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_2bmKQ

oBbi� +QKQ T�`�K2i`Q 7mM/�K2Mi�H T�`� mK� +QM}�p2H BK�;2K ;2QHƦ;B+� /� bm#bmT2`7ő+B2- 2
+QMb2[m2Mi2 bm+2bbQ 2tTHQ`�iƦ`BQ- � p2HQ+B/�/2 bőbKB+� û mK /Qb T`û@`2[mBbBiQb M� +�/2B� /�
2tTHQ`�Ï½Q bőbKB+�X h�H p2HQ+B/�/2 i2K `2H�Ï½Q /B`2i� M� [m�HB/�/2 /� +QMbi`mÏ½Q /2 BK�;2Mb
bőbKB+�b �i`�pûb /2 �H;Q`BiKQb `Q#mbiQb +QKQ Q /� KB;`�Ï½Q `2p2`b� MQ i2KTQ U2K BM;Hāb-
_2p2`b2 hBK2 JB;`�iBQM @ _hJV Qm Qmi`�b iû+MB+�b /2 BK�;2�K2MiQ bőbKB+QX L2bi2 i`�#�H?Q-
`2+Q``2KQb �Qb �K#B2Mi2b /2 �T`2M/Bx�/Q /2 K�[mBM� T�`� Q#i2`KQb mK� p2HQ+B/�/2 bőbKB+�
/2 �Hi� `2bQHmÏ½Q TQ` K2BQ /� iû+MB+� /2 BMp2`b½Q /� 7Q`K� /2 QM/� +QKTH2i� U2K BM;Hāb-
6mHH q�p27Q`K AMp2`bBQM @ 6qAVX

1K bőMi2b2- � iû+MB+� 6qA pBb� +QKT�`�` /�/Qb /2 Q#b2`p�ÏǤ2b `2�Bb +QK /�/Qb +�H+m@
H�/Qb Q#iB/Qb �i`�pûb /� KQ/2H�;2K bőbKB+� � T�`iB` /� bQHmÏ½Q /2 mK� 2[m�Ï½Q /2 QM/�
2bT2+ő}+�X P `2bő/mQ /2bb� +QKT�`�Ï½Q û KBMBKBx�/Q 2- Q ;`�/B2Mi2- û miBHBx�/Q T�`� �im@
�HBx�`- +QK mK �H;Q`BiKQ /2 QiBKBx�Ï½Q Bi2`�iBp�- Q KQ/2HQ /2 p2HQ+B/�/2b [m2 MQ }M�H /Q
T`Q+2bbQ b2`� +�T�x /2 +Q``2bTQM/2` �Qb /�/Qb `2�BbX �[mB miBHBx�`2KQb mK� `2/2 M2m`�H `2@
+Q``2Mi2 U_2+m``2Mi L2m`�H L2irQ`F @ _LLV- #�b2�/� M� 7őbB+� ;Qp2`M�Mi2 U2[m�Ï½Q /� QM/�
�+ȹbiB+�V- T�`� /2`Bp�` Qb /�/Qb `2�Bb 2 Qb /�/Qb +�H+mH�/Qb MQ [m2 i�M;2 � 2i�T� /2 KQ@
/2H�;2K bőbKB+� /B`2i�- pBbiQ [m2 i`�i�`2KQb /2 /�/Qb Tm`�K2Mi2 bBMiûiB+QbX �HûK /BbbQ Qb
�K#B2Mi2b /2 �T`2M/Bx�;2K- +QKQ Q SviQ`+?- MQb T`QTQ`+BQM�K 72``�K2Mi�b T�`� Q +�H+mHQ
/Q ;`�/B2Mi2 U/B72`2M+B�Ï½Q �miQK�iB+�V 2 2bi`�iû;B� /2 KBMB@HQi2 U2K BM;Hāb- KBMB@#�i+?2bV
BKTQ`i�Mi2 M� [m2bi½Q /2 `2/mÏ½Q /2 K2KƦ`B� 2 K�BQ` p2HQ+B/�/2 /2 T`Q+2bb�K2MiQX

*QKQ � 6qA b2 #�b2B� M� KBMBxBK�Ï½Q Bi2`�iBp� /2 mK� 7mMÏ½Q +mbiQ 2Mi`2 /�/Qb Q#@
b2`p�/Qb 2 +�H+mH�/Qb- MQ BMimBiQ /2 2pBi�` � +QMp2`;āM+B� � KőMBKQb HQ+�Bb miBHBx�KQb �
�#Q`/�;2K KmHiB2b+�H� M� 7`2[māM+B�X �HûK /BbbQ- i2bi�KQb � `2bTQbi� /� 6qA [m�M/Q bm#@
K2iB/� � /�/Qb /2 Q#b2`p�ÏǤ2b `mB/QbQb 2 � KQ/2HQb BMB+B�Bb K2MQb T`2+BbQb 2 +QKT�`�KQb
+QK � `2bTQbi� /� BMp2`b½Q bQK�/� ¨ iû+MB+� KmHiB2b+�H� M� 7`2[māM+B�- T�`� /2KQMbi`�` �
�im�Ï½Q /2bi� �#Q`/�;2K M� KBiB;�Ï½Q /2bi�b HBKBi�ÏǤ2bX

Pb `2bmHi�/Qb Q#iB/Qb 2K i`āb +QMDmMiQb /2 /�/Qb /2KQbi`�K � 2}+BāM+B� 2 �THB+�#BHB/�/2
/� iû+MB+� mb�/� M� i2Mi�iBp� /2 Q#i2` +�KTQb /2 p2HQ+B/�/2b bőbKB+� /2 �Hi� `2bQHmÏ½QX
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�#bi`�+i

a22M �b � 7mM/�K2Mi�H T�`�K2i2` 7Q` � `2HB�#H2 ;2QHQ;B+�H BK�;2 Q7 i?2 bm#bm`7�+2- �M/
+QMb2[m2Mi 2tTHQ`�iQ`v bm++2bb- b2BbKB+ p2HQ+Biv Bb QM2 Q7 i?2 T`2`2[mBbBi2b BM i?2 b2BbKB+
2tTHQ`�iBQM +?�BMX am+? p2HQ+Biv `2H�i2b /B`2+iHv iQ i?2 +QMbi`m+iBQM [m�HBiv Q7 b2BbKB+ BK�;2b
i?`Qm;? `Q#mbi �H;Q`Bi?Kb bm+? �b `2p2`b2 iBK2 KB;`�iBQM U_hJV Q` Qi?2` b2BbKB+ BK�;BM;
i2+?MB[m2bX AM i?Bb rQ`F- r2 mb2 K�+?BM2 H2�`MBM; 2MpB`QMK2Mib iQ Q#i�BM ?B;? `2bQHmiBQM
b2BbKB+ p2HQ+Biv i?`Qm;? i?2 7mHH r�p27Q`K BMp2`bBQM U6qAV i2+?MB[m2X

