H�b û Q KûiQ/Q ;`�/B2Mi2- 2 T�`� 2Mi2M/ā@HQ 7�Ï�@b2 s ?̃ = ṽ bQ#`2@/2i2`KBM�/Q UJ2MF2-
kyR3VX �bbBK- iQK�M/Q �b 2[m�ÏǤ2b MQ`K�Bb- TQ/2@b2 2b+`2p2`,

� ?̃ = # UjXNV

GQ;Q- � 7Q`K� [m�/`�iB+� }+� U*H�2`#Qmi 2 6QK2H- kyRkV,

Z(?̃) =
[
1 ?̃T

]



vTv −#T

−# �








1

?̃



 UjXRyV

6�x2M/Q- TQ`i�MiQ- Qb T`Q/miQb K�i`B+B�Bb M� 7Q`K� [m�/`�iB+� 2 H2K#`�M/Q [m2 #T ?̃ =

(#T ?̃)T = ?̃T#- Q#iûK@b2,

Z(?̃) = vTv − 2 ?̃T# + ?̃T� ?̃, UjXRRV

[m2 M�/� K�Bb û [m2 � 2[m�Ï½Q /2 mK T�`�#QHƦB/2X

S�`� `2/mxB` � 7Q`K� [m�/`�iB+� jXRR ¨ 2[m�Ï½Q /2 mK� T�`�#QH�- miBHBx�@b2 Q b2;mBMi2
`2H�+BQM�K2MiQ Bi2`�iBpQ,

?̃j+1 = ?̃j + αpj, UjXRkV

[m2 2tT`2bb� Q 7�iQ /2 [m2 Q p2iQ` T�`�K2i`Qb /Q KQ/2HQ M� 2i�T� TQbi2`BQ` û B;m�H �Q p2iQ`
T�`�K2i`Qb /Q KQ/2HQ M� 2i�T� �Mi2`BQ` �+`2b+B/Q /2 mK T�bbQ α M� /B`2Ï½Q /Q p2iQ` �mtBHB�`
pjX

SQ`i�MiQ- TQ/2@b2 2b+`2p2` Q ?̃ Bi2`�iBpQ M� 7Q`K� K�i`B+B�H +QKQ b2;m2,




1

?̃j+1



 =




1 0

?̃j pj








1

α



 UjXRjV

am#biBimBM/Q � 2[m�Ï½Q K�i`B+B�H jXRj M� 7Q`K� [m�/`�iB+� /� 2[m�Ï½Q jXRy- Q#iûK@b2,

Z(α) =
[
1 α

]



1 ?̃j

0 pj








vTv −#T

−# �








1 0

?̃j pj








1

α



 UjXR9V
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�bbBK- /2b2MpQHp2M/Q Qb T`Q/miQb K�i`B+B�Bb M� 2[m�Ï½Q jXR9- TQ/2@b2 2b+`2p2` � 2[m�Ï½Q
T�`�#ƦHB+� 2K α +QKQ b2;m2,

Z(α) =
[
1 α

]



Z(?̃j) ;T

j pj

pT
j ;j pT

j �pj








1

α



 UjXR8V

+QK ;j = −# + � ?jX

.2b2MpQHp2M/Q Qb T`Q/miQb K�i`B+B�Bb /� 2[m�Ï½Q jXR8 2 +�H+mH�M/Q Q ;`�/B2Mi2 +QK
`2H�Ï½Q � α- i2K@b2,

dZ(α)

dα
= ∇Z(α) = 2

[
pT
j ;j pT

j �pj

]



1

α



 UjXReV

6BM�HK2Mi2- KBMBKBx�M/Q- Q KőMBKQ /� T�`�#QH� Z(α) +QMiB/� MQ T�`�#QHƦB/2 Z(?̃) MQ
T�bbQ α Up2` 6B;m`� jXRV û /�/Q TQ`,

Min{Z(α)} = Z(α∗) +QK α∗ = −
pT
j ;j

pT
j �pj

UjXRdV

GQ;Q- TQ/2@b2 `2+Q``2` ¨ `2H�Ï½Q HBM2�` Bi2`�iBp� U2[m�Ï½Q jXRkV T�`� �im�HBx�` Q KQ/2HQ
T�`� Q [m�H � 7Q`K� [m�/`�iB+� û KőMBK� Up2` Tb2m/Q@+Ʀ/B;Q kV,

?̃j+1 = ?̃j −
pT
j ;j

pT
j �pj

pj UjXR3V

6B;m`� jXR, JûiQ/Q ;`�/B2Mi2 MQ [m�H Q p2iQ` �mtBHB�` pj û Q ;`�/B2Mi2 ;j 2- ¨ K2/B/� [m2
�b Bi2`�ÏǤ2b Q+Q``2K- Q `2bmHi�/Q i2M/2 ¨ bQHmÏ½Q KőMBKQb [m�/`�/Qb U?̃j+1 → ?MQVX
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�H;Q`Bi?K k Sb2m/Q@+Ʀ/B;Q /Q KûiQ/Q ;`�/B2Mi2
R, ?0 BMB+B�H �`#Bi`�`BQ
k, ;0 = −# + �?0

j, p0 = ;0 + p2iQ` �mtBHB�` B;m�H �Q p2iQ` ;`�/B2Mi2
9, r?BH2 j < niter /Q
8, α∗ = − pT

j ;j

pT
j �pj

e, ?̃j+1 = ?̃j + αpj

d, ;̃j+1 = −# + �?j+1

3, pj+1 = ;j+1

N, 2M/ r?BH2

jXRXk JûiQ/Q +QMDm;�/Q ;`�/B2Mi2

P KûiQ/Q +QMDm;�/Q ;`�/B2Mi2- Q`B;BM�HK2Mi2 T`QTQbiQ TQ` >2bi2M2b 2 aiB272H URN8kV- TQ/2
b2` /2b2MpQHpB/Q � T�`iB` /� 2[m�Ï½Q T�`�#ƦHB+� 2K α U2[m�Ï½Q jXR8V 2 bm� KBMBKBx�Ï½Q
U2[m�Ï½Q jXReV- �K#�b �T`2b2Mi�/�b �Mi2`BQ`K2Mi2X GQ;Q- TQ/2@b2 2b+`2p2`,

Min{Z(α)} = Z(αMQ) =
[
Z(?̃j) ;T

j pj

]



1

αMQ



 UjXRNV

�bbBK- i2K@b2 � b2;mBMi2 7Q`K� +QKT�+i�,




Z(?̃j) ;T

j pj

pT
j ;j pT

j �pj








1

αMQ



 =




Min{Z(α)}

0



 =




Z(?̃j+1)

0



 UjXkyV

.� 7Q`K� +QKT�+i� TQ/2@b2 7�x2` Q b2;mBMi2 /2b2MpQHpBK2MiQ,

Z(?̃j+1) = Z(?̃j) + α ;T
j pj

= Z(?̃j)−
(;T

j pj)2

pT
j �pj

UjXkRV

P [m2 BKTHB+� 2K,

∆Z = Z(?̃j)− Z(?̃j+1) =
(;T

j pj)2

pT
j �pj

UjXkkV

� T�`iB` /� 2[m�Ï½Q jXkk- � B/ûB� û K�tBKBx�` ∆ZX Pm b2D�- /BKBMmB` Q 2``Q [m�/`�iB+Q
MQ T�bbQ TQbi2`BQ` � mK p�HQ` KőMBKQX S�`� BbbQ- TQ/2@b2 bBKTH2bK2Mi2 KBMBKBx�` Q /2MQ@
KBM�/Q` MQ H�/Q /B`2BiQ /� 2[m�Ï½Q jXkkX �bbBK- M2bi2 TQMiQ- i2M/Q /BbTQMőp2Bb ;j+1 2 pj-
miBHBx�@b2 M� 7Q`K� [m�/`�iB+� Z(p) = pT�p Q b2;mBMi2 `2H�+BQM�K2MiQ HBM2�`,
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pj+1 = ;j+1 + β pj =
[
;j+1 pj

]



1

β



 UjXkjV

am#biBimBM/Q Q `2H�+BQM�K2MiQ HBM2�` /� 2[m�Ï½Q jXkj M� `272`B/� 7Q`K� [m�/`�iB+�- b2;m2
[m2,

Z(β) =
[
1 β

]



;T
j+1

pT
j



�
[
;j+1 pj

]



1

β





=
[
1 β

]



;T
j+1�;j+1 ;T

j+1�pj

pT
j �;j+1 pT

j �pj








1

β



 UjXk9V

.2b2MpQHp2M/Q Qb T`Q/miQb K�i`Bx@p2iQ` /� 2[m�Ï½Q jXk9 2 7�x2M/Q � KBMBKBx�Ï½Q +QK
`2H�Ï½Q � β- Q#i2K@b2,

dZ(β)

dβ
= ∇Z(β) = 2pT

j �;j+1 + 2β pT
j �pj = y UjXk8V

SQ`i�MiQ,

β∗ = −
pT
j �;j+1

pT
j �pj

Qm �BM/�, β∗ = −
TT
j ;j+1

pT
j Tj

, UjXkeV

QM/2 Tj = �pj

�bbBK- i2K@b2 Q Tb2m/Q@+Ʀ/B;Q j T�`� Q KûiQ/Q +QMDm;�/Q ;`�/B2Mi2,

�H;Q`Bi?K j Sb2m/Q@+Ʀ/B;Q /Q KûiQ/Q +QMDm;�/Q ;`�/B2Mi2
R, ?0 BMB+B�H �`#Bi`�`BQ
k, ;0 = −# + �?0

j, p0 = ;0 + p2iQ` �mtBHB�` B;m�H �Q p2iQ` ;`�/B2Mi2
9, r?BH2 j < niter /Q
8, Tj = �pj

e, α∗ = − pT
j ;j

pT
j �pj

d, ?̃j+1 = ?̃j + αpj

3, ;̃j+1 = −# + �?j+1 = ;j + αTj

N, β∗ = −TT
j ;j+1

pT
j Tj

+ +QMDm;�/Q ;`�/B2Mi2
Ry, pj+1 = ;j+1 + βpj + +QMDm;�/Q ;`�/B2Mi2
RR, 2M/ r?BH2



JB;`�Ï½Q /2 /�/Qb bőbKB+Qb TQ` KőMBKQb [m�/`�/Qb 9N

jXk JB;`�Ï½Q _hJ Bi2`�iBp� TQ` KőMBKQb [m�/`�/Qb

*QM7Q`K2 /2b2MpQHpBK2MiQ K�i2K�iB+Q �T`2b2Mi�/Q M� b2Ï½Q kXR Up2` 2[m�ÏǤ2b kXR3 2 kXRNV-
pā@b2 [m2 T`Q#H2K�b ;2Q7őbB+Qb TQ/2K b2` i`�Mb7Q`K�/Qb Qm �T`QtBK�/Qb T�`� p2`bǤ2b HBM2@
�`2b- TQ/2M/Q b2` /2b+`BiQb T2H� b2;mBMi2 `2H�Ï½Q,

/obs = G Ktrue UjXkdV

QM/2 /obs b½Q Qb /�/Qb Q#b2`p�/Qb- Ktrue û Q KQ/2HQ p2`/�/2B`Q /2b+QM?2+B/Q 2 G û � K�i`Bx
[m2 `2H�+BQM� Q 2bT�ÏQ /Q KQ/2HQ +QK Q 2bT�ÏQ /Qb /�/Qb 2 `2T`2b2Mi� Q QT2`�/Q` "Q`M /2
KQ/2H�;2K /B`2i�X

a2;mM/Q *H�2`#Qmi 2 6QK2H UkyRkV- Q QT2`�/Q` /2 KB;`�Ï½Q TQ/2 b2` `2T`2b2Mi�/Q +QKQ
b2M/Q Q �/DmMiQ /Q QT2`�/Q` /2 KQ/2H�;2K Up2` 2[m�ÏǤ2b kXky 2 kXkRVX SQ`i�MiQ- TQ/2@b2
`2T`2b2Mi�` � KB;`�Ï½Q _hJ +QKQ b2;m2,

m(`) = GT /obs, UjXk3V

QM/2 m(`) `2T`2b2Mi� Q `2bmHi�/Q /� KB;`�Ï½Q _hJ +QMp2M+BQM�H 2 GT û Q QT2`�/Q` /2
KB;`�Ï½Q Up2` 2[m�ÏǤ2b kXky 2 kXkRVX

hm/Q 2bi�`B� `2bQHpB/Q BKTH2K2Mi�M/Q � 2[m�Ï½Q jXk3 b2 Q `2bmHi�/Q /� KB;`�Ï½Q +QMp2M@
+BQM�H 7Qbb2 2[mBp�H2Mi2 �Q KQ/2HQ /2 `2~2iBpB/�/2b 2K bm#bmT2`7ő+B2X J�b- +QKQ M½Q û 2bb2
Q +�bQ- û M2+2bb�`BQ b2;mB` �/B�Mi2 MQ i`�i�K2MiQ /Qb `2bmHi�/Qb Q#iB/QbX �}M�H- /� 2[m�Ï½Q
jXkd TQ/2@b2 BM72`B` [m2 Q KQ/2HQ /2 `2~2iBpB/�/2b p2`/�/2B`Q b2`B� `2+mT2`�/Q 2t�i�K2Mi2
�THB+�M/Q � BMp2`b� /Q QT2`�/Q` /2 KQ/2H�;2K G �Qb /�/Qb Q#b2`p�/Qb /obsX *QMim/Q- 2K
b2 i`�i�M/Q /2 KB;`�Ï½Q +QMp2M+BQM�H- �THB+�@b2 Q �/DmMiQ /2 G +QM7Q`K2 2tT`2bbQ TQ` jXk3X
GQ;Q- � [m�HB/�/2 /2bb2 iBTQ /2 KB;`�Ï½Q û �72i�/� TQ`[m2 Q QT2`�/Q` �/DmMiQ M½Q �T`QtBK�
2t�i�K2Mi2 Q QT2`�/Q` BMp2`bQ UCQM 6 *H�2`#Qmi- RNNkVX S�`� pBbm�HBx�` 2K mK� `2T`2b2M@
i�Ï½Q /2 2[m�Ï½Q K�i`B+B�H 2bi2 7�iQ- bm#biBim2@b2 � 2[m�Ï½Q jXkd 2K jXk3 2- T�`� 272BiQ /2
bBKTHB}+�Ï½Q M� `2T`2b2Mi�Ï½Q- 7�x@b2 m(`) = K1 +QKQ b2;m2,

K1 = GT /obs

= GT G Ktrue

= > Ktrue, UjXkNV

QM/2 > û � K�i`Bx >2bbB�M�X
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AMi2`T`2i�@b2 � >2bbB�M� M� 2[m�Ï½Q jXkN +QKQ b2M/Q mK QT2`�/Q` /2 ǳ/2b7Q+�HBx�Ï½QǴ
�im�M/Q bQ#`2 � `2~2iBpB/�/2 p2`/�/2B`�X SQ`i�MiQ- TQ/2@b2 �}`K�` [m2 � KB;`�Ï½Q +QM@
p2M+BQM�H M½Q û +�T�x /2 `2+mT2`�` Q KQ/2HQ /2 `2~2iBpB/�/2b p2`/�/2B`Q- i2M/Q 2K pBbi�
[m2 Q [m2 b2 Q#iûK- +QKQ `2bmHi�/Q /� �THB+�Ï½Q /Q QT2`�/Q` �/DmMiQ- û � `2~2iBpB/�/2 p2`@
/�/2B`� ǳ/2b7Q+�/�ǴX �bbBK- T�`� i2Mi�` Q#i2` mK `2bmHi�/Q K�Bb T`ƦtBKQ /� `2~2iBpB/�/2
p2`/�/2B`�- û �THB+�/� � �#Q`/�;2K /2 KőMBKQb [m�/`�/Qb �T`2b2Mi�/� M� b2Ï½Q jXRX

S�`� i�MiQ- /2}M2@b2 Q 2``Q 2 +QKQ,

2 = G K − /obs, UjXjyV

QM/2 2 û Q p2iQ` 2``Q [m2 +QMiûK Q /2bpBQ 2Mi`2 Qb /�/Qb +�H+mH�/Qb 2 Q#b2`p�/Qb- 2 K û
Q KQ/2HQ /2 `2~2iBpB/�/2b [m2 b2 2bT2`� Q#i2`X L½Q M2+2bb�`B�K2Mi2 +Q``2iQ- K�b T`ƦtBKQ
/BbbQX

1 � 7Q`K� [m�/`�iB+�- M2bb� b2Ï½Q /2MQKBM�/� 7mMÏ½Q +mbiQ- +QKQ b2;m2,

ΦLS(K) = ||GK − /obs ||22
= || 2 ||22

=






[
∑

i

|ei|2
] 1

2






2

=
∑

i

|ei|2

= 2T 2, UjXjRV

QM/2 �b #�``�b p2`iB+�Bb || • ||22 `2T`2b2Mi�K � MQ`K� L2 2H2p�/� �Q [m�/`�/Q 2- +QMb2[m2M@
i2K2Mi2- � 7mMÏ½Q +mbiQ ΦLS(K) Q bQK�iƦ`BQ /Qb 2``Qb [m�/`�iB+QbX

am#biBimBM/Q jXjy 2K jXjR- Q#iûK@b2,

ΦLS(K) = (GK − /)T (GK − /)
= KTGTGK − 2KTGT/ + /T/, UjXjkV

QM/2 / = /obs

SQ/2@b2 KBMBKBx�`- TQ`i�MiQ- � 7mMÏ½Q +mbiQ 2tT`2bb� TQ` jXjk 2 Q#i2` Qb T�`�K2i`Qb /Q
KQ/2HQ T�`� Qb [m�Bb Q 2``Q û KőMBKQ MQ +QMi2tiQ +H�bbB+Q /2 KőMBKQb [m�/`�/Qb,
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∂ΦLS(K)

∂KT
= 2GTGK − 2GT/
= y UjXjjV

P [m2 BKTHB+� M� b2;mBMi2 bQHmÏ½Q,

Ktrue ≈ K =
[
GTG

]−1 GT/
= >−1 K1, UjXj9V

QM/2 K û � bQHmÏ½Q KőMBKQb [m�/`�/Qb 2 >−1 û � BMp2`b� /� K�i`Bx >2bbB�M�X

� 2[m�Ï½Q jXj9 KQbi`� [m2 � BK�;2K KB;`�/� +QMp2M+BQM�HK2Mi2 K1 TQ/2 b2` 7Q+�HBx�/�
TQ` mK� #Q� 2biBK�iBp� /� BMp2`b� /� K�i`Bx >2bbB�M� >−1- Q [m2 û +�`Q +QKTmi�+BQM�H@
K2Mi2X �bbBK- TQ/2@b2 Q#i2` � bQHmÏ½Q KőMBKQb [m�/`�/Qb �i`�pûb /2 �H;Q`BiKQb Bi2`�iBpQb-
+QKQ bi22T2bi /2b+2Mi 2 +QMDm;�/Q ;`�/B2Mi2 UL2K2i?- qm 2 a+?mbi2`- RNNNVX �THB+�M/Q
Q KûiQ/Q bi22T2bi /2b+2Mi- 2[mBp�H2Mi2 �Q KûiQ/Q ;`�/B2Mi2 �T`2b2Mi�/Q �Mi2`BQ`K2Mi2 M�
b2Ï½Q jXR- T�`� [m2 Q KQ/2HQ b2D� �im�HBx�/Q /2 7Q`K� � ;�`�MiB` � KBMBKBx�Ï½Q /Q `2bő/mQ
U2[m�Ï½Q jXjyV- TQ/2@b2 +�KBM?�` M� /B`2Ï½Q /Q M2;�iBpQ /Q ;`�/B2Mi2X GQ;Q- Q KQ/2HQ /2p2
b2` �im�HBx�/Q /2 �+Q`/Q +QK � b2;mBMi2 `2H�Ï½Q Bi2`�iBp�,

Kk+1 = Kk − αk ;k

= Kk − αk GT 2k UjXj8V

QM/2 α û Q T�bbQ 2K +�/� Bi2`�Ï½Q 2 Q ;`�/B2Mi2 û � KB;`�Ï½Q +QMp2M+BQM�H /Q `2bő/mQ Up2`
2[m�Ï½Q jXjjVX

.� 2[m�Ï½Q jXj8 TQ/2@b2 BM72`B` [m2 Q KQ/2HQ M� 2i�T� TQbi2`BQ` Kk+1 û B;m�H �Q KQ/2HQ
M� 2i�T� �Mi2`BQ` Kk �+`2b+B/Q /2 mK T�bbQ α M� /B`2Ï½Q QTQbi� �Q ;`�/B2Mi2- b2M/Q 2bi�
� +�`�+i2`őbiB+� T`BM+BT�H /Q bi22T2bi /2b+2MiX S�`� +�H+mH�` � K�;MBim/2 /Q T�bbQ � +�/�
Bi2`�Ï½Q- û M2+2bb�`BQ `2/mxB` � 2[m�Ï½Q /Q T�`�#QHƦB/2 U2tT`2bbQ TQ` jXjkV ¨ 2[m�Ï½Q /2
mK� T�`�#QH� 2K α T�`� TQbi2`BQ` #mb+� /Q KőMBKQ 2 +QMb2[m2Mi2 /2i2`KBM�Ï½Q /Q T�bbQX
�bbBK- K�Bb mK� p2x- /2 7Q`K� �M�HQ;� �Q �T`2b2Mi�/Q M� b2Ï½Q jXR- /2p2@b2 bm#biBimB` �
`2H�Ï½Q Bi2`�iBp� jXj8 M� 7mMÏ½Q +mbiQ jXjk T�`� 2Mi½Q KBMBKBx�@H� +QKQ b2;m2,

∂ΦLS(α)

∂α
= −2;T

k ;k + 2α ;T
k GT G ;k

= y, UjXjeV
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6BM�HK2Mi2- Q#iûK@b2 Q T�bbQ α,

αk =
;T
k ;k

(G;k)
T (G;k)

UjXjdV

�/2K�Bb- T�`� �p�HB�` � `2H�Ï½Q 2Mi`2 Qb ;`�/B2Mi2b � +�/� Bi2`�Ï½Q- b2D� Q ;`�/B2Mi2 M�
2i�T� TQbi2`BQ` k + 1 /�/Q TQ`,

;k+1 = GT 2k+1

= GT (G Kk+1 − /) UjXj3V

�bbBK- bm#biBimBM/Q � 2[m�Ï½Q jXj8 2K jXj3- Q#iûK@b2,

;k+1 = GTGKk+1 − GT/
= GTG (Kk − αk ;k)− GT/
= GTGKk − αkGTG;k − GT/
= GT (GKk − /)− αkGTG;k

= ;k − αkGTG;k UjXjNV

P [m2 H2p� �,

;k = ;k+1 + αkGTG;k UjX9yV

am#biBimBM/Q jX9y 2K jXje- i2K@b2 [m2,

− ;T
k

(
;k+1 + αkGTG;k

)
+ α ;T

k GT G ;k = 0 UjX9RV

P [m2 `2bmHi� 2K,

;T
k ;k = 0 UjX9kV

SQ`i�MiQ- � 2[m�Ï½Q jX9k KQbi`� [m2 Q ;`�/B2Mi2 M� Bi2`�Ï½Q �Mi2`BQ` û T2`T2M/B+mH�` �Q
;`�/B2Mi2 M� Bi2`�Ï½Q TQbi2`BQ`X h�H 7�iQ iQ`M� Q KûiQ/Q Bi2`�iBpQ mb�M/Q bi22T2bi /2b+2Mi
�[mB �T`2b2Mi�/Q H2MiQ- i2M/Q 2K pBbi� [m2 � Bi2`�Ï½Q b2;mBMi2 #mb+�`� Q KőMBKQ M� /B`2Ï½Q
T2`T2M/B+mH�` ¨ �Mi2`BQ`- +�`�+i2`Bx�M/Q mK T2`+m`bQ /2 ǳxB;@x�;ǴX Pm b2D�- � #mb+� T2HQ
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KőMBKQ b2 /� 2K i`�D2iƦ`B� /2MiBH?�/� 2 M½Q 2K T2`+m`bQ bm�p2 Qm +QK TQm+Qb T�bbQb �iû Q
/2biBMQ }M�H [m2 û Q KőMBKQ /� 7mMÏ½Q +mbiQ jXjRX

SQ/2@b2 �bbBK /2}MB` Qb b2;mBMi2b T�bbQb T�`� � `2�HBx�Ï½Q /� KB;`�Ï½Q _hJ TQ` KőMBKQb
[m�/`�/Qb +QK �#Q`/�;2K Bi2`�iBp� Up2` ~mtQ;`�K� @ 6B;m`� jXkV,

RX :2`�Ï½Q /2 /�/Q Q#b2`p�/Q /obs miBHBx�M/Q KQ/2H�;2K "Q`Mc

kX JQ/2HQ BMB+B�H K1 Q#iB/Q +QK KB;`�Ï½Q _hJ +QMp2M+BQM�Hc

jX JQ/2H�;2K "Q`M T�`� ;2`�Ï½Q /2 /�/Q +�H+mH�/Q /calc = GKkc

9X *�H+mHQ /Q `2bő/mQ 2k = GKk − /obsc

8X *�H+mHQ /Q ;`�/B2Mi2 ;k = GT2kc

eX *�H+mHQ /Q T�bbQ α =
;T
k ;k

(G;k)
T (G;k)

c

dX �im�HBx�Ï½Q /Q KQ/2HQ Kk+1 = Kk − αk ;kc

3X oQHi� T�`� � i2`+2B`� 2i�T� 2 `2T2i2 Q T`Q+2bbQ �iû mK� [m�MiB/�/2 T`2pB�K2Mi2 /2@
i2`KBM�/� /2 Bi2`�ÏǤ2bX

6B;m`� jXk, _2T`2b2Mi�Ï½Q 2b[m2K�iB+� /Q ~mtQ;`�K� /2 KB;`�Ï½Q `2p2`b� MQ i2KTQ Bi2`�@
iBp� TQ` KőMBKQb [m�/`�/QbX
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jXj JB;`�Ï½Q _hJ KőMBKQb [m�/`�/Qb MQ /QKőMBQ /�
BK�;2K miBHBx�M/Q }Hi`Q /2 7Q`K�

*QM7Q`K2 pBbiQ �Mi2`BQ`K2Mi2 U2[m�Ï½Q jXj9V- T�`� 7Q+�HBx�` � BK�;2K KB;`�/� +QMp2M+BQ@
M�HK2Mi2 GT/ ǳ#Q``�/�Ǵ T2H� >2bbB�M�- /2p2@b2 �THB+�` � 2bb2 `2bmHi�/Q /� KB;`�Ï½Q �H;mK�
2biBK�iBp� �/2[m�/� /� BMp2`b� /� K�i`Bx >2bbB�M�- i2M/Q 2K pBbi� [m2 bm� /2i2`KBM�Ï½Q
2t�i� û BMpB�p2H +QKTmi�+BQM�HK2Mi2X L2bb2 b2MiB/Q- :mBiiQM UkyRdV T`QTƬb 2biBK�` � BMp2`b�
/� >2bbB�M� +QK }Hi`Qb /2 7Q`K� M½Q@2bi�+BQM�`BQb HQ+�Bb 2pBi�M/Q@b2 7�x2` mK� /2KB;`�Ï½Q
2 mK� KB;`�Ï½Q � +�/� Bi2`�Ï½Q- +QKQ MQ GaJ +QMp2M+BQM�H MQ /QKőMBQ /Q /�/Q U6B;m`�
jXkVX S�`� 2Mi2M/2` � �#Q`/�;2K T`QTQbi�- `2iQK�@b2 � KB;`�Ï½Q +QMp2M+BQM�H U2[m�Ï½Q
jXkNV- b2;mB/� /2 /2KB;`�Ï½Q UKQ/2H�;2K "Q`MV- +QKQ b2;m2,

K1 = GT/obs

/1 = G K1

*QK 2bb2 `2bmHi�/Q TQ/2@b2 7�x2` MQp� KB;`�Ï½Q +QMp2M+BQM�H- Q#i2M/Q �bbBK � b2;mBMi2
`2H�Ï½Q,

K2 = GT/1

= GT (G K1)

= > K1 , UjX9jV

QM/2 /1 = G K1 û � /2KB;`�Ï½Q /Q `2bmHi�/Q /� T`BK2B`� KB;`�Ï½Q +QMp2M+BQM�H K1- 2
K2 = GT/1 û � KB;`�Ï½Q +QMp2M+BQM�H /Q /�/Q /2KB;`�/QX Pm b2D�- /� 2[m�Ï½Q jX9j TQ/2@
b2 �}`K�` [m2 K2 2bi� T�`� K1 �bbBK +QKQ K1 2bi� T�`� Ktrue- +QM7Q`K2 pBbiQ M� 2[m�Ï½Q
jXkNX

�bbBK- +QM?2+B/Qb K1 2 K2- `2bQHp2M/Q Q b2;mBMi2 T`Q#H2K� /2 KBMBKBx�Ï½Q /2 7mMÏ½Q
+mbiQ U2X;X :mBiiQM- kyy9- kyRdV,

Φ(6inv) = ||K2 ∗ 6inv − K1 ||22, UjX99V

QM/2 6inv ≈ >−1 û Q }Hi`Q [m2 KBMBKBx� Q `2bő/mQ (K2 ∗ 6inv − K1)X

P }Hi`Q 6inv +�H+mH�/Q /2p2 TQbi2`BQ`K2Mi2 b2` �THB+�/Q � K1- H2p�M/Q ¨ Q#i2MÏ½Q /2
�H;Q K�Bb T`ƦtBKQ /� `2~2iBpB/�/2 T`Q+m`�/�- +QM7Q`K2 bm;2`2 � 2[m�Ï½Q jXkNX .2bb� 7Q`K�-
Q#iûK@b2 mK� #Q� �T`QtBK�Ï½Q /� bQHmÏ½Q KőMBKQb [m�/`�/Qb 2tT`2bb� T2H� 2[m�Ï½Q jXj9
Up2` ~mtQ;`�K� @ 6B;m`� jXjVX h�H 7�iQ iQ`M� �i`�iBp� 2bb2 iBTQ /2 �#Q`/�;2K- b2 +QKT�`�/�
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¨ �#Q`/�;2K Bi2`�iBp� �T`2b2Mi�/� M� b2Ï½Q jXk- [m2 � +�/� Bi2`�Ï½Q 7�x mK� KB;`�Ï½Q _hJ
2 mK� KQ/2H�;2K "Q`MX

6B;m`� jXj, _2T`2b2Mi�Ï½Q 2b[m2K�iB+� /Q ~mtQ;`�K� /2 KB;`�Ï½Q `2p2`b� MQ i2KTQ TQ`
KőMBKQb [m�/`�/Qb miBHBx�M/Q }Hi`Q /2 7Q`K�X

lK� Qmi`� �#Q`/�;2K 2K /m�b 2i�T�b i�K#ûK b2`� miBHBx�/� �[mB U2X;X GBT�`B 2i �HX-
kyRNc aQM; :mQ 2 >m�x?QM; q�M;- kyRNVX L� T`BK2B`� 2i�T� û 72Bi� mK� 2biBK�iBp� /�
>2bbB�M� T`QT`B�K2Mi2- T�`� 2Mi½Q b2` 2biBK�/� � `2~2iBpB/�/2 T`Q+m`�/�X GQ;Q b½Q /QBb
T`Q#H2K�b /2 KBMBKBx�Ï½Q- +QKQ b2;m2,

Φ(6) = ||K1 ∗ 6 − K2 ||22, UjX98V

Φ(K) = ||K ∗ 6 − K1 ||22, UjX9eV

QM/2 6 ≈ > 2 K ≈ KtrueX

L2bb2 2b[m2K� 2K /QBb T�bbQb- T`BK2B`Q 2biBK�@b2 mK }Hi`Q 6 [m2 KBMBKBx� Q `2bő/mQ
(K1∗6−K2)X 1bb2 }Hi`Q- i2M/Q 2K pBbi� Q [m2 2tT`2bb� � 2[m�Ï½Q jX9j û mK� �T`QtBK�Ï½Q /�
K�i`Bx >2bbB�M�X h�H �T`QtBK�Ï½Q b2`� miBHBx�/�- TQ`i�MiQ- +QKQ 2Mi`�/� T�`� mK b2;mM/Q
T`Q#H2K� /2 KBMBKBx�Ï½Q MQ [m�H #mb+�@b2 2biBK�` K [m2- #�b2�/Q MQ [m2 2tT`2bb� jXkN-
û mK� �T`QtBK�Ï½Q /� bQHmÏ½Q KőMBKQb [m�/`�/Qb T`Q+m`�/�X a2;mM/Q aX :mQ 2 >X q�M;
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UkyRNV- 2biBK�` mK }Hi`Q BMp2`bQ [m2 KBMBKBx� Q `2bő/mQ (K2 ∗ 6inv − K1) û mK T`Q#H2K�
K�H TQbiQ- i2M/Q 2K pBbi� [m2 M2bb2 2b[m2K� i2Mi�@b2 �T`QtBK�` /�/Qb +QK mK +QMi2ȹ/Q /2
7`2[māM+B� 2 `2bQHmÏ½Q K2MQ`2b � /�/Qb +mDQ +QMi2ȹ/Q /2 7`2[māM+B� 2 `2bQHmÏ½Q b½Q K�BQ`2bX
P [m2 7�x +QK [m2 Q }Hi`Q [m2 �T`QtBK� � BMp2`b� /� >2bbB�M� Q#iB/Q M2bb2 2b[m2K� 2K mK
T�bbQ U:mBiiQM- kyRdV T2`+� 2K +�T�+B/�/2X