AM bmKK�`v- i?2 6qA i2+?MB[m2 �BKb iQ +QKT�`2 /�i� 7`QK `2�H Q#b2`p�iBQMb rBi?
+�H+mH�i2/ /�i� Q#i�BM2/ i?`Qm;? b2BbKB+ KQ/2HBM; 7`QK i?2 bQHmiBQM Q7 � bT2+B}+ r�p2
2[m�iBQMX h?2 `2bB/m�H Q7 i?Bb +QKT�`BbQM Bb KBMBKBx2/ �M/ i?2 ;`�/B2Mi Bb mb2/ iQ mT/�i2-
rBi? �M Bi2`�iBp2 QTiBKBx�iBQM �H;Q`Bi?K- i?2 p2HQ+Biv KQ/2H i?�i �i i?2 2M/ Q7 i?2 T`Q+2bb
rBHH #2 �#H2 iQ +Q``2bTQM/ iQ i?2 `2�H /�i�X >2`2 r2 rBHH mb2 � _2+m``2Mi L2m`�H L2irQ`F
U_LLV- #�b2/ QM i?2 ;Qp2`MBM; T?vbB+b U�+QmbiB+ r�p2 2[m�iBQMV- iQ /2`Bp2 i?2 `2�H /�i�
�M/ i?2 +�H+mH�i2/ /�i� `2;�`/BM; i?2 /B`2+i b2BbKB+ KQ/2HBM; bi2T- bBM+2 r2 rBHH /2�H rBi?
Tm`2Hv bvMi?2iB+ /�i�X AM �//BiBQM- H2�`MBM; 2MpB`QMK2Mib- bm+? �b SviQ`+?- T`QpB/2 mb rBi?
iQQHb 7Q` +�H+mH�iBM; i?2 ;`�/B2Mi U�miQK�iB+ /Bz2`2MiB�iBQMV �M/ i?2 KBMB@#�i+? bi`�i2;v
BKTQ`i�Mi BM i2`Kb Q7 `2/m+iBQM K2KQ`v �M/ ?B;?2` T`Q+2bbBM; p2HQ+BivX

�b i?2 6qA Bb #�b2/ QM i?2 Bi2`�iBp2 KBMBKBx�iBQM Q7 � +Qbi 7mM+iBQM #2ir22M Q#b2`p2/
�M/ +�H+mH�i2/ /�i�- BM Q`/2` iQ �pQB/ +QMp2`;2M+2 iQ HQ+�H KBMBK�- r2 mb2 i?2 KmHiBb+�H2
�TT`Q�+? Q7 7`2[m2M+vX AM �//BiBQM- r2 i2bi2/ i?2 6qA `2bTQMb2 r?2M bm#D2+i2/ iQ MQBbv
Q#b2`p�iBQM /�i� �M/ H2bb �++m`�i2 BMBiB�H KQ/2Hb- �M/ +QKT�`2/ Bi rBi? i?2 BMp2`bBQM `2bTQMb2
�//2/ iQ i?2 KmHiBb+�H2 �TT`Q�+? Q7 7`2[m2M+v i2+?MB[m2- iQ /2KQMbi`�i2 i?2 T2`7Q`K�M+2
Q7 i?Bb �TT`Q�+? r?2M Bi +QK2b iQ KBiB;�iBM; i?2b2 HBKBi�iBQMbX

h?2 `2bmHib Q#i�BM2/ BM i?`22 b2ib Q7 /�i� /2KQMbi`�i2 i?2 2{+B2M+v �M/ �TTHB+�#BHBiv Q7
i?2 i2+?MB[m2 mb2/ BM i?2 �ii2KTi iQ Q#i�BM ?B;? `2bQHmiBQM b2BbKB+ p2HQ+Biv }2H/bX
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ŐM/B+2

_2bmKQ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9

�#bi`�+i X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8

ŐM/B+2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e

ŐM/B+2 /2 h�#2H�b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3

ŐM/B+2 /2 6B;m`�b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N

AMi`Q/mÏ½Q X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk

R 6mM/�K2MiQb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R8
RXR *QM+2BiQb "�bB+Qb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R8
RXk JQ/2H�;2K aőbKB+� .B`2i� X X X X X X X X X X X X X X X X X X X X X X X X X X X X Re

RXkXR JûiQ/Q /�b /B72`2MÏ�b@}MBi�b X X X X X X X X X X X X X X X X X X X X X X Rd
RXj AMp2`b½Q :2Q7őbB+� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RN
RX9 AMp2`b½Q /� 6Q`K� /2 PM/� *QKTH2i� @ U6qAV X X X X X X X X X X X X X X X X X ky

RX9XR *�H+mHQ /Q :`�/B2Mi2 @ ;k X X X X X X X X X X X X X X X X X X X X X X X X kj
RX9Xk .B`2Ï½Q /2 #mb+� UTkV 2 +QKT`BK2MiQ /Q T�bbQ UαkV X X X X X X X X X X k9

k _2/2 L2m`�Bb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kd
kXR �T`2M/Bx�/Q /2 J�[mBM� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kd

kXRXR L2m`ƬMBQ "BQHƦ;B+Q X X X X X X X X X X X X X X X X X X X X X X X X X X X X kd
kXRXk L2m`ƬMBQ J�i2K�iB+Q X X X X X X X X X X X X X X X X X X X X X X X X X X X k3

kXk �`[mBi2im`� /2 _2/2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jR
kXkXR _2/2b �HBK2Mi�/�b �/B�Mi2 +QK *�K�/� ȸMB+� X X X X X X X X X X X X jk
kXkXk _2/2b �HBK2Mi�/�b .B`2i�K2Mi2 +QK JȹHiBTH�b *�K�/�b X X X X X X X jk
kXkXj _2/2b _2+Q``2Mi2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X jk

kXj S`Q+2bbQb /2 �T`2M/Bx�;2K X X X X X X X X X X X X X X X X X X X X X X X X X X X j9
kXjXR �T`2M/Bx�/Q amT2`pBbBQM�/Q X X X X X X X X X X X X X X X X X X X X X X X j9