SQ/2@b2- i�K#ûK- �BM/� M� �#Q`/�;2K 2K /QBb T�bbQb- BMb2`B` MQ b2;mM/Q T�bbQ U2[m�Ï½Q
jX9eV mK� `2bi`BÏ½Q T�`� ;�`�MiB` 2bT�`bB/�/2 ¨ bQHmÏ½Q- �mK2Mi�M/Q `2bQHmÏ½Q 2 �i2Mm�M/Q
`mő/Q- +QKQ b2;m2,

Φ(K) = ||K ∗ 6 − K1 ||22 + λ ||K||1, UjX9dV

QM/2 Q b2;mM/Q i2`KQ û miBHBx�/Q T�`� T2M�HBx�` bQHmÏǤ2b M½Q@2bT�`b�b 2 λ û mK� +QMbi�Mi2
miBHBx�/� T�`� 2[mBHB#`�` Q T2bQ /Qb /QBb i2`KQbX

S�`� `2bQHp2` Q T`Q#H2K� /2 KBMBKBx�Ï½Q 2tT`2bbQ T2H� 2[m�Ï½Q jX9d- b2`� miBHBx�/Q Q
�H;Q`BiKQ 6Aah� U6�bi Ai2`�iBp2 a?`BMF�;2@h?`2b?QH/BM; �H;Q`Bi?KV T`QTQbiQ TQ` "2+F 2
h2#QmHH2 UkyyNVX L2bi2 i`�#�H?Q- �/�TiQm@b2 Q T�bbQ � T�bbQ �T`2b2Mi�/Q TQ` S2`2x- o2HBb 2
a�++?B UkyRkV +QKQ b2;m2,

RX .2i2`KBM�Ï½Q /2 α K2/B�Mi2 +�H+mHQ /Q K�tBKQ �miQp�HQ` /� K�i`Bx 6T 6 Up2` K�i`Bx
+QMbi`mő/� T�`� � `2T`2b2Mi�Ï½Q /� +QMpQHmÏ½Q +QKQ T`Q/miQ K�i`Bx@p2iQ` MQ +�TőimHQ
9Vc

kX .2}MB` x1 = K0 2 t1 = 1.0- +QK K0 b2M/Q mK� bQHmÏ½Q BMB+B�Hc

jX _2�HBx�Ï½Q /�b b2;mBMi2b QT2`�ÏǤ2b /2Mi`Q /Q HQQT /2 Bi2`�ÏǤ2b 6Aah�,

UBV
Kk = Tλ / 2α

[
xk −

1

α
6T (6 xk − K1)

]
,

QM/2 Tβ û /2}MB/� +QKQ,

Tβ(y) =






y

(
1− β

|y|

)
se |y| ≥ β

0 se |y| < β

UBBV

tk+1 =
1 +

√
1 + 4 t2k
2



JB;`�Ï½Q /2 /�/Qb bőbKB+Qb TQ` KőMBKQb [m�/`�/Qb 8d

UBBBV
xk+1 = Kk +

tk−1

tk+1
(Kk − Kk−1)

UBpV �p�HB� +QMp2`;āM+B� 2fQm 7Q`Ï� T�`�/�X



4
J2iQ/QHQ;B�

*QM7Q`K2 pBbiQ M� b2Ï½Q jXk /Q +�TőimHQ j- � BMp2`b� /� K�i`Bx >2bbB�M� û mK QT2`�/Q` /2
7Q+�HBx�Ï½Q /� BK�;2 KB;`�/�- +QKQ b2;m2,

Ktrue = >−1 K1,

QM/2 >−1 û � BMp2`b� /� K�i`Bx >2bbB�M� 2 K1 û Q `2bmHi�/Q /� KB;`�Ï½Q +QMp2M+BQM�HX

�BM/� +QM7Q`K2 pBbiQ �Mi2`BQ`K2Mi2- � KB;`�Ï½Q TQ` KőMBKQb [m�/`�/Qb i2Mi� �T`QtBK�`
� BMp2`b� /� >2bbB�M� /2 7Q`K� Bi2`�iBp� i2M/Q 2K pBbi� [m2 +�H+mH�` /2 7Q`K� 2t�i� � `272`B/�
K�i`Bx BMp2`b� û BMpB�p2H /2pB/Q �Q �HiQ +mbiQ +QKTmi�+BQM�H [m2 2bb� i�`27� /2K�M/�`B�X
1bb2 iBTQ /2 �#Q`/�;2K Bi2`�iBp� i�K#ûK 2MpQHp2 mK �HiQ +mbiQ +QKTmi�+BQM�H- mK� p2x
[m2 û M2+2bb�`BQ /2KB;`�` 2 KB;`�` Qb /�/Qb � +�/� Bi2`�Ï½Q Up2` ~mtQ;`�K� @ 6B;m`� jXkVX
�bbBK- M2bi2 i`�#�H?Q- 7Q`�K miBHBx�/Qb }Hi`Qb +QMpQHmiBpQb M½Q@2bi�+BQM�`BQb T�`� �T`QtBK�`
� BMp2`b� /� K�i`Bx >2bbB�M� >−1X

*QM7Q`K2 pBbiQ MQ +�TőimHQ j- b2Ï½Q jXj- T�`� 2biBK�iBp� /2bb2 iBTQ /2 }Hi`Q- iB`�@b2
T`Qp2BiQ /Q 7�iQ /2 [m2 /2KB;`�` 2 `2KB;`�` Q `2bmHi�/Q /� KB;`�Ï½Q +QMp2M+BQM�H K1- H2p�
� b2;mBMi2 `2H�Ï½Q,

K1 = >−1 K2,

QM/2 >−1 û � BMp2`b� /� K�i`Bx >2bbB�M� 2 K2 û Q `2bmHi�/Q /� /2KB;`�Ï½Q /2 K1 2 TQbi2`BQ`
KB;`�Ï½Q +QMp2M+BQM�HX

Pm b2D�- MQi�@b2 /2bi2 ȹHiBKQ T�` /2 2[m�ÏǤ2b [m2 K2 2bi� T�`� K1 �bbBK +QKQ K1 2bi�
T�`� KtrueX �bbBK- MmK� �#Q`/�;2K 2K mK T�bbQ- TQ/2@b2 Q#i2` Q `272`B/Q }Hi`Q +QMpQHmiBpQ
[m2 �T`QtBK� � BMp2`b� /� K�i`Bx >2bbB�M�- `2bQHp2M/Q Q T`Q#H2K� /2 KBMBKBx�Ï½Q /� 7mMÏ½Q
+mbiQ- �T`2b2Mi�/Q M� 2[m�Ï½Q jX99X �bbBK- Q }Hi`Q Q#iB/Q /2bi� K�M2B`� /2p2 b2` �THB+�/Q ¨

83
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BK�;2K KB;`�/� +QMp2M+BQM�HK2Mi2 T�`� Q#i2` � bQHmÏ½Q TQ` KőMBKQb [m�/`�/Qb MQ /QKőMBQ
/� BK�;2K +QKQ b2;m2,

K = 6inv ∗ K1. U9XRV

QM/2 K û � bQHmÏ½Q KőMBKQb [m�/`�/QbX

S`Q+2/BK2MiQ �M�HQ;Q û 72BiQ MmK� �#Q`/�;2K 2K /QBb T�bbQb- +QMim/Q- �Q BMpûb /2
2biBK�` mK }Hi`Q [m2 �T`QtBK� � BMp2`b� /� >2bbB�M�- 2biBK�@b2 MQ T`BK2B`Q T�bbQ mK }Hi`Q
[m2 �T`QtBK� � >2bbB�M� T`QT`B�K2Mi2X 62BiQ BbbQ- Qm b2D�- +QM?2+B/Q Q }Hi`Q [m2 �T`QtBK�
Q 272BiQ /� K�i`Bx >2bbB�M� bQ#`2 � BK�;2K- MQ b2;mM/Q T�bbQ 2biBK�@b2 � bQHmÏ½Q KőMBKQb
[m�/`�/Qb KX _2bb�Hi�@b2 [m2- M2bb2 iBTQ /2 �#Q`/�;2K- � BK�;2K }M�H û `2bmHi�/Q /�
`2bQHmÏ½Q /Q b2;mM/Q T`Q#H2K� /2 KBMBKBx�Ï½Q- 7�iQ 2bb2 D� /Bb+miB/Q MQ +�TőimHQ j Up2`
2[m�ÏǤ2b jX98 2 jX9eVX

�bbBK- T�`� +�H+mH�` 2bb2b }Hi`Qb +QMpQHm+BQM�Bb- 7Q`�K M2+2bb�`B�b �b b2;mBMi2b 2i�T�b,

RX :2`�Ï½Q /2 K1 miBHBx�M/Q KB;`�Ï½Q _hJ +QMp2M+BQM�Hc

kX :2`�Ï½Q /2 K2 Q#iB/Q +QK /2KB;`�Ï½Q UKQ/2H�;2K "Q`MV /2 K1 2 TQbi2`BQ` KB;`�Ï½Q
+QMp2M+BQM�H /2bi2 /�/Q /2KB;`�/Qc

jX LQ`K�HBx�Ï½Q T2H� K�tBK� �KTHBim/2c

9X C�M2H�K2MiQ /�b BK�;2Mb KB;`�/� 2 `2KB;`�/� K1 2 K2- `2bT2+iBp�K2Mi2c

8X o2iQ`Bx�Ï½Q /�b BK�;2Mb D�M2H�/�b T�`� `2bQHmÏ½Q /Qb T`Q#H2K�b /2 KBKBx�Ï½Q 2tT`2b@
bQb T2H�b 2[m�ÏǤ2b jX99- jX98- jX9e 2 jX9dc

eX *�H+mHQ /Qb }Hi`Qb miBHBx�M/Q +QMDm;�/Q ;`�/B2Mi2 Up2` �H;Q`BiKQ jVc

dX �THB+�Ï½Q /Q }Hi`Q 2 +QMb2[m2Mi2 Q#i2MÏ½Q /2 BK�;2K KőMBKQb [m�/`�/Qb T�`� Q
T`Q+2/BK2MiQ 2K mK T�bbQc

3X _2+mT2`�Ï½Q /� BK�;2K KőMBKQb [m�/`�/Qb MQ T`Q+2/BK2MiQ 2K /QBb T�bbQbU2[m�Ï½Q
jX9eV 2 MQ +QMi2tiQ /� miBHBx�Ï½Q /Q �H;Q`BiKQ 6Aah� Up2` 2[m�Ï½Q jX9d 2 2i�T�b /Q
6Aah�Vc

NX _2+QMbi`mÏ½Q /�b BK�;2Mb }M�Bb � T�`iB` /�b D�M2H�bX

.2Mi`2 2bb�b 2i�T�b- +QMpûK /2i�H?�` � K�M2B`� +QKQ 7QB 72BiQ Q D�M2H�K2MiQ 2 � p2iQ`B@
x�Ï½Q- 2i�T�b +`m+B�Bb T�`� � ;2`�Ï½Q /Qb `2bmHi�/Qb �T`2b2Mi�/Qb MQ T`ƦtBKQ +�TőimHQX LQ



J2iQ/QHQ;B� ey

[m2 b2 `272`2 �Q D�M2H�K2MiQ- 7Q`�K 72Bi�b D�M2H�b [m�/`�/�b +QK bQ#`2TQbBÏ½Q /2 K2i�/2 /Q
i�K�M?Q /� D�M2H� M�b /m�b /B`2ÏǤ2b- ?Q`BxQMi�H 2 p2`iB+�HX Pm b2D�- /2}MB/� � /BK2Mb½Q /�
D�M2H� M� /B`2Ï½Q x +QKQ dimx 2 M� /B`2Ï½Q z +QKQ dimz- +QK dimx = dimz- û miBHBx�/Q
mK 7�iQ` /2 /2bHBx�K2MiQ /2 i�K�M?Q dimx

2 = dimz
2 U6B;m`� 9XRVX

6B;m`� 9XR, _2T`2b2Mi�Ï½Q BHmbi`�iBp� /2 D�M2H�K2MiQ /� BK�;2K K1 /Q KQ/2HQ J�`KQX

� T�`iB` /2bb�b D�M2H�b 7Q`�K ;2`�/Qb p2iQ`2b T�`� b2`2K miBHBx�/Qb +QKQ 2Mi`�/� MQ
�H;Q`BiKQ +QMDm;�/Q ;`�/B2Mi2 /2 7Q`K� [m2 Qb }Hi`Qb Tm/2bb2K b2` +�H+mH�/Qb D�M2H� � D�M2H�-
BKTQM/Q �bbBK � +�`�+i2`őbiB+� /2 M½Q@2bi�+BQM�`B/�/2X Pm b2D�- +QKQ Q }Hi`Q T`Q+m`�/Q û
p�`B�p2H 2bT�+B�HK2Mi2- M½Q û TQbbőp2H Q#i2` mK }Hi`Q ȹMB+Q T�`� iQ/� � BK�;2KX GQ;Q- 7�x@
b2 Q +�H+mHQ /Q K2bKQ D�M2H� � D�M2H� miBHBx�M/Q +QMDm;�/Q ;`�/B2Mi2 2 i2M/Q +QKQ 2Mi`�/�
�b BK�;2Mb Q`BmM/�b /�b D�M2H�b �TƦb p2iQ`Bx�Ï½QX S�`� BbbQ miBHBxQm@b2 Q +QM+2BiQ /2 p2iQ`
�#bi`�iQ �T`2b2Mi�/Q TQ` *H�2`#Qmi 2 6QK2H UkyRkV b2;mM/Q Q [m�H- 2K �M�HBb2 /2 bBM�H- Q
p2iQ` TQ/2 +QMi2` iQ/Qb Qb 2H2K2MiQb /2 +�/� bBM�H T`2+2/2M/Q Q T`ƦtBKQX h�H 7�iQ iQ`M�
TQbbőp2H [m2- [m�M/Q b2 i`�i� /2 T`Q+2bb�K2MiQ /2 BK�;2Mb- mK p2iQ` +QMi2M?� mK� BK�;2K
BMi2B`�- [m2 û mK� HBbi� /2 bBM�Bb U6B;m`� 9XkVX

Pmi`� [m2bi½Q � b2` K2M+BQM�/� û � K�M2B`� +QKQ 7QB BKTH2K2Mi�/� � +QMpQHmÏ½Q T`2@
b2Mi2 2K iQ/�b �b 2[m�ÏǤ2b /2 KBMBKBx�Ï½Q �[mB /Bb+miB/�bX LQ �H;Q`BiKQ 2K mK T�bbQ
U2[m�Ï½Q jX99V- TQ` 2t2KTHQ- � +QMpQHmÏ½Q 2Mi`2 Q }Hi`Q � b2` 2biBK�/Q 2 � BK�;2K `2KB@
;`�/� p2iQ`Bx�/� K2 7QB BKTH2K2Mi�/� 2K 7Q`K� /2 T`Q/miQ K�i`Bx@p2iQ` +QKQ b2;m2,



J2iQ/QHQ;B� eR

6B;m`� 9Xk, _2T`2b2Mi�Ï½Q BHmbi`�iBp� /2 p2iQ`Bx�Ï½QX

6inv∗K2 = Kcalc
1 =





mcalc
1,1

mcalc
1,2

mcalc
1,3

XXX

mcalc
1,n

mcalc
1,n+1

mcalc
1,n+2

XXX

mcalc
1,m+n−1





=





m2,1 0 0 · · · 0

m2,2 m2,1 0 · · · 0

m2,3 m2,2 m2,1 · · · 0

XXX XXX XXX X X X XXX

m2,n m2,n−1 m2,n−2 · · · 0

0 m2,n m2,n−1 · · · 0

0 0 m2,n · · · 0

XXX XXX XXX X X X XXX

0 0 0 · · · m2,1









Finv,1

Finv,2

Finv,3

XXX

Finv,m

0

0

XXX

0





= J2 6inv,

U9XkV
QM/2 J2 û mK� K�i`Bx +QMbi`mő/� +QK Q /2bHQ+�K2MiQ p2iB+�H T�`� #�BtQ /Qb 2H2K2MiQb /�
BK�;2K p2iQ`Bx�/� K2- m û Q MȹK2`Q /2 2H2K2MiQb /Q }Hi`Q 2 n û Q MmK2`Q /2 2H2K2MiQb
/� `272`B/� BK�;2K p2iQ`Bx�/�X

6BM�HK2Mi2- `2bb�Hi�@b2 [m2 � `2+QMbi`mÏ½Q /� BK�;2K � T�`iB` /�b D�M2H�b 7QB `2�HBx�/�
K2/B�Mi2 �THB+�Ï½Q /2 T2bQb M�b `2;BǤ2b bQ#`2TQbi�b 2 TQbi2`BQ` bQK� /�b `272`B/�b D�M2H�bX
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_2bmHi�/Qb 2 /Bb+mbb½Q

L2bi2 +�TőimHQ b2`½Q �T`2b2Mi�/Qb Qb `2bmHi�/Qb /2 KB;`�ÏǤ2b +QMp2M+BQM�Bb MQb /QKőMBQb /Q
i2KTQ 2 7`2[māM+B�- +QM7Q`K2 /Bb+miB/Q MQb +�TőimHQb R 2 kX 1bb2b `2bmHi�/Qb b2`½Q miBHBx�/Qb
+QKQ 2Mi`�/� T�`� Q 2b[m2K� /2 +QMbi`mÏ½Q /Qb }Hi`Qb +QMpQHmiBpQb 2tT`2bbQb T2H�b 2[m�ÏǤ2b
jX99 � jX9e- `2bmHi�/Qb 2bb2b [m2 b2 2bT2`� K2H?Q`�`X

�HûK /�b BK�;2Mb- i�K#ûK b2`½Q �M�HBb�/Qb T2`}b /2 i`�ÏQb KB;`�/Qb T�`� +QKT�`�Ï½Q
+QK �[m2H2b Q`BmM/Qb /� `2~2iBpB/�/2 T`QT`B�K2Mi2X 1bT2`�@b2 [m2 [m�MiQ K�Bb T`ƦtBK� �
BK�;2K 7Q` /� `2~2iBpB/�/2- K�Bb T`ƦtBKQb Qb T2`}b `2bmHi�Mi2b /Qb /Bp2`bQb `2bmHi�/Qb /2
KB;`�Ï½Q �[mB �T`2b2Mi�/Qb b2`½Q /� K2bK�X

Pb `2bmHi�/Qb �+BK� `272`B/Qb 7Q`�K ;2`�/Qb miBHBx�M/Q Qb KQ/2HQb J�`KQmbB 2 SHmiQX

8XR JQ/2HQ J�`KQmbB

P J�`KQmbB û #2K `2T`2b2Mi�iBpQ /2 bBim�ÏǤ2b /2 ;2QHQ;B� +QK ;`�m /2 +QKTH2tB/�/2 �Hi�X
P KQ/2HQ TQbbmB KmBi�b 7�H?�b /2 �HiQ K2`;mH?Q 2 BMi`mbǤ2b +QK p2HQ+B/�/2b #�bi�Mi2 �Hi�b
U6B;m`� 8XRVX .�/Qb bőbKB+Qb ;2`�/Qb � T�`iB` /2bi2 KQ/2HQ b½Q- TQ`i�MiQ- KmBiQ ȹi2Bb T�`�
i2bi2b /2 KûiQ/Qb /2 KB;`�Ï½Q /2 /�/Qb bőbKB+QbX P J�`KQmbB Q`B;BM�H TQbbmB 751 �KQbi`�b
M� /B`2Ï½Q p2`iB+�H 2bT�Ï�/�b /2 4m 2 2301 �KQbi`�b M� /B`2Ï½Q ?Q`BxQMi�H 2bT�Ï�/�b i�K#ûK
/2 4m- TQbbmBM/Q TQ`i�MiQ 3 km /2 T`Q7mM/B/�/2 2 9.2 km /2 +QKT`BK2MiQX liBHBxQm@b2 �[mB
Q J�`KQmbB /2+BK�/Q T�`� dx = 25m 2 dz = 8m- +QK 375 �KQbi`�b M� /B`2Ï½Q p2`iB+�H
2 369 �KQbi`�b M� /B`2Ï½Q ?Q`BxQMi�H- K�Mi2M/Q �bbBK � T`Q7mM/B/�/2 2 Q +QKT`BK2MiQ /Q
KQ/2HQ Q`B;BM�HX

ek



_2bmHi�/Qb 2 /Bb+mbb½Q ej

Pb /�/Qb 7Q`�K ;2`�/Qb +QK KQ/2H�;2K "Q`M miBHBx�M/Q mK� p2`b½Q bm�pBx�/� /Q KQ@
/2HQ J�`KQmbB U6B;m`� 8XkV 2 � `2~2iBpB/�/2 U6B;m`� 8XjVX � ;2QK2i`B� miBHBx�/� M� KQ/2@
H�;2K 7QB p�`B�p2H, jeN iB`Qb- b2M/Q Q T`BK2B`Q TQbB+BQM�/Q M� 2ti`2K�@2b[m2`/� /Q KQ/2HQ-
+QK RRk +�M�Bb 2bT�H?�/Qb ¨ /B`2Bi� /� TQbBÏ½Q /� 7QMi2 2 +QK /Bbi�M+B�K2MiQ 2Mi`2 bB /2
25m U6B;m`� 8X9�VX � /Bbi�M+B� 2Mi`2 iB`Qb i�K#ûK /2 25m 2 +QK �mK2MiQ /Q MȹK2`Q /2
+�M�Bb ¨ K2/B/� [m2 Qb iB`Qb p½Q b2M/Q ;2`�/Qb T�`� TQbBÏǤ2b 2K /B`2Ï½Q ¨ /B`2Bi� /Q KQ/2HQX
.2 7Q`K� [m2 MQ K2BQ /Q KQ/2HQ � ;2QK2i`B� /2 �[mBbBÏ½Q û /Q iBTQ bTHBi@bT`2�/ +QK 224

+�M�Bb U6B;m`� 8X9#V 2 MQ }M�H- MQ ȹHiBKQ iB`Q- i2`� MQp�K2Mi2 112 +�M�Bb TQbB+BQM�/Qb ¨
2b[m2`/� /� TQbBÏ½Q /� 7QMi2 U6B;m`� 8X9+VX P i2KTQ /2 `2;Bbi`Q û /2 3.5 s +QK BMi2`p�HQ /2
�KQbi`�;2K dt = 0.004 s 2 � 7QMi2 miBHBx�/� TQbbmB 20Hz /2 7`2[māM+B� /2 TB+QX

6B;m`� 8XR, *�KTQ /2 p2HQ+B/�/2b /Q KQ/2HQ J�`KQmbBX

6B;m`� 8Xk, *�KTQ /2 p2HQ+B/�/2b bm�p2 /Q KQ/2HQ J�`KQmbBX
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6B;m`� 8Xj, _2~2ipB/�/2b /Q KQ/2HQ J�`KQmbBX

U�V U#V U+V

6B;m`� 8X9, hB`Qb MQ KQ/2HQ J�`KQmbBc U�V T`BK2B`Q iB`Q- U#V iB`Q +2Mi`�H 2 U+V ȹHiBKQ iB`QX

S�`� � KB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ U6B;m`� 8X8V 7Q`�K miBHBx�/Qb iQ/Qb Qb iB`Qb
/Q H2p�Mi�K2MiQ ;`�p�M/Q iQ/Qb Qb BMbi�Mi�M2Qb /� 7QMi2- b2K miBHBx�` � 2bi`�iû;B� /2 +?2+F
TQBMib K2M+BQM�/� �Mi2`BQ`K2Mi2X S�`� � KB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� 7Q`�K
miBHBx�/�b 141 7`2[māM+B�b- mK� p2x [m2 Q BMi2`p�HQ 2Mi`2 7`2[māM+B�b miBHBx�/Q û df = 1

nt·dt 2 �
7`2[māM+B� K�tBK� miBHBx�/� 7QB fmax = 40HzX � BKTHB+�Ï½Q BK2/B�i� /2bi2 7�iQ û [m2 +�/�
BMbi�Mi�M2Q /2 /BK2Mb½Q nx×nz ;2`�`� [m�i`Q +m#Qb /2 /�/Qb +QK /BK2MbǤ2b nx×nz×141-
+QM7Q`K2 `2T`2b2Mi�Ï½Q 2b[m2K�iB+� M� 6B;m`� kXkX AbbQ i2`� �H;mK BKT�+iQ MQ i2KTQ /2
2t2+mÏ½Q /Q �H;Q`BiKQ 2K +QMi`�T�`iB/� �Q 7�iQ /2 M½Q T`2+Bb�` ;`�p�` Qb BMbi�Mi�M2Qb-
i2M/Q 2K pBbi� [m2 iQ/Q Q T`Q+2bbQ b2 /� 2K HQQT ȹMB+Q Up2` �H;Q`BiKQ RVX P `2bmHi�/Q /�
KB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� û �T`2b2Mi�/� M� 6B;m`� 8Xe 2 �T`2b2Mi� mK K2H?Q`
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/2HBM2�K2MiQ /Qb `2~2iQ`2b 2 K2H?Q` /Bbi`B#mBÏ½Q /2 �KTHBim/2b �Q HQM;Q /� b2Ï½QX *QKQ Q
Q#D2iBpQ �[mB û 2M+QMi`�` mK� BK�;2K Q K2H?Q` TQbbőp2H 2K i2`KQb /2 [m�HB/�/2 T�`� b2`
miBHBx�/� +QKQ 2Mi`�/� MQ T`Q+2bbQ /2 2biBK�iBp� /Qb }Hi`Qb +QMpQHmiBpQb [m2 pB`½Q � b2;mB`-
Qb /QBb `2bmHi�/Qb b2`½Q H2p�/Qb �/B�Mi2 T�`� TQbi2`BQ` +QKT�`�Ï½Q 2K i2`KQb /2 K2H?Q`
2biBK�iBp�b /Qb }Hi`Qb /Bb+miB/Qb MQ +�TőimHQ j- b2Ï½Q jXjX

6B;m`� 8X8, JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ @ KQ/2HQ J�`KQX

6B;m`� 8Xe, JB;`�Ï½Q _hJ MQ /QKőMBQ /Q 7`2[māM+B� @ KQ/2HQ J�`KQX
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S�`� �THB+�Ï½Q /� K2iQ/QHQ;B� �[mB �T`2b2Mi�/� û M2+2bb�`BQ [m2 b2D� 72Bi� /2KB;`�Ï½Q
/Qb `2bmHi�/Qb Q#iB/Qb U6B;m`�b 8X8 2 8XeV 2 TQbi2`BQ` `2KB;`�Ï½Q 2 +QMb2[m2Mi2 Q#i2MÏ½Q
/Q [m2 �[mB û /2MQKBM�/Q /2 K2 U6B;m`� jXjVX � T�`iB` /2bb2 TQMiQ- i2K@b2 Qb 2H2K2MiQb
M2+2bb�`BQb T�`�- +QM?2+2M/Q � `2H�Ï½Q 2tT`2bb� T2H� 2[m�Ï½Q jX9j- `2bQHp2` Qb T`Q#H2K�b
/2 KBMBKBx�Ï½Q 2tT`2bbQb T2H� 2[m�Ï½Q jX99 U�H;Q`BiKQ 2K R T�bbQV 2 T2HQ T�` /2 2[m�ÏǤ2b
jX98 2 jX9e U�H;Q`BiKQ 2K /QBb T�bbQbVX S�`� +QMbi`mÏ½Q /Qb }Hi`Qb 7QB miBHBx�/Q Q �H;Q`BiKQ
+QMDm;�/Q@;`�/B2Mi2 Up2` Tb2m/Q@+Ʀ/B;Q jV 2- +QK pBbi�b ¨ M½Q@2bi�+BQM�`B/�/2 /Qb }Hi`Qb-
72x@b2 M2+2bb�`B� � +QMbi`mÏ½Q /2 D�M2H�b [m2 T2`+Q``2K �b BK�;2Mb U6B;m`�b 8X8 2 8XeV T�`�
2biBK�@HQb HQ+�HK2Mi2- i�MiQ M� �#Q`/�;2K 2K /QBb T�bbQb +QKQ M� �#Q`/�;2K 2K mK T�bbQX
�b D�M2H�b miBHBx�/�b �[mB b½Q /2 i�K�M?Q 31×31 +QK b�HiQ /2 15 �KQbi`�b 2K �K#�b �b /B@
`2ÏǤ2bX �/2K�Bb- miBHBxQm@b2 Q +QM+2BiQ /2 p2iQ` �#bi`�iQ �T`2b2Mi�/Q TQ` *H�2`#Qmi 2 6QK2H
UkyRkV b2;mM/Q Q [m�H- 2K �M�HBb2 /2 bBM�H- Q p2iQ` TQ/2 +QMi2` iQ/Qb Qb 2H2K2MiQb /2 +�/�
bBM�H T`2+2/2M/Q Q T`ƦtBKQX h�H 7�iQ iQ`M� TQbbőp2H [m2- [m�M/Q b2 i`�i� /2 T`Q+2bb�K2MiQ
/2 BK�;2Mb- mK p2iQ` +QMi2M?� mK� BK�;2K BMi2B`�- [m2 û mK� HBbi� /2 bBM�BbX

SQ`i�MiQ- +QK2Ï�M/Q +QK Q �H;Q`BiKQ 2K /QBb T�bbQb- � T`BK2B`� 2i�T� û 2biBK�` mK
}Hi`Q MmK� �#Q`/�;2K KőMBKQb [m�/`�/Qb [m2 b2D� mK� �T`QtBK�Ï½Q- 2K i2`KQb /2 272BiQ
bQ#`2 Q /�/Q- /� >2bbB�M� T`QT`B�K2Mi2 2 M½Q /2 bm� BMp2`b�- +QM7Q`K2 2tT`2bb� � 2[m�Ï½Q
jX98X 1biBK�/Qb Qb }Hi`Qb- T�`� +QMi`QH2 /2 [m�HB/�/2- 7Q`�K �M�HBb�/Qb Q `2bmHi�/Q /� �THB@
+�Ï½Q M�b D�M2H�b K2/B�Mi2 `2+QMbi`mÏ½Q /�b BK�;2Mb +�H+mH�/�b U6B;m`�b 8Xd 2 8XNVX LQi�@b2
[m2 Q Kcalc

2 b2 �T`QtBK� /2 7Q`K� b�iBb7�iƦ`B� /Q K2 p2`/�/2B`Q- `2bmHi�Mi2 /� /2KB;`�Ï½Q
2 `2KB;`�Ï½Q K2M+BQM�/�b �Mi2`BQ`K2Mi2X �HûK /BbbQ- T�`� �mK2Mi�` � +QM}�#BHB/�/2 /2bb�
�M�HBb2- 7Q`�K miBHBx�/�b /m�b Kûi`B+�b /2 K2/B/� /2 bBKBH�`B/�/2, 2M2`;B� /Q 2``Q 2 T2`7Q`@
K�M+2X � 2M2`;B� /Q 2``Q û +�H+mH�/� 7�x2M/Q � bQK� /Q [m�/`�/Q /� /B72`2MÏ� 2Mi`2 Kcalc

2

2 K2 � +�/� Bi2`�Ï½Q- 2M[m�MiQ � T2`7Q`K�M+2 û +�H+mH�/� miBHBx�M/Q � b2;mBMi2 2[m�Ï½Q,

p = 1−
∑

n [K1 ∗ 6 − K2 ]
2

∑
n [K2 ]

2 , U8XRV

QM/2 6 û Q }Hi`Q 2biBK�/Q M� D�M2H�- miBHBx�M/Q +QMDm;�/Q ;`�/B2Mi2- 2 n û � [m�MiB/�/2 /2
�KQbi`�b /2Mi`Q /� D�M2H�X