e



ŐM/B+2 d

kXjXk �T`2M/Bx�/Q L½Q amT2`pBbBQM�/Q X X X X X X X X X X X X X X X X X X X X j8
kXjXj 6mMÏ½Q P#D2iBpQ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j8
kXjX9 hû+MB+�b /2 PiBKBx�Ï½Q X X X X X X X X X X X X X X X X X X X X X X X X X je
kXjX8 "�+FT`QT�;�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9y

j 6qA mb�M/Q iû+MB+�b /2 .22T G2�`MBM; X X X X X X X X X X X X X X X X X X 9j
jXR AMp2`b½Q R. +QKQ i`2BM�K2MiQ /2 mK� `2/2 722/7Q`r�`/ X X X X X X X X X X X X 99

jXRXR .�/Qb /2 1Mi`�/� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 99
jXRXk h`2BM�K2MiQ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9e
jXRXj _2bmHi�/Qb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9e

jXk JQ/2H�;2K /� QM/� �+ȹbiB+� +QKQ mK� `2/2 M2m`�H `2+Q``2Mi2 X X X X X X X X 93
jXj AMp2`b½Q +QKQ i`2BM�K2MiQ /2 mK� `2/2 `2+Q``2Mi2 X X X X X X X X X X X X X X 9N
jX9 �#Q`/�;2K JmHiB2b+�H� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8y

9 J2iQ/QHQ;B� 2 _2bmHi�/Qb X X X X X X X X X X X X X X X X X X X X X X X X X X X 89
9XR J2iQ/QHQ;B� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 89

9XRXR S`2T�`�Ï½Q /Qb .�/Qb X X X X X X X X X X X X X X X X X X X X X X X X X X 88
9XRXk .2}MBÏ½Q /Qb S�`�K2i`Qb X X X X X X X X X X X X X X X X X X X X X X X X 8d

9Xk _2bmHi�/Qb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 83
9XkXR _2bmHi�/Qb /Q JQ/2HQ a1�J 6�b2 A a2/BK2Mi�` X X X X X X X X X X X X 8N
9XkXk _2bmHi�/Qb /Q JQ/2HQ a1�J S?�b2 A X X X X X X X X X X X X X X X X X X e8
9XkXj _2bmHi�/Qb /Q JQ/2HQ J�`KQmbB X X X X X X X X X X X X X X X X X X X X dy
9XkX9 �p�HB�Ï½Q Zm�MiBi�iBp� X X X X X X X X X X X X X X X X X X X X X X X X X X d3
9XkX8 a2MbB#BHB/�/2 �Q JQ/2HQ AMB+B�H X X X X X X X X X X X X X X X X X X X X X d3

8 *QM+HmbǤ2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3y

�;`�/2+BK2MiQb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3k

�TāM/B+2 � *�H+mHQ /Q ;`�/B2Mi2 T2HQ KûiQ/Q �/DmMiQ X X X X X X X X X X X 3j
�XR P#i2MÏ½Q /Q ;`�/B2Mi2 T2HQ KûiQ/Q �/DmMiQ X X X X X X X X X X X X X X X X X X 3j

�XRXR �THB+�Ï½Q � 6qA X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 38

�TāM/B+2 " *�H+mHQ /Q ;`�/B2Mi2 TQ` /B72`2M+B�Ï½Q �miQK�iB+� X X X X X X 33

_272`āM+B�b "B#HBQ;`�}+�b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X NR



ŐM/B+2 /2 h�#2H�b

9XR h�#2H� /2 T�`�K2i`Qb miBHBx�/Qb M� KQ/2H�;2K bőbKB+�X X X X X X X X X X X X X 8d
9Xk S�`�K2i`Qb /Qb PiBKBx�/Q`2bX X X X X X X X X X X X X X X X X X X X X X X X X X X 83
9Xj h�K�M?Q /Q HQi2 2K +�/� 2tT2`BK2MiQX X X X X X X X X X X X X X X X X X X X X X 83
9X9 1``Q `2H�iBpQ 2Mi`2 Qb KQ/2HQb /2 p2HQ+B/�/2b mb�M/Q 6qA 2 6qA JmHiB2b+�H�

+QK /�/Qb bőbKB+Qb b2K `mő/QX X X X X X X X X X X X X X X X X X X X X X X X X X X d3
9X8 1``Q `2H�iBpQ 2Mi`2 Qb KQ/2HQb /2 p2HQ+B/�/2b mb�M/Q 6qA 2 6qA JmHiB2b+�H�

+QK /�/Qb bőbKB+Qb +QK `mő/QX X X X X X X X X X X X X X X X X X X X X X X X X X d3
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ŐM/B+2 /2 6B;m`�b

RXR .B�;`�K� 2b[m2K�iB+Q `2T`2b2Mi�M/Q Qb T`Q+2bbQb /2 KQ/2H�;2K /B`2i� 2
BMp2`b�X �/�Ti�/Q /2 J�m`v�- aBM;? 2 aBM;? UkykyVX X X X X X X X X X X X X X Re

RXk 6HmtQ;`�K� /2 KûiQ/Qb /2 QiBKBx�Ï½Q HQ+�HX �/�Ti�/Q /2 J�m`v�- aBM;? 2
aBM;? UkykyV X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ky

RXj *QMp2`;āM+B� /Q KûiQ/Q bi22T2bi@/2b+2Mi ULQ+2/�H 2 q`B;?i- kyyeVX X X X X X k8

kXR _2T`2b2Mi�Ï½Q aBKTHB}+�/� /Q L2m`ƬMBQ "BQHƦ;B+QX X X X X X X X X X X X X X X k3
kXk _2T`2b2Mi�Ï½Q /Q L2m`ƬMBQ J�i2K�iB+Q U>�vFBM- kyydVX X X X X X X X X X X X kN
kXj h`�Mb7Q`K�Ï½Q �}K T`Q/mxB/� T2H� T`2b2MÏ� /2 mK #B�b U>�vFBM- kyydVX X X jy
kX9 _2T`2b2Mi�Ï½Q /2 Qmi`Q KQ/2HQ /2 L2m`ƬMBQ J�i2K�iB+Q U>�vFBM- kyydVX X X jR
kX8 _2/2 �HBK2Mi�/� �/B�Mi2 +QK mK� ȹMB+� +�K�/� /2 M2m`ƬMBQb U>�vFBM- kyydVX jk
kXe _2/2 �HBK2Mi�/� �/B�Mi2 iQi�HK2Mi2 +QM2+i�/� +QK mK� +�K�/� Q+mHi� 2

mK� +�K�/� /2 b�ő/� U>�vFBM- kyydVX X X X X X X X X X X X X X X X X X X X X X X jj
kXd _2/2 L2m`�H _2+Q``2Mi2 2K bm�b `2T`2b2Mi�ÏǤ2b +QKT�+i� U2b[m2`/�V 2 /2@