L� b2;mM/� 2i�T� /Q �H;Q`BiKQ 2K /QBb T�bbQb miBHBx�@b2 Q }Hi`Q +�H+mH�/Q M� 2i�T�
�Mi2`BQ`- +QKQ 2Mi`�/� T�`� Q b2;mM/Q T`Q#H2K� /2 KBMBKBx�Ï½Q U2[m�Ï½Q jX9eV- 2 +�H+mH�@b2
mK� 2biBK�iBp� /� `2~2iBpB/�/2 U6B;m`�b 8XRR � 8XR9VX �HûK /BbbQ- 7QB 72Bi� � BKTH2K2Mi�Ï½Q
/Q �H;Q`BiKQ 6Aah� T�`� Q b2;mM/Q T`Q#H2K� /2 KBMBKBx�Ï½Q- `2T`2b2Mi�/Q T2H� 2[m�Ï½Q
jX9d- 2 [m2 i�K#ûK miBHBx� +QKQ 2Mi`�/� Q }Hi`Q 2biBK�/Q M� 2bi�T� �Mi2`BQ` U6B;m`�b 8XR8
2 8XReVX L2bb�b BK�;2Mb b½Q �T`2b2Mi�/Qb Qb `2bmHi�/Qb i�MiQ T�`� Q +�bQ MQ [m�H � 2Mi`�/�
T�`� Q T`Q+2bbQ û � KB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QKQ � KB;`�Ï½Q _hJ MQ /QKőMBQ
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/� 7`2[māM+B�- �K#�b KQbi`�/�b �Mi2`BQ`K2Mi2X

J2/B�Mi2 �M�HBb2 /�b BK�;2Mb MQi�@b2 [m2 Qb `2bmHi�/Qb /� miBHBx�Ï½Q /Q }Hi`Q +QMpQHmiBpQ
b½Q KmBiQ T`ƦtBKQb i�MiQ [m�M/Q û miHBx�/� � KB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QKQ
2Mi`�/� T�`� Q T`Q+2bbQ- +QKQ [m�M/Q miBHBx�@b2 � KB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B�
U6B;m`�b 8XRk 2 8XR9VX LQi�@b2 i�K#ûK [m2 �mK2Mi�` Q MȹK2`Q /2 Bi2`�ÏǤ2b i`Qmt2 ;�M?Q
bm#bi�M+B�H �Q `2bmHi�/Q- +QKQ pBbiQ K2/B�Mi2 +QKT�`�Ï½Q /� 6B;m`� 8XRR +QK 8XRk 2 /� 6B@
;m`� 8XRj +QK 8XR9X �/2K�Bb- MQi�@b2 [m2 Qb `2bmHi�/Qb Q`BmM/Qb /� miBHBx�Ï½Q /Q �H;Q`BiKQ
6Aah� U6B;m`�b 8XR8 2 8XReV b½Q b�iBb7�iƦ`BQb MQ b2MiB/Q /2 �mK2Mi�` � `2bQHmÏ½Q H�i2`�H 2
p2`iB+�H 2 �i2Mm�` `mő/Qb pBbiQb MQb `2bmHi�/Qb Q#iB/Qb b2K BKTQ` � `2bi`BÏ½Q /2 2bT�`bB/�/2
pBbi� M� 2[m�Ï½Q jX9dX SQ` }K- `2bb�Hi�@b2 [m2 Q �H;Q`BiKQ 2K /QBb T�bbQb �T`2b2MiQm `2@
bmHi�/Qb K2H?Q`2b 2K i2`KQb /2 [m�HB/�/2- +QK K2H?Q` /2HBM2�K2MiQ /Qb `2~2iQ`2b 2 K�BQ`
T`2b2`p�Ï½Q /2 2p2MiQb /2 K2`;mH?Q �HiQ- b2 +QKT�`�/Q �Q �H;Q`BiKQ 2K mK T�bbQ U6B;m`�b
8XRk 2 8XRdVX o�H2 `2bb�Hi�`- 2Mi`2i�MiQ- [m2 iQ/Qb Qb `2bmHi�/Qb /2 �THB+�Ï½Q /Q }Hi`Q +QM@
pQHmiBpQ M½Q@2bi�+BQM�`BQ 7Q`�K b�iBb7�iƦ`BQb MQ [m2 b2 `272`2 ¨ +QKT2Mb�Ï½Q /2 BHmKBM�Ï½Q
b2 +QKT�`�/Qb +QK Qb `2bmHi�/Qb Q#iB/Qb 7�x2M/Q KB;`�Ï½Q _hJ +QMp2M+BQM�H- i�MiQ MQ
/QKőMBQ /Q i2KTQ +QKQ MQ /QKőMBQ /� 7`2[māM+B�X

SQ/2@b2 i�K#ûK 7�x2` �M�HBb2 /2 T2`}H +QKT�`�M/Q Qb i`�ÏQb KB;`�/Qb +QK � `2~2iBpB@
/�/2 p2`/�/2B`�X L2bb2 iBTQ /2 �M�HBb2 û TQbbőp2H p2`B}+�` � [m�HB/�/2 /�b BK�;2Mb �T`2b2M@
i�/�b �Mi2`BQ`K2Mi2 /2 7Q`K� K�Bb [m�MiBi�iBp�- i2M/Q 2K pBbi� [m2 Q Q#D2iBpQ û Q#i2` mK
i`�ÏQ KB;`�/Q Q K�Bb T`ƦtBKQ TQbbőp2H /� `2~2iBpB/�/2X P#b2`p�M/Q Qb `2bmHi�/Qb MQi�@b2
[m2 � +QMbi`mÏ½Q /Qb }Hi`Qb +QMpQHmiBpQb M½Q@2bi�+BQM�`BQb- ¨ T�`iB` /Q `2bmHi�/Q /� KB;`�Ï½Q
_hJ MQ /QKőMBQ /Q i2KTQ- �T`2b2Mi� #QK `2bmHi�/Q [m�M/Q Q i`�ÏQ KB;`�/Q û +QKT�`�/Q
+QK � `2~2iBpB/�/2 p2`/�/2B`�X P K2bKQ Q+Q``2M/Q [m�M/Q b2 miBHBx� +QKQ 2Mi`�/� Q `2@
bmHi�/Q /� KB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B�X *QKQ +QMb2[māM+B�- TQ/2@b2 �}`K�`
[m2 �K#Qb �T`2b2Mi�K ;`�M/2 +QKT�iB#BHB/�/2 +QK � `272`B/� `2~2iBpB/�/2 U6B;m`�b 8Xky 2
8XRNVX h�H 7�iQ /2KQMbi`� [m2 Q T`Q+2bbQ /2 KBMBKBx�Ï½Q MQ /QKőMBQ /� BK�;2K- K2/B�Mi2
+QMbi`mÏ½Q /2 }Hi`Qb �[mB �T`2b2Mi�/Q- �H+�MÏ� #QMb `2bmHi�/Qb ;�`�MiB/� +2`i� [m�HB/�/2 M�
BK�;2K miBHBx�/� +QKQ 2Mi`�/�- 7�iQ BKTQ`i�Mi2 �Q +QMbB/2`�` [m2biǤ2b /2 +mbiQX Pm b2D�-
M½Q p�H2 � T2M� �mK2Mi�` KmBiQ Q +mbiQ T�`� � Q#i2MÏ½Q /2 mK� #Q� BK�;2K BMB+B�H b2 Q
;�M?Q M½Q 7Q` i½Q bm#bi�M+B�HX

SQ`i�MiQ- M2bi2 TQMiQ- û BMi2`2bb�Mi2 H2p�` 2K +QMbB/2`�Ï½Q Q +mbiQ +QKTmi�+BQM�H /�
;2`�Ï½Q /2bb2b `2bmHi�/QbX � KQ/2H�;2K /Qb iB`Qb- � KB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ 2
MQ /QKőMBQ /� 7`2[māM+B� 7Q`�K iQ/�b 72Bi�b miBHBx�M/Q T`Q+2bb�K2MiQ T�`�H2HQ JSA UJ2bb�;2
S�bbBM; AMi2`7�+2V miBHBx�M/Q 1 MƦ +QKQ K2bi`2 2 Qmi`Qb 35 MƦb +QKQ bH�p2bX S�`� KQ/2H�`
Qb iB`Qb 2 KB;`�@HQb MQ /QKőMBQ /Q i2KTQ +QK 2bb2 `2+m`bQ +QKTmi�+BQM�H 7QB M2+2bb�`B�
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1 ?Q`� /2 2t2+mÏ½Q- �T`QtBK�/�K2Mi2X 1M[m�MiQ � KB;`�Ï½Q MQ /QKőMBQ /� 7`2[māM+B�-
miBHBx�M/Q Q K2bKQ `2+m`bQ- ;�biQm Q /Q#`Q /2bb2 i2KTQX C� � +QMbi`mÏ½Q /Qb }Hi`Qb M�b
D�M2H�b b2;mB/� /� ;2`�Ï½Q /�b BK�;2Mb ;�biQm K2i�/2 /Q i2KTQ /� KB;`�Ï½Q MQ /QKőMBQ /Q
i2KTQX _2bb�Hi�@b2 +QMim/Q [m2 2bi2 +mbiQ û KmBiQ b2Mbőp2H �Q i�K�M?Q /� D�M2H� TQ/2M/Q
b2` `2/mxB/Q /`�biB+�K2Mi2 +QK � /BKBMmBÏ½Q /� K2bK�X SQ` 2t2KTHQ- miBHBx�M/Q mK� D�M2H�
21×21 2bi2 i2KTQ +�B T�`� K2MQb /2 mK i2`ÏQ /Q i2KTQ /2 2t2+mÏ½Q /� KB;`�Ï½Q MQ /QKőMBQ
/Q i2KTQX �bbBK- Q +mbiQ /2 +QMbi`mÏ½Q /Qb }Hi`Qb û KmBiQ K2MQ` /Q [m2- TQ` 2t2KTHQ- Q
/� 2t2+mÏ½Q /2 mK ~mtQ;`�K� /2 KB;`�Ï½Q TQ` KőMBKQb [m�/`�/Qb Bi2`�iBp� MQ /QKőMBQ
/Q /�/Q- MQ [m�H û M2+2bb�`BQ /2KB;`�` 2 KB;`�` � +�/� Bi2`�Ï½QX S�`� b2 i2` B/2B�- mK�
KB;`�Ï½Q /2bb2 iBTQ 7QB i2bi�/� T�`� K2/BÏ½Q /2 i2KTQ /2 2t2+mÏ½Q 2- +QK Q K2bKQ `2+m`bQ
+QKTmi�+BQM�H 2 `2�HBx�M/Q 30 Bi2`�ÏǤ2b- +mbiQm 12 p2x2b Q i2KTQ /� KB;`�Ï½Q _hJ MQ
/QKőMBQ /Q i2KTQX



_2bmHi�/Qb 2 /Bb+mbb½Q eN

U�V

U#V

U+V

6B;m`� 8Xd, *QMi`QH2 /2 [m�HB/�/2 /� 2biBK�iBp� /Q }Hi`Q 6 T�`� � KB;`�Ï½Q MQ /QKőMBQ /Q
i2KTQ @ JQ/2HQ J�`KQmbBc U�V K1 @ _hJ 2K i2KTQ- U#V K2 2 U+V Kcalc

2

U�V U#V

6B;m`� 8X3, 1``Q 2 T2`7Q`K�M+2 @ J�`KQmbB @ _hJ MQ /QKőMBQ /Q i2KTQc U�V 2M2`;B� /Q
2``Q 2 U#V T2`7Q`K�M+2X
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U�V

U#V

U+V

6B;m`� 8XN, *QMi`QH2 /2 [m�HB/�/2 /� 2biBK�iBp� /Q }Hi`Q 6 T�`� � KB;`�Ï½Q MQ /QKőMBQ /�
7`2[māM+B� @ JQ/2HQ J�`KQmbBc U�V K1 @ _hJ M� 7`2[māM+B�- U#V K2 2 U+V Kcalc

2

U�V U#V

6B;m`� 8XRy, 1``Q 2 T2`7Q`K�M+2 @ J�`KQmbB @ _hJ MQ /QKőMBQ /� 7`2[māM+B�c U�V 2M2`;B�
/Q 2``Q 2 U#V T2`7Q`K�M+2X
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6B;m`� 8XRR, JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb @ j
Bi2`�ÏǤ2b @ JQ/2HQ J�`KQmbBX

6B;m`� 8XRk, JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb @ ky
Bi2`�ÏǤ2b @ JQ/2HQ J�`KQmbBX
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6B;m`� 8XRj, JB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb @
j Bi2`�ÏǤ2b @ JQ/2HQ J�`KQmbBX

6B;m`� 8XR9, JB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb @
ky Bi2`�ÏǤ2b @ JQ/2HQ J�`KQmbBX
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6B;m`� 8XR8, JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb @
6Aah� @ JQ/2HQ J�`KQmbBX

6B;m`� 8XRe, JB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb @
6Aah� @ JQ/2HQ J�`KQmbBX
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6B;m`� 8XRd, JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QK }Hi`Q /2 7Q`K� 2K mK T�bbQ @ ky
Bi2`�ÏǤ2b @ JQ/2HQ J�`KQmbBX

6B;m`� 8XR3, JB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� +QK }Hi`Q /2 7Q`K� 2K mK T�bbQ @
ky Bi2`�ÏǤ2b @ JQ/2HQ J�`KQmbBX



_2bmHi�/Qb 2 /Bb+mbb½Q d8

6B;m`� 8XRN, S2`}H +QKT�`�M/Q `2~2iBpB/�/2 p2`/�/2B`� +QK Qb `2bmHi�/Qb /� �THB+�Ï½Q /Q
�H;Q`BiKQ 2K /QBb T�bbQbX

6B;m`� 8Xky, S2`}H +QKT�`�M/Q `2~2iBpB/�/2 p2`/�/2B`� +QK Q `2bmHi�/Q /2 KB;`�Ï½Q _hJ
M� 7`2[māM+B� 2 � �THB+�Ï½Q /Q �H;Q`BiKQ 2K /QBb T�bbQbX
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8Xk JQ/2HQ SHmiQ

P SHmiQ û i�K#ûK #2K `2T`2b2Mi�iBpQ /2 bBim�ÏǤ2b /2 ;2QHQ;B� +QK ;`�m /2 +QKTH2tB/�/2
�Hi�X P KQ/2HQ TQbbmB KmBi�b 7�H?�b /2 �HiQ K2`;mH?Q /2 2ti2MbǤ2b T2[m2M�b � Kû/B�b-
2bi�M/Q HQ+�HBx�/�b �Q `2/Q` /2 BMi`mbǤ2b /2 �Hi� p2HQ+B/�/2 [m2 bBKmH�K +Q`TQb b�HBMQb-
TQ` 2t2KTHQ U6B;m`� 8XkRVX .�/Qb bőbKB+Qb ;2`�/Qb � T�`iB` /2bi2 KQ/2HQ b½Q- /2 KQ/Q
b2K2H?�Mi2 �Q +�bQ �Mi2`BQ`- KmBiQ ȹi2Bb T�`� i2bi2b /2 KûiQ/Qb /2 KB;`�Ï½Q /2 /�/Qb
bőbKB+QbX P SHmiQ miBHBx�/Q �[mB TQbbmB 351 �KQbi`�b M� /B`2Ï½Q p2`iB+�H 2bT�Ï�/�b /2 10m

2 367 �KQbi`�b M� /B`2Ï½Q ?Q`BxQMi�H 2bT�Ï�/�b /2 25m- TQbbmBM/Q TQ`i�MiQ 3.5 km /2
T`Q7mM/B/�/2 2 9.15 km /2 +QKT`BK2MiQX

Pb /�/Qb 7Q`�K ;2`�/Qb +QK KQ/2H�;2K "Q`M miBHBx�M/Q mK� p2`b½Q bm�pBx�/� /Q KQ@
/2HQ SHmiQ U6B;m`� 8XkkV 2 � `2~2iBpB/�/2 U6B;m`� 8XkjVX � ;2QK2i`B� miBHBx�/� M� KQ/2H�;2K
7QB p�`B�p2H, jed iB`Qb- b2M/Q Q T`BK2B`Q TQbB+BQM�/Q M� 2ti`2K�@2b[m2`/� /Q KQ/2HQ +QK
Rk3 +�M�Bb 2bT�H?�/Qb ¨ /B`2Bi� /� TQbBÏ½Q /� 7QMi2 2 +QK /Bbi�M+B�K2MiQ 2Mi`2 bB /2 25mX
� /Bbi�M+B� 2Mi`2 iB`Qb i�K#ûK /2 25m 2 +QK �mK2MiQ /Q MȹK2`Q /2 +�M�Bb ¨ K2/B/� [m2
Qb iB`Qb p½Q b2M/Q ;2`�/Qb T�`� TQbBÏǤ2b 2K /B`2Ï½Q ¨ /B`2Bi� /Q KQ/2HQX .2 7Q`K� [m2 MQ
K2BQ /Q KQ/2HQ � ;2QK2i`B� /2 �[mBbBÏ½Q û /Q iBTQ bTHBi@bT`2�/ +QK 256 +�M�Bb 2 MQ }M�H-
MQ ȹHiBKQ iB`Q- i2`� MQp�K2Mi2 128 +�M�Bb TQbB+BQM�/Qb ¨ 2b[m2`/� /� TQbBÏ½Q /� 7QMi2- 2t�@
i�K2Mi2 +QKQ 7QB 72BiQ T�`� Q KQ/2HQ J�`KQmbB +QM7Q`K2 KQbi`� � 6B;m`� 8X9X P i2KTQ
/2 `2;Bbi`Q û /2 2.5 s +QK BMi2`p�HQ /2 �KQbi`�;2K dt = 0.004 s 2 � 7QMi2 miBHBx�/� TQbbmB
17.5Hz /2 7`2[māM+B� /2 TB+QX