b2M`QH�/� U/B`2Bi�VX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j9
kX3 lK� BHmbi`�Ï½Q /Q �H;Q`BiKQ /2 /2b+B/� /Q ;`�/B2Mi2 U2b[m2`/�V 2 Q �H;Q`BiKQ

a:. U/B`2Bi�VX � 7mMÏ½Q � b2` KBMBKBx�/� 7QB 1, 25(x+6)2 + (y− 8)2X S�`� Q
+�bQ 2biQ+�biB+Q- � HBM?� bƦHB/� `2T`2b2Mi� Q p�HQ` Kû/BQ /2 r Ua?�H2p@a?r�`ix
2 "2M@.�pB/- kyR9VX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j3

kXN _2/2 M2m`�H +QK /m�b +�K�/�b Q+mHi�bX X X X X X X X X X X X X X X X X X X X X 9y
kXRy AMb2`Ï½Q /Q +�H+mHQ /Q 2``Q M� b�ő/� /� `2/2 M2m`�HX X X X X X X X X X X X X X X 9R

jXR 1t2KTHQ /2 i`�ÏQ bőbKB+Q 7Q`M2+B/Q � `2/2 M2m`�HX X X X X X X X X X X X X X X X 99
jXk �KQbi`� /2 i`�ÏQb bőbKB+Qb 7Q`M2+B/Qb ¨ `2/2X X X X X X X X X X X X X X X X X X 98
jXj �KQbi`� /2 p2HQ+B/�/2b UMQ`K�HBx�/�bV mb�/�b MQ i`2BM�K2MiQ /� `2/2 M2m`�HX 98
jX9 _2bmHi�/Q 7Q`M2+B/Q T2H� `2/2 LL6qA R.X X X X X X X X X X X X X X X X X X X X 9e
jX8 Pmi`Q `2bmHi�/Q 7Q`M2+B/Q T2H� `2/2 LL6qA R.X X X X X X X X X X X X X X X X X 9d
jXe JQ/2HQb /2 p2HQ+B/�/2b T`2pBbiQb T2H� `2/2 U2b[m2`/�V 2 KQ/2HQb /2 p2HQ+B/�@

/2b p2`/�/2B`Qb U/B`2Bi�VX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9d

N



ŐM/B+2 /2 6B;m`�b Ry

jXd 6Q`K�Ï½Q /2 �`i27�iQb /2 b�HiQ /2 +B+HQ- T�`� mK� +QKTQM2Mi2 /2 QM/� KQ@
MQ+`QK�iB+�- M� 6qAX � HBM?� bƦHB/� `2T`2b2Mi� mK� +QKTQM2Mi2 /Q /�/Q
Q#b2`p�/Q- 2 �b HBM?�b TQMiBH?�/�b- /Q /�/Q KQ/2H�/Q- �K#�b +QK mK /2H�v
K�BQ` [m2 T/2X LQ +�bQ /� KQ/2H�;2K bmT2`BQ`- � 6qA p�B �im�HBx�` Q KQ/2HQ
+QKQ b2 ?Qmp2bb2 +Q``2H�Ï½Q 2Mi`2 Q +B+HQ (n+1) /Qb bBbKQ;`�K�b KQ/2H�/Qb
2 Q +B+HQ n /Q /�/Q Q#b2`p�/Q- ;2`�M/Q mK KQ/2HQ 2``ƬM2Q UoB`B2mt 2 PT2`iQ-
kyyNVX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8y

jX3 AMi2`T`2i�Ï½Q ?2m`őbiB+� /� �#Q`/�;2K KmHiB2b+�H�X *�/� T�BM2H `2T`2b2Mi� Q
;`�}+Q /2 mK� 7mMÏ½Q Q#D2iBpQ- /2b/2 � K2MQ` 2b+�H� UK�BQ` 7`2[māM+B�V U�V
�iû � K�BQ` 2b+�H� UK2MQ` 7`2[māM+B�V U2V U"mMFb 2i �HX- RNN8VX X X X X X X X X 8R

jXN _2T`2b2Mi�Ï½Q /Q +QKTQ`i�K2MiQ /� 7mMÏ½Q Q#D2iBpQ MQ b2MiB/Q /� K�BQ`
2b+�H� U;`�}+Q bmT2`BQ`V T�`� K2MQ` 2b+�H� U;`�}+Q BM72`BQ`VX �/�Ti�/Q /2
U6B+?iM2`- kyRRV X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8k

9XR JQ/2HQ /2 p2HQ+B/�/2b p2`/�/2B`Q a1�J 6�b2 A a2/BK2Mi�`X X X X X X X X X X 88
9Xk JQ/2HQ /2 p2HQ+B/�/2b p2`/�/2B`Q a1�J 6�b2 AX X X X X X X X X X X X X X X X X 8e
9Xj JQ/2HQ /2 p2HQ+B/�/2b p2`/�/2B`Q J�`KQmbBX X X X X X X X X X X X X X X X X X X 8d
9X9 *QKT�`�Ï½Q /Qb `2bmHi�/Qb /� BMp2`b½Q /Q KQ/2HQ a1�J 6�b2 A a2/BK2Mi�`X

U�V JQ/2HQ o2`/�/2B`Q- U#V JQ/2HQ BMB+B�H- U+V 6qA 2 U/V 6qA KmHiB2b+�H�X X 8N
9X8 S2`}b /2 p2HQ+B/�/2X U�V o2HQ+B/�/2b 2MpQHpB/�b M� 6qA 2 U#V o2HQ+B/�/2b

2MpQHpB/�b M� 6qA KmHiB2b+�H�X X X X X X X X X X X X X X X X X X X X X X X X X X ey
9Xe S2`}b /2 p2HQ+B/�/2b 2K /2i�H?2X X X X X X X X X X X X X X X X X X X X X X X X X ey
9Xd _2bmHi�/Qb 6qA KmHiB2b+�H� KQ/2HQ a1�J 6�b2 A a2/BK2Mi�`X U�V fpeak =

5Hz- U#V fpeak = 10Hz- U+V fpeak = 15Hz 2 U/V fpeak = 20HzX X X X X X X X X eR
9X3 :`�}+Qb /2 2``Qb 7Q`M2+B/Qb T2H� 7mMÏ½Q +mbiQ TQ` ûTQ+� T�`� +�/� 2b+�H� /�

6qA KmHiB2b+�H� /Q KQ/2HQ a1�J 6�b2 A b2/BK2Mi�`X X X X X X X X X X X X X X ek
9XN hB`Q M� TQbBÏ½Q +2Mi`�H /Q KQ/2HQX U�V P#iB/Q � T�`iB` /Q KQ/2HQ /2 p2HQ+B@