6B;m`� 8XkR, *�KTQ /2 p2HQ+B/�/2b /Q KQ/2HQ SHmiQX
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6B;m`� 8Xkk, *�KTQ /2 p2HQ+B/�/2b bm�p2 /Q KQ/2HQ SHmiQX

6B;m`� 8Xkj, _2~2iBpB/�/2b /Q KQ/2HQ SHmiQX

S�`� � KB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ U6B;m`� 8Xk9V 7Q`�K miBHBx�/Qb iQ/Qb Qb
iB`Qb- ;`�p�M/Q iQ/Qb Qb BMbi�Mi�M2Qb /� 7QMi2- b2K miBHBx�` � 2bi`�iû;B� /2 +?2+F TQBMib- �bbBK
+QKQ 7QB 72BiQ T�`� Q KQ/2HQ J�`KQmbBX S�`� � KB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B�
7Q`�K miBHBx�/�b 106 7`2[māM+B�b- mK� p2x [m2 Q BMi2`p�HQ 2Mi`2 7`2[māM+B�b miBHBx�/Q û df =

1
nt·dt 2 � 7`2[māM+B� K�tBK� miBHBx�/� /2 fmax = 35.0HzX � BKTHB+�Ï½Q /BbbQ û [m2 +�/�
BMbi�Mi�M2Q /2 /BK2Mb½Q nx×nz ;2`�`� [m�i`Q +m#Qb /2 /�/Qb +QK /BK2MbǤ2b nx×nz×106-
+QM7Q`K2 `2T`2b2Mi�Ï½Q 2b[m2K�iB+� M� 6B;m`� kXkX AbbQ i2`� BKT�+iQ MQ i2KTQ /2 2t2+mÏ½Q-
�M�HQ;�K2Mi2 �Q [m2 D� 7QB /BiQ �Mi2b T�`� Q +�bQ /Q KQ/2HQ J�`KQmbB U�H;Q`BiKQ RVX P
`2bmHi�/Q /� KB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� û pBbiQ M� 6B;m`� 8Xk8 2 �T`2b2Mi� mK
K2H?Q` /2HBM2�K2MiQ /Qb `2~2iQ`2b 2 K2H?Q` /Bbi`B#mBÏ½Q /2 �KTHBim/2b �Q HQM;Q /� b2Ï½QX
*QKQ MQ +�bQ �Mi2`BQ`- Qb `2bmHi�/Qb /� KB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ 2 /� 7`2[māM+B�
b½Q H2p�/Qb �/B�Mi2 T�`� TQbi2`BQ` +QKT�`�Ï½Q 2K i2`KQb /2 K2H?Q` 2biBK�iBp�b /Qb }Hi`Qb
/Bb+miB/Qb MQ +�TőimHQ j- b2Ï½Q jXjX
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J�Bb mK� p2x- T�`� �THB+�Ï½Q /� K2iQ/QHQ;B� �[mB �T`2b2Mi�/� û M2+2bb�`BQ [m2 b2D� 72Bi�
/2KB;`�Ï½Q /Qb `2bmHi�/Qb Q#iB/Qb U6B;m`�b 8Xk9 2 8Xk8V 2 TQbi2`BQ` `2KB;`�Ï½Q 2 +QMb2[m2Mi2
+QMbi`mÏ½Q /Q [m2 �[mB û /2MQKBM�/Q /2 K2 U6B;m`� jXjVX 62BiQ BbbQ- i2K@b2 Qb 2H2K2MiQb
M2+2bb�`BQb T�`�- +QM?2+2M/Q � `2H�Ï½Q 2tT`2bb� T2H� 2[m�Ï½Q jX9j- `2bQHp2` Qb T`Q#H2K�b /2
KBMBKBx�Ï½Q 2tT`2bbQb T2H� 2[m�Ï½Q jX99 U�H;Q`BiKQ 2K R T�bbQV 2 T2HQ T�` /2 2[m�ÏǤ2b jX98
2 jX9e U�H;Q`BiKQ 2K k T�bbQbVX S�`� � +QMbi`mÏ½Q /Qb }Hi`Qb 2 Q#i2MÏ½Q /� BK�;2K }M�H
7QB miBHBx�/Q Q +QMDm;�/Q ;`�/B2Mi2- 72BiQ D�M2H� � D�M2H�- /2 7Q`K� �M�HQ;� �Q [m2 7QB 72BiQ
T�`� Q KQ/2HQ J�`KQmbBX _2bb�Hi�@b2 [m2 miBHBxQm@b2 Q K2bKQ i�K�M?Q /2 D�M2H�, 31 × 31

+QK b�HiQ /2 15 �KQbi`�b 2K �K#�b �b /B`2ÏǤ2bX �/2K�Bb- Q +QM+2BiQ /2 p2iQ` �#bi`�iQ
�T`2b2Mi�/Q TQ` *H�2`#Qmi 2 6QK2H UkyRkV 7QB �THB+�/Q MQp�K2Mi2X

�bbBK- +QK2Ï�M/Q +QK Q �H;Q`BiKQ 2K /QBb T�bbQb- � T`BK2B`� 2i�T� û 2biBK�` mK }Hi`Q
MmK� �#Q`/�;2K KőMBKQb [m�/`�/Qb [m2 b2D� mK� �T`QtBK�Ï½Q- 2K i2`KQb /2 272BiQ bQ#`2
Q /�/Q- /� >2bbB�M� T`QT`B�K2Mi2 2 M½Q /2 bm� BMp2`b�- +QM7Q`K2 2tT`2bb� � 2[m�Ï½Q jX98X
1biBK�/Qb Qb }Hi`Qb- T�`� +QMi`QH2 /2 [m�HB/�/2- 7Q`�K �M�HBb�/Qb Qb `2bmHi�/Qb /� �THB+�Ï½Q
M�b D�M2H�b K2/B�Mi2 `2+QMbi`mÏ½Q /�b BK�;2Mb +�H+mH�/�b U6B;m`�b 8Xke 2 8Xk3VX LQi�@b2 [m2
Q Kcalc

2 b2 �T`QtBK� /2 7Q`K� b�iBb7�iƦ`B� /Q K2 p2`/�/2B`Q i�K#ûK T�`� Q KQ/2HQ SHmiQX

L� b2;mM/� 2i�T� /Q �H;Q`BiKQ 2K /QBb T�bbQb- /� K2bK� 7Q`K� [m2 7QB 72BiQ T�`� Q
J�`KQmbB- miBHBx�@b2 Q }Hi`Q +�H+mH�/Q MQ T`BK2B`Q T�bbQ +QKQ 2Mi`�/� T�`� Q b2;mM/Q T`Q@
#H2K� /2 KBMBKBx�Ï½Q U2[m�Ï½Q jX9eV 2 +�H+mH�@b2 mK� 2biBK�iBp� /� `2~2iBpB/�/2 U6B;m`�b
8Xjy � 8XjjVX �[mB- K�Bb mK� p2x- b½Q �T`2b2Mi�/Qb Qb `2bmHi�/Qb i�MiQ T�`� Q +�bQ MQ [m�H
� 2Mi`�/� T�`� Q T`Q+2bbQ û � KB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QKQ � KB;`�Ï½Q _hJ
MQ /QKőMBQ /� 7`2[māM+B� U6B;m`�b 8Xk9 2 8Xk8VX _2bb�Hi�@b2 [m2- T�`� Q +�bQ /Q KQ/2HQ
SHmiQ- 7Q`K� 72BiQb i2bi2b /2 miBHBx�Ï½Q /Q �H;Q`BiKQ 6Aah�X Pb `2bmHi�/Qb- +QMim/Q- M½Q
7Q`�K b�iBb7�iƦ`BQb T`BM+BT�HK2Mi2 M�b `2;BǤ2b /2 �Hi� +QKTH2tB/�/2 2bi`mim`�H �Q `2/Q` /�b
BMi`mbǤ2b 2 �TQMi�K T�`� � M2+2bbB/�/2 /2 i2bi2b �/B+BQM�BbX

J2/B�Mi2 �M�HBb2 /�b BK�;2Mb MQi�@b2- K�Bb mK� p2x- [m2 Qb `2bmHi�/Qb /� miBHBx�Ï½Q /Q
}Hi`Q +QMpQHmiBpQ b½Q KmBiQ T`ƦtBK�b i�MiQ [m�M/Q û miHBx�/� � KB;`�Ï½Q _hJ MQ /QKőMBQ
/Q i2KTQ +QKQ 2Mi`�/� T�`� Q T`Q+2bbQ- [m�MiQ +QKQ [m�M/Q miBHBx�@b2 � KB;`�Ï½Q _hJ MQ
/QKőMBQ /� 7`2[māM+B� U6B;m`�b 8XjR 2 8XjjVX LQi�@b2 [m2 �mK2Mi�` Q MȹK2`Q /2 Bi2`�ÏǤ2b
i`Qmt2 ;�M?Q `2�H �Q `2bmHi�/Q- +QKQ pBbiQ K2/B�Mi2 +QKT�`�Ï½Q /� 6B;m`� 8Xjy +QK 8XjR
2 /� 6B;m`� 8Xjk +QK 8XjjX SQ` }K- `2bb�Hi�@b2 [m2 Q �H;Q`BiKQ 2K /QBb T�bbQb �T`2b2MiQm
`2bmHi�/Qb K�Bb BMi2`2bb�Mi2b 2K i2`KQb /2 [m�HB/�/2 /Qb `2bmHi�/Qb- +QK K2H?Q` /2HBM2�@
K2MiQ /Qb `2~2iQ`2b 2 K�BQ` T`2b2`p�Ï½Q /Qb 2p2MiQb- b2 +QKT�`�/Q �Q �H;Q`BiKQ 2K mK
T�bbQ U6B;m`�b 8XjR 2 8Xj9VX o�H2 `2bb�Hi�`- 2Mi`2i�MiQ- [m2 iQ/Qb Qb `2bmHi�/Qb /2 �THB+�Ï½Q
/Q }Hi`Q +QMpQHmiBpQ M½Q@2bi�+BQM�`BQ 7Q`�K b�iBb7�iƦ`BQb MQ [m2 b2 `272`2 ¨ +QKT2Mb�Ï½Q
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/2 BHmKBM�Ï½Q b2 +QKT�`�/Qb +QK Qb `2bmHi�/Qb Q#iB/Qb 7�x2M/Q KB;`�Ï½Q _hJ- i�MiQ MQ
/QKőMBQ /Q i2KTQ +QKQ MQ /QKőMBQ /� 7`2[māM+B�X

6BM�HK2Mi2- TQ/2@b2 i�K#ûK 7�x2` �M�HBb2 /2 T2`}H +QKT�`�M/Q Qb i`�ÏQb KB;`�/Qb +QK
� `2~2iBpB/�/2 p2`/�/2B`� T�`� Q KQ/2HQ SHmiQX L2bb2 iBTQ /2 �M�HBb2- +QKQ pBbiQ �Mi2`BQ`@
K2Mi2- û TQbbőp2H +QMi`QH�` � [m�HB/�/2 /�b BK�;2Mb /2 7Q`K� K�Bb [m�MiBi�iBp�- +QKT�`�M/Q
Q i`�+Q KB;`�/Q +QK � `2~2iBpB/�/2X S�`� Q +�bQ /Q KQ/2HQ SHmiQ- 2b+QH?2m@b2 mK� `2;B½Q
/� BK�;2K 7Q`� /Qb �HiQb +QMi`�bi2b /2 p2HQ+B/�/2X P#b2`p�M/Q Qb `2bmHi�/Qb- MQi�@b2 [m2
� +QMbi`mÏ½Q /Qb }Hi`Qb +QMpQHmiBpQb M½Q@2bi�+BQM�`BQb ¨ T�`iB` /Q `2bmHi�/Q /� KB;`�Ï½Q
_hJ MQ /QKőMBQ /Q i2KTQ �T`2b2Mi� #QK `2bmHi�/Q [m�M/Q Q i`�ÏQ KB;`�/Q û +QKT�`�/Q
+QK � `2~2iBpB/�/2 p2`/�/2B`�X *QKQ MQ J�`KQmbB- Q K2bKQ Q+Q``2 [m�M/Q b2 miBHBx� +QKQ
2Mi`�/� � KB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B�X *QKQ +QMb2[māM+B�- TQ/2@b2 �}`K�`
[m2 �K#Qb �T`2b2Mi�K ;`�M/2 +QKT�iB#BHB/�/2 +QK � `272`B/� `2~2iBpB/�/2 U6B;m`�b 8Xjd 2
8XjeVX h�H 7�iQ /2KQMbi`� [m2 Q T`Q+2bbQ /2 KBMBKBx�Ï½Q MQ /QKőMBQ /� BK�;2K- K2/B�Mi2 �
+QMbi`mÏ½Q /2 }Hi`Qb- �H+�MÏ� #QMb `2bmHi�/Qb ;�`�MiB/� +2`i� [m�HB/�/2 M� BK�;2K miBHBx�/�
+QKQ 2Mi`�/�- 7�iQ BKTQ`i�Mi2 �Q +QMbB/2`�` [m2biǤ2b /2 +mbiQX Pm b2D�- }+� /2KQMbi`�/Q
[m2 M½Q p�H2 � T2M� �mK2Mi�` KmBiQ Q +mbiQ T�`� � Q#i2MÏ½Q /2 mK� #Q� BK�;2K BMB+B�H b2 Q
;�M?Q M½Q 7Q` i½Q bm#bi�M+B�HX _2bb�Hi�@b2 [m2 �b +QMbB/2`�ÏǤ2b /2 +mbiQ 72Bi� �Mi2`BQ`K2Mi2
T�`� Q KQ/2HQ J�`KQmbB b½Q 2[mBp�H2Mi2b ¨b K2/B/�b 72Bi�b T�`� Q KQ/2HQ SHmiQX
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6B;m`� 8Xk9, JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ @ JQ/2HQ SHmiQX

6B;m`� 8Xk8, JB;`�Ï½Q _hJ MQ /QKőMBQ /Q 7`2[māM+B� @ JQ/2HQ SHmiQX
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U�V

U#V

U+V

6B;m`� 8Xke, *QMi`QH2 /2 [m�HB/�/2 /� 2biBK�iBp� /Q }Hi`Q 6 T�`� � KB;`�Ï½Q MQ /QKőMBQ /Q
i2KTQ @ JQ/2HQ SHmiQc U�V K1 @ _hJ 2K i2KTQ- U#V K2 2 U+V Kcalc

2

U�V U#V

6B;m`� 8Xkd, 1``Q 2 T2`7Q`K�M+2 @ SHmiQ @ _hJ MQ /QKőMBQ /Q i2KTQc U�V 2M2`;B� /Q 2``Q 2
U#V T2`7Q`K�M+2X
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U�V

U#V

U+V

6B;m`� 8Xk3, *QMi`QH2 /2 [m�HB/�/2 /� 2biBK�iBp� /Q }Hi`Q 6 T�`� � KB;`�Ï½Q MQ /QKőMBQ /�
7`2[māM+B� @ JQ/2HQ SHmiQc U�V K1 @ _hJ M� 7`2[māM+B�- U#V K2 2 U+V Kcalc

2

U�V U#V

6B;m`� 8XkN, 1``Q 2 T2`7Q`K�M+2 @ SHmiQ @ _hJ MQ /QKőMBQ /� 7`2[māM+B�c U�V 2M2`;B� /Q
2``Q 2 U#V T2`7Q`K�M+2X
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6B;m`� 8Xjy, JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb @ j
Bi2`�ÏǤ2b @ JQ/2HQ SHmiQX

6B;m`� 8XjR, JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb @ ky
Bi2`�ÏǤ2b @ JQ/2HQ SHmiQX
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6B;m`� 8Xjk, JB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb @
j Bi2`�ÏǤ2b @ JQ/2HQ SHmiQX

6B;m`� 8Xjj, JB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� +QK }Hi`Q /2 7Q`K� 2K /QBb T�bbQb @
ky Bi2`�ÏǤ2b @ JQ/2HQ SHmiQX
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6B;m`� 8Xj9, JB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ +QK }Hi`Q /2 7Q`K� 2K mK T�bbQ @ ky
Bi2`�ÏǤ2b @ JQ/2HQ SHmiQX

6B;m`� 8Xj8, JB;`�Ï½Q _hJ MQ /QKőMBQ /� 7`2[māM+B� +QK }Hi`Q /2 7Q`K� 2K mK T�bbQ @
ky Bi2`�ÏǤ2b @ JQ/2HQ SHmiQX
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6B;m`� 8Xje, S2`}H +QKT�`�M/Q `2~2iBpB/�/2 p2`/�/2B`� +QK Qb `2bmHi�/Qb /2 KB;`�Ï½Q _hJ
MQ i2KTQ 2 Q `2bmHi�/Q /� �THB+�Ï½Q /Q �H;Q`BiKQ 2K /QBb T�bbQb @ JQ/2HQ SHmiQX

6B;m`� 8Xjd, S2`}H +QKT�`�M/Q `2~2iBpB/�/2 p2`/�/2B`� +QK Qb `2bmHi�/Qb /2 KB;`�Ï½Q _hJ
M� 7`2[māM+B� 2 Q `2bmHi�/Q /� �THB+�Ï½Q /Q �H;Q`BiKQ 2K /QBb T�bbQb @ KQ/2HQ SHmiQX



6
*QM+HmbǤ2b

LQ T`2b2Mi2 i`�#�H?Q 7Q`�K �T`2b2Mi�/Qb Qb `2bmHi�/Qb /� miBHBx�Ï½Q /2 }Hi`Qb +QMpQHmiBpQb
M½Q@2bi�+BQM�`BQb MmK� �#Q`/�;2K KőMBKQb [m�/`�/Qb- 2K mK 2 /QBb T�bbQb- MQ /QKőMBQ /�
BK�;2K i2M/Q +QKQ 2Mi`�/� T�`� Q T`Q+2bbQ Qb `2bmHi�/Qb /2 KB;`�ÏǤ2b +QMp2M+BQM�Bb MQb
/QKőMBQb /Q i2KTQ 2 /� 7`2[māM+B�X h�Bb }Hi`Qb 7mM+BQM�`�K #2K- b2M/Q [m2 T�`� Q +�bQ /Q
KQ/2HQ J�`KQmbB Qb `2bmHi�/Qb b2 KQbi`�`�K K2H?Q`2b 2K `2H�Ï½Q ¨[m2H2b Q#iB/Qb +QK Q
KQ/2HQ SHmiQX

S�`� Q �H;Q`BiKQ 2K /QBb T�bbQb- mK� T`BK2B`� 2i�T� /2 +QMi`QH2 /2 [m�HB/�/2 7QB 72Bi�
�M�HBb�M/Q Q [m2 �[mB û /2MQKBM�/� /2 Kcalc

2 - [m2 M�/� K�Bb û [m2 `2bmHi�/Q /� +QMpQHmÏ½Q
2Mi`2 Q }Hi`Q +�H+mH�/Q M� D�M2H� 2 Q K1 Q`BmM/Q /�b KB;`�ÏǤ2b +QMp2M+BQM�BbX h�MiQ T�`� Q
KQ/2HQ J�`KQmbB +QKQ T�`� Q SHmiQ- � �M�HBb2 /Q Kcalc

2 Q#iB/Q ;�`�Mi2 ;`�M/2 +QM}�#BHB/�/2
T�`� Q }Hi`Q 2biBK�/Q- i2M/Q 2K pBbi� [m2 i�MiQ Q `2bő/mQ i2M/2 � 0- +QKQ � T2`7Q`K�M+2
i2M/2 � 1 ¨ K2/B/� [m2 b2 /½Q �b Bi2`�ÏǤ2bX �bbBK- T�`iBM/Q T�`� 2i�T� b2;mBMi2 M� [m�H-
+QM?2+B/Q Q }Hi`Q- � BK�;2K [m2 K�Bb b2 �T`QtBK� /� `2~2iBpB/�/2 p2`/�/2B`� TQ/2 b2` Q#iB/�
MmK� �#Q`/�;2K KőMBKQb [m�/`�/Qb Up2` T�` /2 2[m�ÏǤ2b jX98 2 jX9eV- MQiQm@b2 �H;mK�
/BbiBMÏ½Q 2K i2`KQb /2 [m�HB/�/2 2Mi`2 Qb `2bmHi�/Qb Q#iB/Qb +QK Q KQ/2HQ J�`KQmbB 2 Q
SHmiQ U6B;m`�b 8XRk- 8XRk- 8XjR 2 8XjjVX

S�`� Q �H;Q`BiKQ 2K mK T�bbQ- Q +QMi`QH2 /2 [m�HB/�/2 7QB 72BiQ �M�HBb�M/Q Q [m2 �[mB û
/2MQKBM�/� /2 Kcalc

1 - [m2 M�/� K�Bb û [m2 `2bmHi�/Q /� +QMpQHmÏ½Q 2Mi`2 Q }Hi`Q +�H+mH�/Q
M� D�M2H� 2 Q K2 Q`BmM/Q /�b KB;`�ÏǤ2b +QMp2M+BQM�BbX h�MiQ T�`� Q KQ/2HQ J�`KQmbB +QKQ
T�`� Q SHmiQ- � �M�HBb2 /Q Kcalc

1 Q#iB/Q ;�`�Mi2 ;`�M/2 +QM}�#BHB/�/2 T�`� Q }Hi`Q 2biBK�/Q-
i2M/Q 2K pBbi� [m2 i�MiQ Q `2bő/mQ i2M/2 � 0- +QKQ � T2`7Q`K�M+2 i2M/2 � 1 ¨ K2/B/� [m2 b2
/½Q �b Bi2`�ÏǤ2bX �bbBK- +QM?2+B/Q Q }Hi`Q- � BK�;2K [m2 K�Bb b2 �T`QtBK� /� `2~2iBpB/�/2

3d
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p2`/�/2B`� TQ/2 b2` Q#iB/� MmK� �#Q`/�;2K KőMBKQb [m�/`�/Qb 2K mK T�bbQ Up2` 2[m�Ï½Q
jX99V- i�K#ûK MQiQm@b2 �H;mK� /BbiBMÏ½Q 2K i2`KQb /2 [m�HB/�/2 2Mi`2 Qb `2bmHi�/Qb Q#iB/Qb
+QK Q KQ/2HQ J�`KQmbB 2 Q SHmiQ U6B;m`�b 8XRd- 8XR3- 8Xj9 2 8Xj8VX

_2b�Hi�@b2 [m2- M�b `2;BǤ2b /2 #�Bt� +QKTH2tB/�/2 UM� T�`i2 `�b� /�b b2ÏǤ2bV Qb }Hi`Qb
7mM+BQM�`�K #2K- 7�iQ /2KQMbi`�/Q i�K#ûK T2H� �M�HBb2 /2 T2`}HX L2bb�b `2;BǤ2b MQi�@
b2 [m2 Qb `2bmHi�/Qb /�b KB;`�ÏǤ2b +QMp2M+BQM�Bb MQb /QKőMQb /Q i2KTQ 2 /� 7`2[māM+B�
i2M/2K T�`� � `2~2iBpB/�/2 [m�M/Q /� �THB+�Ï½Q /Qb }Hi`Qb U6B;m`�b 8XRN- 8Xky- 8Xje 2 8XjeVX
*QMim/Q- T�`� �K#Qb Qb KQ/2HQb- M�b `2;BǤ2b /2 �HiQ +QMi`�bi2 /2 p2HQ+B/�/2- pBbi�b M� T�`i2
T`Q7mM/� /Q J�`KQmbB 2 �Q `2/Q` /�b BMi`mbǤ2b /2 �Hi� p2HQ+B/�/2- [m2 bBKmH�K +Q`TQb b�HBMQb
MQ KQ/2HQ SHmiQ- Qb `2bmHi�/Qb b½Q /QKBM�/Qb TQ` mK� #�Bt� 7`2[māM+B� [m2- 2K K2/B/�b
/B72`2M+B�/�b T�`� mK 2 Qmi`Q- /BbiQ`+2K Qb `2bmHi�/Qb Q#iB/QbX

Pmi`� [m2bi½Q BKTQ`i�Mi2 � b2` K2M+BQM�/� û [m2- Qb i2bi2b miBHBx�M/Q 2Mi`�/�b Q`BmM/�b
/� KB;`�Ï½Q _hJ MQ /QKőMBQ /Q i2KTQ 2 /� 7`2[māM+B� /2KQMbi`�`�K [m2- MQ +�bQ /Q
KQ/2HQ J�`KQmbB- miHBx�` mK Qm Qmi`Q +QKQ 2Mi`�/� 72x TQm+� /B72`2MÏ� MQ `2bmHi�/Q }M�HX
h�H 7�iQ T2`KBi2 +QM+HmB` [m2- b2 Q ;�M?Q 2K `2H�Ï½Q �Q KûiQ/Q /2 KB;`�Ï½Q miBHBx�/Q T�`�
;2`�` mK� BK�;2K BMB+B�H- +QKQ 2Mi`�/� T�`� Q T`Q+2bbQ �[mB �T`2b2Mi�/Q 7Q` T2[m2MQ 2K
/2i`BK2MiQ /Q +mbiQ +QKTmi�+BQM�H T�`� Q#iā@HQ- +QMpûK T`BQ`Bx�` Q +mbiQ K2MQ`X LQ [m2
b2 `272`2 �Q KQ/2HQ SHmiQ Qb `2bmHi�/Qb M½Q 7Q`�K Qb 2bT2`�/QbX L2bi2 KQ/2HQ ?� BMi`mbǤ2b
/2 �Hi� p2HQ+B/�/2 2K T`Q7mM/B/�/2b #�Bt�b- Q [m2 7�x +QK [m2 ;`�M/2 T�`i2 /� 2M2`;B�
T`QT�;�/� b2D� `2~2iB/�- /B}+mHi�M/Q �bbBK Q BK�;2�K2MiQ �#�BtQ /�b `272`B/�b BMi`mbǤ2b
2- +QMb2[m2Mi2K2Mi2- /B}+mHi�M/Q � �im�Ï½Q /Qb }Hi`Qb /2 7Q`K� �[mB /Bb+miB/QbX _2bb�Hi�@
b2- TQ`i�MiQ- [m2 ?� +�KBM?Q T�`� i2bi2b `2H�+BQM�/Qb � 7�iQ`2b +QKQ 7`2[māM+B� K�tBK�
T`2b2Mi2 MQb /�/Qb- i�K�M?Q /� D�M2H� 2 +QKT`BK2MiQ /Qb }Hi`QbX

6Q`�K i�K#ûK 72BiQb i2bi2b �bbQ+B�/Qb �Q i�K�M?Q /� D�M2H� b2K ;`�M/2b �Hi2`�ÏǤ2b 2K
i2`KQb /2 [m�HB/�/2 /Q `2bmHi�/Q }M�H- T�`� Q KQ/2HQ J�`KQmbB- K�b +QK ;`�M/2b BKT�+iQb
2K `2H�Ï½Q �Q +mbiQX h�H 7�iQ 2bi� `2H�+BQM�/Q ¨ K�M2B`� +QKQ Q +Ʀ/B;Q /2 +QMDm;�/Q
;`�/B2Mi2 �[mB miBHBx�/Q T�`� `2bQHp2` Qb T`Q#H2K�b /2 KBMBKBx�Ï½Q 7QB 2b+`BiQX Pm b2D�- �
2tBbiāM+B� /2Mi`Q /Q +Ʀ/B;Q /2 T`Q/miQb K�i`Bx@p2iQ` 2 K�i`Bx@K�i`Bx 72x +QK [m2 Q i2KTQ
/2 2t2+mÏ½Q �mK2Mi�bb2 KmBiQ +QK Q �mK2MiQ /� D�M2H�X �bbBK- � /2T2M/2` /2 +QKQ b2
2b+`2p� Q +Ʀ/B;Q- 2bi� TQ/2 b2` mK� [m2bi½Q BKTQ`i�Mi2 � b2 +QMbB/2`�`- i2M/Q 2K pBbi� [m2
MQb 2tT2`BK2MiQb �[mB +QM/mxB/Qb 2bb� /BKBMmBÏ½Q M� D�M2H�- /2 31×31 T�`� 21×21- `2/mxBm
Q i2KTQ /2 2t2+mÏ½Q T�`� K2MQb /2 mK i2`ÏQ 2K `2H�Ï½Q �Q i2KTQ /� D�M2H� K�BQ`X
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SQ` }K- /2p2@b2 `2bb�Hi�` [m2 7QB miBHBx�/� �[mB `2;mH�`Bx�Ï½Q L1 +QKQ 7�iQ` `2bi`BiBpQ
T�`� � bQHmÏ½Q #mb+�/� MQb T`Q+2bbQb /2 KBMBKBx�Ï½Q �T`2b2Mi�/QbX 1bb2 iBTQ /2 �#Q`/�;2K
�T`2b2MiQm `2bmHi�/Qb T`QKBbbQ`2b MQ KQ/2HQ J�`KQmbB- +QKQ pBbiQ +QKT�`�M/Q � 6B;m`� 8X8
+QK 8XR8 2 � 6B;m`� 8Xe +QK 8XReX *QMim/Q- MQ [m2 b2 `272`2 �Q KQ/2HQ SHmiQ- b½Q M2+2bb�`BQb
i2bi2b �/B+BQM�Bb- b2M/Q mK� /�b TQbbB#BHB/�/2b i2bi�` Qmi`Qb �H;Q`BiKQb /2 BKTH2K2Mi�Ï½Q /Q
7�iQ` /2 2bT�`bB/�/2 +QK MQ`K� L1X GQ;Q- Qb `2bmHi�/Qb �[mB �T`2b2Mi�/Qb iāK TQi2M+B�H /2
Q#i2` K2H?Q`� bm#bi�M+B�H 2K i2`KQb /2 [m�HB/�/2 /�b BK�;2Mb }M�Bb �p�MÏ�M/Q MQb i2bi2b
/2bb2 iBTQ /2 �#Q`/�;2KX P [m2 M½Q �MmH� � p�HB/�/2 /�b +QM+HmbǤ2b �[mB �T`2b2Mi�/�bX



�;`�/2+BK2MiQb

§ .2mb- �[m2H2 � [m2K � iQ/Qb /� pB/�- `2bTB`�Ï½Q 2 iQ/�b �b +QBb�b U�iQb /Qb �TƦbiQHQb
Rd,k8#VX a2K Q bmT`BK2MiQ �#mM/�Mi2 /Q 1bTő`BiQ /2 C2bmb *`BbiQ- K2M+BQM�/Q T2HQ �TƦbiQHQ
S�mHQ �Q 2b+`2p2` bm� +�`i� �Qb +`2Mi2b }HBT2Mb2b U6BHBT2Mb2b R,RNV- M½Q û TQbbőp2H T�`� KBK
+�KBM?�` 2 2tBbiB` bQ#`2 � h2``�X �BM/� K�Bb 2K mK T2`őQ/Q �iőTB+Q +QKQ 7Q`�K 2bb2b /QBb
�MQb MQ [m�H mK� T�M/2KB� �bbQHQm � h2``�X � 1H2- TQ`i�MiQ- KBM?� ;`�iB/½Q 2 HQmpQ` TQ`
2bi�` �[mB 2b+`2p2M/Q 2bb�b HBM?�b5

§ *�`H� [m2 �Q HQM;Q /2bb2b /QBb �MQb /2 H�#Q` K2 �TQBQm Q i2KTQ BMi2B`Q 2 /2 /Bp2`b�b
7Q`K�b- b2D� b2M/Q � T`BK2B`� � �bbBiB` KBM?�b �T`2b2Mi�ÏǤ2b Qm bBKTH2bK2Mi2 K2 2b+mi�M/Q
MQb KQK2MiQb /2 /B}+mH/�/2 2 /2b�#�7QX § :�#Q- K2m }H?Q ?QD2 +QK 3 �MQb- [m2 i2p2 [m2
HB/�` +QK Q 7�iQ /2 Q S�T� M½Q TQ/2` #`BM+�` 2K KQK2MiQb 2K [m2 2H2 2 2m ;Qbi�`ő�KQb
KmBiQX 1bb2 T2`őQ/Q /2 /2b2MpQHpBK2MiQ T2bbQ�H i2K � +QMi`B#mBÏ½Q /2+BbBp� /2 *�`H� 2 :�#Q
TQ` 2bb�b `�xǤ2b- K�b i�K#ûK T2HQ 7�iQ /2 b2KT`2 i2` M2H2b Q /2b+�MbQ [m2 p2K /Q �KQ` 2
�72iQ +QMiB/Qb MQb #2BDQb 2 �#`�ÏQb /B�`BQbX