/�/2b BMB+B�H- U#V � T�`iB` /Q KQ/2HQ 6qA KmHiB2b+�H� 2 U+V KQ/2HQ p2`/�/2B`QX ej
9XRy hB`Q M� TQbBÏ½Q +2Mi`�H /Q KQ/2HQX U�V P#iB/Q � T�`iB` /Q KQ/2HQ 6qA

KmHiB2b+�H�- U#V KQ/2HQ p2`/�/2B`Q 2 U/V /B72`2MÏ� U(b)− (a)VX X X X X X X X X ej
9XRR _2bmHi�/Q /� 6qA KmHiB2b+�H� T�`� QiBKBx�/Q`2b /BbiBMiQbX X X X X X X X X X X e9
9XRk *QKT�`�Ï½Q /Qb `2bmHi�/Qb /� BMp2`b½Q /Q KQ/2HQ a1�J 6�b2 AX U�V JQ/2HQ

o2`/�/2B`Q- U#V JQ/2HQ BMB+B�H- U+V 6qA 2 U/V 6qA KmHiB2b+�H�X X X X X X X X e8
9XRj S2`}b /2 p2HQ+B/�/2 M� TQbBÏ½Q 2880mX U�V o2HQ+B/�/2b 2MpQHpB/�b M� 6qA 2

U#V o2HQ+B/�/2b 2MpQHpB/�b M� 6qA KmHiB2b+�H�X X X X X X X X X X X X X X X X X ee
9XR9 S2`}b /2 p2HQ+B/�/2 M� TQbBÏ½Q 2880m 2K /2i�H?2X X X X X X X X X X X X X X X ee



ŐM/B+2 /2 6B;m`�b RR

9XR8 _2bmHi�/Qb 6qA KmHiB2b+�H� KQ/2HQ a1�J 6�b2 AX U�V fpeak = 3Hz- U#V
fpeak = 6Hz- U+V fpeak = 9Hz 2 U/V fpeak = 12HzX X X X X X X X X X X X X X X X ed

9XRe :`�}+Qb /2 2``Qb 7Q`M2+B/Qb T2H� 7mMÏ½Q +mbiQ TQ` ûTQ+� T�`� +�/� 2b+�H� /�
6qA JmHiB2b+�H� /Q KQ/2HQ a1�J 6�b2 AX X X X X X X X X X X X X X X X X X X X e3

9XRd hB`Q M� TQbBÏ½Q TQbBÏ½Q 2880m /Q KQ/2HQX U�V P#iB/Q � T�`iB` /Q KQ/2HQ
/2 p2HQ+B/�/2b BMB+B�H- U#V � T�`iB` /Q KQ/2HQ 6qA KmHiB2b+�H� 2 U+V KQ/2HQ
p2`/�/2B`QX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X eN

9XR3 hB`Q M� TQbBÏ½Q TQbBÏ½Q 2880m /Q KQ/2HQX U�V P#iB/Q � T�`iB` /Q KQ/2HQ
6qA KmHiB2b+�H�- U#V KQ/2HQ p2`/�/2B`Q 2 U/V /B72`2MÏ� U(b)− (a)VX X X X X X eN

9XRN _2bmHi�/Q /� 6qA KmHiB2b+�H� T�`� QiBKBx�/Q`2b /BbiBMiQbX X X X X X X X X X X dy
9Xky *QKT�`�Ï½Q /Qb `2bmHi�/Qb /� BMp2`b½Q /Q KQ/2HQ J�`KQmbBX U�V JQ/2HQ

o2`/�/2B`Q- U#V JQ/2HQ BMB+B�H- U+V 6qA 2 U/V 6qA JmHiB2b+�H�X X X X X X X X dR
9XkR S2`}b /2 p2HQ+B/�/2 M� TQbBÏ½Q +2Mi`�H /Q KQ/2HQX U�V o2HQ+B/�/2b 2MpQHpB/�b

M� 6qA 2 U#V o2HQ+B/�/2b 2MpQHpB/�b M� 6qA KmHiB2b+�H�X X X X X X X X X X X dk
9Xkk S2`}b /2 p2HQ+B/�/2 M� TQbBÏ½Q M� TQbBÏ½Q +2Mi`�H /Q KQ/2HQ 2K /2i�H?2X X X dk
9Xkj _2bmHi�/Qb 6qA KmHiB2b+�H� KQ/2HQ J�`KQmbBX U�V fpeak = 3Hz- U#V fpeak =

6Hz- U+V fpeak = 9Hz 2 U/V fpeak = 12HzX X X X X X X X X X X X X X X X X X X X dj
9Xk9 :`�}+Qb /2 2``Qb 7Q`M2+B/Qb T2H� 7mMÏ½Q +mbiQ TQ` ûTQ+� T�`� +�/� 2b+�H� /�

6qA JmHiB2b+�H� /Q KQ/2HQ J�`KQmbBX X X X X X X X X X X X X X X X X X X X X X d9
9Xk8 hB`Q M� TQbBÏ½Q +2Mi`�H /Q KQ/2HQX U�V P#iB/Q � T�`iB` /Q KQ/2HQ /2 p2HQ+B@

/�/2b BMB+B�H- U#V � T�`iB` /Q KQ/2HQ 6qA KmHiB2b+�H� 2 U+V KQ/2HQ p2`/�/2B`QX d8
9Xke hB`Q M� TQbBÏ½Q +2Mi`�H /Q KQ/2HQX U�V P#iB/Q � T�`iB` /Q KQ/2HQ 6qA

KmHiB2b+�H�- U#V KQ/2HQ p2`/�/2B`Q 2 U/V /B72`2MÏ� U(b)− (a)VX X X X X X X X X d8
9Xkd _2bmHi�/Q /� 6qA KmHiB2b+�H� T�`� QiBKBx�/Q`2b /BbiBMiQbX X X X X X X X X X X de
9Xk3 .�/Q Q#b2`p�/Q ;2`�/Q +QK KQ/2HQ p2`/�/2B`Q /Q J�`KQmbBX U�V .�/Q bőb@

KB+Q HBp`2 /2 `mő/Q U#V .�/Q bőbKB+Q `mB/QbQ UaL_ 4 10 dbVX X X X X X X X X X dd
9XkN *QKT�`�Ï½Q /Qb `2bmHi�/Qb /� BMp2`b½Q /Q KQ/2HQ J�`KQmbBX U�V JQ/2HQ

o2`/�/2B`Q- U#V JQ/2HQ BMB+B�H- U+V 2 U/V _2bmHi�/Qb /� BMp2`b½Q TQ` 6qA 2
6qA KmHiB2b+�H� +QK /�/Qb bőbKB+Qb Q#b2`p�/Qb b2K `mő/Q- `2bT2+iBp�K2Mi2
U2V 2 U7V _2bmHi�/Qb /� BMp2`b½Q TQ` 6qA 2 6qA KmHiB2b+�H� +QK /�/Qb bőb@
KB+Qb Q#b2`p�/Qb +QK `mő/Q- `2bT2+iBp�K2Mi2X X X X X X X X X X X X X X X X X X dd

9Xjy _2bmHi�/Qb /� BMp2`b½Q /Q KQ/2HQ J�`KQmbB +QK 6qA UK2BQV 2 6qA KmHiB@
2b+�H� U#�b2V- � T�`iB` /2 /B72`2Mi2b bm�pBx�ÏǤ2b /Q KQ/2HQ BMB+B�H UiQTQVX X X dN



AMi`Q/mÏ½Q

P �/p2MiQ /2 MQp�b i2+MQHQ;B�b MQ 2bim/Q /� bm#bmT2`7ő+B2 i2``2bi`2 �Q HQM;Q /Qb �MQb i2K
T`QTB+B�/Q BKTQ`i�Mi2b �p�MÏQb MQ 2Mi2M/BK2MiQ /� bm� ;2QHQ;B� BMi2`M� 2 i`�x +QMbB;Q
`2bTQbi�b +�/� p2x K�Bb +QM}�p2Bb 2 +QK ;`�M/2 `2/mÏ½Q /2 BM+2`i2x�b M� BMp2biB;�Ï½Q /Qb
`2+m`bQb M�im`�Bb 2tBbi2Mi2b- � 2t2KTHQ /Q ;`�M/2 �p�MÏQ MQ BK�;2�K2MiQ bőbKB+Q Q#iB/Q
T2H� BM/ȹbi`B� /2 2tTHQ`�Ï½Q /2 T2i`ƦH2Q 2 ;�b M�im`�HX

� ;`�M/2 +QKTH2tB/�/2 ;2QHƦ;B+� Q#b2`p�/� MQb /�/Qb bőbKB+Qb �/[mB`B/Qb- bmTQ`i�/Qb
TQ` 2bim/Qb /2 BHmKBM�Ï½Q T`ûpBQb- T�`�K2i`Bx�ÏǤ2b �/2[m�/�b- �KTH� /Bbi`B#mBÏ½Q �xBKmi�H
2 �Hi� /2MbB/�/2 /2 i`�ÏQb TQ` mMB/�/2 /2 �`2�- BM/mx � +QMbi�Mi2 #mb+� TQ` 72``�K2Mi�b /2
T`Q+2bb�K2MiQ `Q#mbi�b +�T�x2b /2 KBMBKBx�` Q `Bb+Q 2K#miB/Q M�b �iBpB/�/2b /2 2tTHQ`�Ï½Q
2 T`Q/mÏ½Q /2 ;`�M/2b `2b2`p�b /2 ?B/`Q+�`#QM2iQbX L2bb2 +2M�`BQ- [m�M/Q b2 T�`iB+mH�`Bx� Q
T`Q+2bb�K2MiQ /Qb /�/Qb bőbKB+Qb `2;Bbi`�/Qb- � #mb+� T2H� K2H?Q` BK�;2K /� bm#bmT2`7ő+B2
i2K �Hi� `2H2p�M+B�X

lK /Qb T`Q#H2K�b K�Bb BKTQ`i�Mi2b [m2 2M7`2Mi�KQb +QK 7`2[māM+B� MQ T`Q+2bbQ 2t@
THQ`�iƦ`BQ /2 ?B/`Q+�`#QM2iQb û � 2biBK�iBp� /Qb T�`�K2i`Qb /Q KQ/2HQX L2bb2 +QMi2tiQ- �
BMp2`b½Q /� 7Q`K� /2 QM/� +QKTH2i� U/Q BM;Hāb- 6mHH q�p27Q`K AMp2`bBQM @ 6qAV Uh�`�M@
iQH�- RN39V i2K bB/Q mK KûiQ/Q #�bi�Mi2 `2[m2`B/Q T�`� /2`Bp�` mK KQ/2HQ /2 T`QT`B2/�/2b
/2 bm#bmT2`7ő+B2- /2 �Hi� `2bQHmÏ½Q- +QKQ � p2HQ+B/�/2 /� QM/� bőbKB+� /Qb /�/Qb bőbKB+Qb
`2;Bbi`�/Qb M� bmT2`7ő+B2 i2``2bi`2X

L2bi2 +2M�`BQ- TQ` #mb+� /2 K2H?Q`B�b i2+MQHƦ;B+�b- Q +�KTQ /� +BāM+B� /2 /�/Qb i2K
+`2b+B/Q 2K `2H2p�M+B� 2 �THB+�#BHB/�/2 MQ i`�i�K2MiQ /Q +QMDmMiQ /2 /�/Qb bőbKB+QbX 1bb2
/2b2MpQHpBK2MiQ `2bmHi� /� �KTH� /BbTQMB#BHB/�/2 /2 �K#B2Mi2b /2 �T`2M/Bx�;2K- +QKQ Q
h2MbQ`~Qr U�#�/B 2i �HX- kyReV 2 Q SvhQ`+? US�bxF2 2i �HX- kyReV- /2Mi`2 Qmi`Qb- mb�/Qb M�
�+�/2KB� 2 M� BM/ȹbi`B�X P T`2b2Mi2 i`�#�H?Q pBb� �;`2;�` +QM+2BiQb /2 BMi2HB;āM+B� �`iB}+B�H-
M� 7Q`K� /2 �T`2M/Bx�/Q /2 K�[mBM� U2K BM;Hāb- K�+?BM2 H2�`MBM;V 2 �T`2M/Bx�/Q T`Q7mM/Q
Ui�K#ûK +QM?2+B/Q +QKQ /22T H2�`MBM;V MQ ~mtQ /2 i`�#�H?Q /� 6qAX

_2+2Mi2K2Mi2- iû+MB+�b /2 �T`2M/Bx�/Q T`Q7mM/Q- 2K T�`iB+mH�`- � `2/2 M2m`�H `2+Q``2Mi2
U2K BM;Hāb- _2+m``2Mi L2m`�H L2irQ`FV- 7Q`�K 2KT`2;�/�b +QK bm+2bbQ MmK� p�`B2/�/2 /2