�Qb K2mb T�Bb- _�m 2 o�M/�- 2 B`K½Qb- A`B� 2 h?B�;QX a2KT`2 �i2MiQb 2 T`2Q+mT�/Qb-
[m2`2M/Q b�#2` /2 KBK 2 Q`�M/Q TQ` KBKX ú `2�HK2Mi2 K�`�pBH?QbQ iā@HQb5 L2bi2 TQMiQ
i2M?Q Q /2p2` KQ`�H /2 K2M+BQM�` Q �TQBQ /2 A`B� 2 h?B�;Q MQ +mB/�/Q /2 K2mb T�Bb MQ
T2`őQ/Q /� T�M/2KB�- mK KQK2MiQ 2K [m2 M½Q Tm/2 2bi�` i½Q T2`iQX

�Qb K2mb bQ;`Qb- �M� 2 *�`HQb- 2 +mM?�/QbX a2KT`2 Q`�M/Q TQ` KBK 2 +QKmMB+�M/Q@K2
2bi2 7�iQX �;`�/2ÏQ- TQ`i�MiQ- T2HQ �TQBQ M� 2b72`� /�b +QBb�b BMpBbőp2Bb- K�b `2�BbX

�Q K2m �KB;Q 2 +QKT�M?2B`Q /2 Hmi� CQ`;2 a�Mi�M�X �Q HQM;Q /2bb2b /QBb �MQb 2biBp2KQb
DmMiQb M�b /B}+mH/�/2b- M�b +QM[mBbi�b- MQ �TQBQ KȹimQ- M� +QMp2`b� /Bbi`�ő/�- MQ 2bim/Q /�b
[m2biǤ2bX 62+?Q 2bb2 +B+HQ i2M/Q � +QMpB+Ï½Q /2 [m2 mK� �KBx�/2 T�`� � pB/� 7QB 2/B}+�/�X

§ a�Hp�/Q` *�`p�H?Q 2 GmBx J2`+āb- �KB;Qb [m2 7Q`�K T�`� KBK KmBiQ T`2b2Mi2b �Q
HQM;Q /2bb� DQ`M�/�X L2H2b b2KT`2 iBp2 �TQBQ- +QMb2H?Q 2 �72iQX

§ G2pB J2`+āb- �KB;Q /Q T2BiQX S�`� KBK mK B`K½Q- �H;mûK [m2 b2B b2KT`2 2bi�` T2`iQX
1bb� +QMpB+Ï½Q- 2K bB K2bK�- T`Q/mx /2b+�MbQX

Ny
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§ _2vM�K S2bi�M�- K2m Q`B2Mi�/Q`X aQm T`Q7mM/�K2Mi2 ;`�iQ TQ` iQ/Q Q b�#2` KBMBb@
i`�/Q 2 /BbTQMB#BHB/�/2 B``2bi`Bi�X a2KT`2 i`�M[mBHBx�/Q` 2 b2`2MQ- KQbi�M/Q@K2 Q +�KBM?Q
2 �TQB�M/QX SQ` BbbQ K2m +Q`�Ï½Q û ;`�iQX

§ #�M+� 2t�KBM�/Q`� TQ` i2` �+2Bi�/Q Q +QMpBi2X

§ S2i`Q#`�b T2HQ �TQBQ }M�M+2B`QX

§ iQ/Qb Qb [m2 Q`�`�K TQ` KBKX

�Qb �KB;Qb [m2 }x �Q HQM;Q /� DQ`M�/� M� TƦb@;`�/m�Ï½Q- � pQ+āb K2m �#`�ÏQX
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�H7Q`/- _X- EX E2HHv 2 .X "QQ`2X RNd9X ǳ�++m`�+v Q7 }MBi2@/Bz2`2M+2 KQ/2HBM; Q7 i?2 �+QmbiB+
r�p2 2[m�iBQMǴX :2QT?vbB+b jN,3j9Ĝ39kX

�M/`�/2- S`Qi�bBQ L2`vX kyRdX ǳAK�;2�K2MiQ bőbKB+Q �i`�pûb /Q KûiQ/Q /2 2tT�Mb½Q `�TB/�
MQb /QKőMBQb /Q i2KTQ 2 /� 7`2[māM+B�ǴX h2b2 /2 /QmiQ`�/Q- lMBp2`bB/�/2 62/2`�H /�
"�?B�X

�M/`�/2- S`Qi�bBQ L2`v- _2vM�K *`mx S2bi�M� 2 .�MB2H 1X _2p2HQX kyRdX ǳ_2p2`b2 iBK2
KB;`�iBQM BM i?2 7`2[m2M+v /QK�BM #v i?2 `�TB/ 2tT�MbBQM K2i?Q/ǴX _2pBbi� "`�bBH2B`�
/2 :2Q7ø�bB+� j8- MǞ 9 U/2x2K#`QV, k3dX /QB,RyXkk8e9f`#;7Xpj8B9XNReX

"�vb�H- 1X- .X EQbHQz 2 CX a?2`rQQ/X RN3jX ǳ_2p2`b2 iBK2 KB;`�iBQMǴX :2QT?vbB+b 9j,Rjk9Ĝ
Rj8RX

"2+F- �X- 2 JX h2#QmHH2X kyyNX ǳ� 7�bi Bi2`�iBp2 b?`BMF�;2@i?`2b?QH/BM; �H;Q`Bi?K 7Q` HBM2�`
BMp2`b2 T`Q#H2KbǴX aA�J CQm`M�H Q7 AK�;BM; a+B2M+2b k,R3jĜkykX

*H�2`#Qmi- CX- 2 aX 6QK2HX kyRkX AK�;2 2biBK�iBQM #v 2t�KTH2X ai�M7Q`/X ?iiTb,ffb2TrrrX
bi�M7Q`/X2/mfb2TfT`Q7f;22R@kyRkXT/7X

*H�2`#Qmi- CX 6X RNdRX ǳhQr�`/ � mMB}2/ i?2Q`v Q7 `2~2+iQ` K�TTBM;ǴX :2QT?vbB+b je U9V,
9edĜ93RX

*H�2`#Qmi- CQM 6X RNNkX 1�`i? bQmM/BM;b �M�HvbBb, S`Q+2bbBM; p2`bmb BMp2`bBQMX oQHX eX
"H�+Fr2HH a+B2MiB}+ Sm#HB+�iBQMb GQM/QMX

.�B- q2B- S�mH 6QrH2` 2 :2`�`/ hX a+?mbi2`X kyRkX ǳJmHiB@bQm`+2 H2�bi@b[m�`2b `2p2`b2 iBK2
KB;`�iBQMǴX :2QT?vbB+�H S`QbT2+iBM; ey- MǞ 9 UDmM?QV, e3RĜeN8X /QB,RyXRRRRfDXRje8@
k9d3XkyRkXyRyNkXtX

.�B- q2B- 2 :2`�`/ hX a+?mbi2`X kyRjX ǳSH�M2@r�p2 H2�bi@b[m�`2b `2p2`b2@iBK2 KB;`�iBQMǴX
:2QT?vbB+b d3- MǞ 9 UDmH?QV, aRe8ĜaRddX /QB,RyXRRNyf;2QkyRk@yjddXRX

.QM;- aX- CX *�B- JX :mQ- aX am?- wX w?�M;- "X q�M; 2 wX GBX kyRkX ǳG2�bi@b[m�`2b `2p2`b2 iBK2
KB;`�iBQM, hQr�`/b i`m2 �KTHBim/2 BK�;BM; �M/ BKT`QpBM; i?2 `2bQHmiBQMǴX 1tT�M/2/
�#bi`�+ibX /QB,RyXRRNyfb2;�KkyRk@R933XRX

Nk

http://dx.doi.org/10.22564/rbgf.v35i4.916
https://sepwww.stanford.edu/sep/prof/gee1-2012.pdf
https://sepwww.stanford.edu/sep/prof/gee1-2012.pdf
http://dx.doi.org/10.1111/j.1365-2478.2012.01092.x
http://dx.doi.org/10.1111/j.1365-2478.2012.01092.x
http://dx.doi.org/10.1190/geo2012-0377.1
http://dx.doi.org/10.1190/segam2012-1488.1
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:�x/�;- CX RNd3X ǳq�p2 2[m�iBQM KB;`�iBQM rBi? i?2 T?�b2@b?B7i K2i?Q/ǴX :2QT?vbB+b 9j,Rjk9Ĝ
Rj8RX

:mBiiQM- �X kyy9X ǳ�KTHBim/2 �M/ FBM2K�iB+ +Q``2+iBQMb Q7 KB;`�i2/ BK�;2b 7Q` MQMmMBi�`v
BK�;BM; QT2`�iQ`bǴX :2QT?vbB+bX

X kyRdX ǳS`2+QM/BiBQM2/ j. H2�bi@b[m�`2b _hJ rBi? MQM@bi�iBQM�`v K�i+?BM; }Hi2`bǴX
1tT�M/2/ �#bi`�+ibX /QB,?iiTb,ff/QBXQ`;fRyXjNNdfkkR9@9eyNXkyRdyy3ykX

:mQ- aX- 2 >X q�M;X kyRNX ǳAK�;2 /QK�BM H2�bi@b[m�`2b KB;`�iBQM rBi? � >2bbB�M K�i`Bt
2biBK�i2/ #v MQM@bi�iBQM�`v K�i+?BM; }Hi2`bǴX CQm`M�H Q7 :2QT?vbB+b �M/ 1M;BM22`BM;
y,RĜRkX /QB,RyXRyNjfD;2f;txyN3X

:mQ- aQM;- 2 >m�x?QM; q�M;X kyRNX ǳAK�;2 /QK�BM H2�bi@b[m�`2b KB;`�iBQM rBi? � >2b@
bB�M K�i`Bt 2biBK�i2/ #v MQM@bi�iBQM�`v K�i+?BM; }Hi2`bǴX CQm`M�H Q7 :2QT?vbB+b �M/
1M;BM22`BM; Rd- MǞ R UMQp2K#`QV, R93ĜR8NX /QB,RyXRyNjfD;2f;txyN3X

>2bi2M2b- JX _X- 2 1X aiB272HX RN8kX ǳJ2i?Q/b Q7 +QMDm;�i2 ;`�/B2Mib 7Q` bQHpBM; HBM2�` bvb@
i2KbǴX CQm`M�H Q7 _2b2�`+? Q7 i?2 L�iBQM�H "m`2�m Q7 ai�M/�`/b 9NX

E?�HBH- �X- >X >Q2#2`- :X _Q#2`ib 2 6X S2``QM2X kyReX ǳ�M �Hi2`M�iBp2 iQ H2�bi@b[m�`2b BK�;BM;
mbBM; /�i�@/QK�BM K�i+?BM; }Hi2`bǴX a1: h2+?MB+�H S`Q;`�K 1tT�M/2/ �#bi`�+ib, 9R33Ĝ
9RNkX /QB,RyXRNyfb2;�KkyRe@Rj3eRjykXRX

EQbHQz- .X- �X ZX 6BH?Q- 1X h2bbK2` 2 �X "2?H2X RN3NX ǳLmK2`B+�H bQHmiBQM Q7 i?2 �+QmbiB+
�M/ 2H�biB+ r�p2 2[m�iBQM #v � M2r `�TB/ 2tT�MbBQM K2i?Q/ǴX :2QT?vbB+�H S`QbT2+iBM;
jd,j3jĜj39X

EQbHQz- .X- 2 .X E2bbH2`X RNNyX ǳa2BbKB+ MmK2`B+�H KQ/2HBM;ǴX *�TX e 2K a2BbKB+ MmK2`B+�H
KQ/2HBM;X 1Hb2pB2` a+B2M+2 Sm#HBb?2`bX

GBT�`B- oX- 6X SB+2iiB- CX S�MBxx�`/B- LX "B2M�iB 2 aX hm#�`QX kyRNX ǳ�TT`QtBK�i2 G2�bi
a[m�`2b _hJ pB� K�i+?BM; }Hi2`b �M/ `2;mH�`Bx2/ BMp2`bBQMǴX a1: h2+?MB+�H S`Q;`�K
1tT�M/2/ �#bi`�+ibX /QB,RyXRRNyfb2;�KkyRN@jkR8RddXRX

GBm- ZX- 2 .X S2i2`X kyR3X ǳPM2@bi2T /�i�@/QK�BM H2�bi@b[m�`2b `2p2`b2 iBK2 KB;`�iBQMǴX
:2QT?vbB+bX

J2MF2- qX kyR3X :2QT?vbB+�H /�i� �M�HvbBb, .Bb+`2i2 BMp2`b2 i?2Q`vX �+�/2KB+ S`2bbX
L2K2i?- h�K�b- *?2M;DmM qm 2 :2`�`/ hX a+?mbi2`X RNNNX ǳG2�bi@b[m�`2b KB;`�iBQM Q7

BM+QKTH2i2 `2~2+iBQM /�i�ǴX :2QT?vbB+b e9- MǞ R UD�M2B`QV, ky3ĜkkRX /QB,RyXRRNyfRX
R9998RdX

PHBp2B`�- �MiQMBQ 1/bQM GBK�X kyR9X ǳJB;`�Ï½Q `2p2`b� MQ i2KTQ U_hJV +QK +QKT2Mb�Ï½Q
/2 BHmKBM�Ï½Q MQ /QKőMBQ /2 QM/�b TH�M�b 2 TQ` KőMBKQb [m�/`�/Qb UGaJV MQ /QKőMBQ
/Q iB`QǴX .Bbb2`i�Ï½Q /2 K2bi`�/Q- lMBp2`bB/�/2 62/2`�H /� "�?B�X

S2`2x- .X PX- .X _X o2HBb 2 JX .X a�++?BX kyRkX ǳAMp2`bBQM Q7 T`2bi�+F b2BbKB+ /�i� mbBM;
6Aah�ǴX �bQ+B�+BƦM �`;2MiBM� /2 J2+�MB+� *QKTmi�+BQM�H sssA,jk88ĜjkejX

S2bi�M�- _X- 2 SX aiQz�X kyRyX ǳhBK2 2pQHmiBQM Q7 i?2 r�p2 2[m�iBQM mbBM; `�TB/ 2tT�MbBQM
K2i?Q/ǴX :2QT?vbB+b d8 U9V, hRkRĜhRjRX /QB,RyXRRNyfRXj99NyNRX
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a+?M2B/2`- qX �X RNd3X ǳAMi2;`�H 7Q`KmH�iBQM 7Q` KB;`�iBQM BM irQ �M/ i?`22 /BK2MbBQMǴX
:2QT?vbB+b 9j URV, 9NĜdeX /QB,/QBXQ`;fRyXRRNyfRXR99y3k3X

aiQHi- _X >X RNd3X ǳJB;`�iBQM #v 6Qm`B2` i`�Mb7Q`KǴX :2QT?vbB+b 9j,kjĜ93X
h�H@1x2`- >X- .X EQbHQz 2 wX EQ`2MX RN3dX ǳ�M �++m`�i2 b+?2K2 7Q` b2BbKB+ 7Q`r�`/ KQ/2H@

HBM;ǴX :2QT?vbB+�H S`QbT2+iBM; j8,9dNĜ9NyX
h2H7Q`/- qX JX- GX SX :2H/�`i- _X 1X a?2`Bz 2 .X �X E2vbX RNdeX �TTHB2/ :2QT?vbB+bX *�K@

#`B/;2, *�K#`B/;2 lMX S`2bbX
qQM;- JX- aX _QM2M 2 "X "BQM/BX kyRRX ǳG2�bi@b[m�`2b `2p2`b2@iBK2 KB;`�iBQMfBMp2`bBQM 7Q`

Q+2�M #QiiQK /�i�, � +�b2 bim/vǴX 1tT�M/2/ �#bi`�+ibX /QB,RyXRRNyfRXjekde39X
uBHK�x- PX RN3dX 1K a2BbKB+ /�i� T`Q+2bbBM;X aQ+B2iv Q7 1tTHQ`�iBQM :2QT?vbB+BbibX
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