Rk



AMi`Q/mÏ½Q Rj

bBim�ÏǤ2b /� ;2Q7őbB+�X .2Mi`2 �b /Bp2`b�b �THB+�ÏǤ2b- 7Q`�K miBHBx�/�b M� `2+QMbi`mÏ½Q /2
/�/Qb bőbKB+Qb UuQQM- u22? 2 "vmM- kykyV- M� 2biBK�iBp� /� p2HQ+B/�/2 /2 MQ`K�H KQp2Qmi
U6�#B2M@Pm2HH2i 2 a�`F�`- kykyV 2 +�T�x /2 `2�HBx�` Q 2b[m2K� /2 /B72`2MÏ�b }MBi�b MQ /QKőMBQ
/Q i2KTQ T�`� bBKmH�` � KQ/2H�;2K /B`2i� /� 2[m�Ï½Q �+ȹbiB+� /� QM/� U_B+?�`/bQM- kyR3VX

L2bi2 i`�#�H?Q- p�KQb b2;mB` M� /B`2Ï½Q /� �#Q`/�;2K /2 _B+?�`/bQM UkyR3V /2 +QK@
#BM�` `2/2b M2m`�Bb- 2bT2+B}+�K2Mi2 Q +QMDmMiQ /�b _LL- 2 2[m�ÏǤ2b /B72`2M+B�Bb T�`+B�Bb
T�`� 7Q`KmH�` � 6qA +QKQ mK T`Q#H2K� /2 �T`2M/Bx�/Q /2 K�[mBM� ;mB�/Q T2H� 7őbB+�X
�[mB- +QKQ �b QT2`�ÏǤ2b M2+2bb�`B�b T�`� bBKmH�` MmK2`B+�K2Mi2 � T`QT�;�Ï½Q /� QM/� b½Q
/B72`2M+B�p2Bb- � /B72`2M+B�Ï½Q �miQK�iB+� U"�v/BM 2i �HX- kyR3V- /BbTQMőp2H MQb �K#B2Mi2b /2
�T`2M/Bx�;2K- b2`� mb�/� T�`� +�H+mH�` Q ;`�/B2Mi2 /� 7mMÏ½Q /2 +mbiQ- [m2 û Q K2bKQ +�H+m@
H�/Q T2HQ KûiQ/Q /Q 2bi�/Q �/DmMiQX �H;mMb i`�#�H?Qb BMi2`2bb�Mi2b- [m2 TQbbm2K 2bi2 iBTQ
/2 `2/2 M2m`�H 2bT2+ő}+� MQ ~mtQ /� BMp2`b½Q bőbKB+�- b½Q �T`2b2Mi�/Qb TQ`, _2M 2i �HX UkykyV
[m2 T`QTǤ2K mK� `2/2 /2 BMp2`b½Q /� 7Q`K� /2 QM/� bőbKB+�- /2MQKBM�/� aqAL2ic 2 *QM@
+2BÏ½Q UkykRV [m2 T`QTǤ2 � BMp2`b½Q MmK 2b[m2K� /2 �T`2M/Bx�/Q M½Q bmT2`pBbBQM�/Q MQ
h2MbQ`6HQrX

LQ T`BK2B`Q +�TőimHQ /2bi� /Bbb2`i�Ï½Q- B`2KQb �#Q`/�` �bT2+iQb #�bB+Qb T�`� Q 2Mi2M@
/BK2MiQ /� 6qA +QMp2M+BQM�HX 1K b2;mB/�- p�KQb �/2Mi`�` �Q mMBp2`bQ /�b `2/2b M2m`�Bb
�`iB}+B�Bb 2 2tTHQ`�` b2mb T`BM+BT�Bb +QM+2BiQbX LQ +�TőimHQ b2;mBMi2- B`2KQb +QK#BM�` �b
BM7Q`K�ÏǤ2b �/[mB`B/�b MQb +�TőimHQb BMB+B�Bb T�`� T`QTB+B�` Q 2Mi2M/2M/BK2MiQ /� 6qA MQ
+�KTQ /Q �T`2M/Bx�/Q /2 K�[mBM�X L2bi2 i2`+2B`Q +�TőimHQ- p�KQb KQbi`�` mK 2t2KTHQ
/2 BMp2`b½Q bőbKB+� R. �i`�pûb /2 mK 2b[m2K� /2 �T`2M/Bx�/Q bmT2`pBbQM�/QX LQ 2Mi�MiQ-
/�/�b �H;mK�b HBKBi�ÏǤ2b BM2`2Mi2b � 2bi� 2bi`�iû;B�- T�`iB`2KQb T�`� BMp2biB;�` Q �T`2M/B@
x�/Q M½Q bmT2`pBbBQM�/Q 6qA- [m2 i2K bB/Q �KTH�K2Mi2 miBHBx�/Q 2K ;2Q7őbB+� T�`� 2biBK�`
K�T�b /2 p2HQ+B/�/2 /2 bm#bmT2`7ő+B2 � T�`iB` /2 /�/Qb bőbKB+QbX

lK TQMiQ `2H2p�Mi2 û [m2 +QKQ � 6qA +QMp2M+BQM�H û miBHBx�/� +QKQ bQHmÏ½Q /2 mK
T`Q#H2K� /2 M�im`2x� 2bi`Bi�K2Mi2 M½Q@HBM2�`- �i`�pûb /2 KûiQ/Qb /2 QiBKBx�Ï½Q HQ+�H- �+�#�
TQ` bQ7`2` +QK Q T`Q#H2K� /Qb KőMBKQb HQ+�Bb MQ T`Q+2bbQ /2 Q#i2MÏ½Q /Q T�`�K2i`Q ƦiBKQX
S�`� KBMBKBx�` i�H `Bb+Q miBHBx�KQb � �#Q`/�;2K KmHiB2b+�H� M� 7`2[māM+B� T`QTQbi� TQ`
"mMFb 2i �HX URNN8VX Pmi`Qb /2b�}Qb 2M+QMi`�/Qb T2H� 6qA +QMp2M+BQM�H b½Q Qb /�/Qb /2
Q#b2`p�ÏǤ2b +QMi�KBM�/�b TQ` `mő/Qb 2 � T`2+Bb½Q /Qb KQ/2HQb BMB+B�Bb /2 p2HQ+B/�/2bX *QKQ
bQHmÏ½Q T�`� 2bi2b ȹHiBKQb u�M; 2 J� UkykRV T`QTǤ2K Q KûiQ/Q 6qA:�L [m2 mb� `2/2b
M2m`�Bb /Q iBTQ :�L U/Q BM;Hāb- :2M2`�iBp2 �/p2`b�`B�H L2irQ`FV 2 w?m 2i �HX UkykRV [m2
miBHBx�K `2/2 M2m`�Bb T�`� BMi`Q/mxB` +Q``2H�ÏǤ2b 2bT�+B�Bb- +QKQ `2;mH�`Bx�Ï½Q T�`� Q KQ@
/2HQ /2 p2HQ+B/�/2 ;2`�/QX �[mB KQbi`�`2KQb [m2 � �#Q`/�;2K KmHiB2b+�H� M� 7`2[māM+B�-
�HûK /2 KBMBKBx�` Q `Bb+Q /2 }+�`KQb T`2bQb � KőMBKQb HQ+�Bb- i�K#ûK +QMb2;m2 2Mi`2;�`



AMi`Q/mÏ½Q R9

mK `2bmHi�/Q b�iBb7�iƦ`BQ [m�M/Q bm#K2iB/� � /�/Qb `mő/QbQb 2 � mK KQ/2HQ BMB+B�H K2MQb
T`2+BbQX h�Bb /2KQMbi`�ÏǤ2b b2 /�`½Q T2H� �/BÏ½Q /2 `mő/Q #`�M+Q ;�mbbB�MQ �Qb /�/Qb /�b
Q#b2`p�ÏǤ2b 2 � miBHBx�Ï½Q /2 KQ/2HQb /2 T�`iB/� +QK /B72`2Mi2b Mőp2Bb /2 bm�pBx�Ï½Q- 2 �bbBK
+QKQ 2bi2b Qb /2K�Bb `2bmHi�/Qb Q#iB/Qb b2`½Q 2tTQbiQb MQ +�TőimHQ 9X



1
6mM/�K2MiQb

RXR *QM+2BiQb "�bB+Qb

.2pB/Q ¨ bm� 2}+BāM+B� 2 [m�HB/�/2- ;`�M/2 T�`i2 /�b 2KT`2b�b /2 2tTHQ`�Ï½Q /2 T2i`ƦH2Q 2 ;�b
�/Qi�`�K 2K b2mb ~mtQb /2 T`Q+2bb�K2MiQ /2 /�/Qb bőbKB+Qb Qb KûiQ/Qb /2 BMp2`b½Q bőbKB+�
T�`� �mK2Mi�` � `2bQHmÏ½Q /2 /�/Qb- +QM}�#BHB/�/2 2 K2H?Q`�` � 2biBK�iBp� /2 T`QT`B2/�/2b
7őbB+�b /� ;2QHQ;B� /� bm#bmT2`7ő+B2X .2 �+Q`/Q +QK _B+?i2` UkykyV Q i2`KQ ǳT`Q#H2K�
BMp2`bQǴ M½Q i2K mK� /2}MBÏ½Q K�i2K�iB+� `2+QM?2+B/�- 2 b2m bB;MB}+�/Q /2T2M/2 /2 MQÏǤ2b
/� 7őbB+�X �bbBK- bmTQM?�KQb [m2 2tBbi� mK K�T2�K2MiQ +QM?2+B/Q

: : M → U

[m2 KQ/2H� mK� H2B 7őbB+� Qm mK /BbTQbBiBpQ 7őbB+QX �[mB- M û mK +QMDmMiQ /2 ǳ+�mb�bǴ 2 U û
mK +QMDmMiQ /2 ǳ272BiQbǴX P +�H+mHQ /2 mK 272BiQ :(K) T�`� mK� /�/� +�mb� K û +?�K�/Q
/2 T`Q#H2K� /B`2iQX 1M+QMi`�` mK� +�mb� K ∈ : [m2 �+�``2i� mK /2i2`KBM�/Q 272BiQ m ∈ U

û +?�K�/Q /2 T`Q#H2K� BMp2`bQX _2bQHp2` mK T`Q#H2K� BMp2`bQ bB;MB}+�- TQ`i�MiQ- 2M+QMi`�`
� bQHmÏ½Q /2 mK� 2[m�Ï½Q iûQ`B+� /Q iBTQ,

m = :(K) URXRV

lK KQ/2HQ K TQ/2 +QKT`22M/2`- 2Mi`2 Qmi`�b [m�MiB/�/2b- �b /Bbi`B#mBÏǤ2b 2bT�+B�Bb
/� p2HQ+B/�/2 /� QM/� S- υP (`)- � p2HQ+B/�/2 /� QM/� a- υS(`)- 2 /2MbB/�/2- ρ(`)- BbiQ û

K(`) = [m1(`),m2(`),m3(`), ...] = [υP (`), υS(`), ρ(`), ...]

R8



6mM/�K2MiQb Re

QM/2 ` = (x, y, z) û Q p2iQ` /�b +QQ`/2M�/�b 2bT�+B�BbX

� Q#i2MÏ½Q /2 BK�;2Mb /Q bm#bQHQ û mK Q#D2iBpQ +QKmK /Q T`Q+2bb�K2MiQ /2 /�/Qb
bőbKB+Qb- 2M[m�MiQ � BMp2`b½Q bőbKB+� û bBMƬMBKQ /Q T`Q+2bbQ BMp2`bQ /� BK�;2K Uw?Qm-
kyR9V- Qm b2D�- Q#i2` Q#D2iBp�K2Mi2 �b T`QT`B2/�/2b 7őbB+�b Up2` 6B;m`� RXRVX

L2bi2 +�TőimHQ- i`�i�i2KQb /Qb +QM+2BiQb #�bB+Qb /2 KQ/2H�;2K /B`2i� 2 /� bQHmÏ½Q /Q
T`Q#H2K� BMp2`bQ UBMp2`b½Q bőbKB+�VX

6B;m`� RXR, .B�;`�K� 2b[m2K�iB+Q `2T`2b2Mi�M/Q Qb T`Q+2bbQb /2 KQ/2H�;2K /B`2i� 2 BMp2`b�X
�/�Ti�/Q /2 J�m`v�- aBM;? 2 aBM;? UkykyVX

RXk JQ/2H�;2K aőbKB+� .B`2i�

� 7Q`K� i2Ʀ`B+� 7`2[m2Mi2K2Mi2 miBHBx�/� T�`� `2T`2b2Mi�` Qb K2BQb 7őbB+Qb /� bm#bmT2`7ő+B2
2 [m2 7Q`M2+2 `2bTQbi�b bBKBH�`2b � mK H2p�Mi�K2MiQ bőbKB+Q `2�H- û � [m2 miBHBx� � 2[m�Ï½Q
/� QM/� �+ȹbiB+� +QK /2MbB/�/2 +QMbi�Mi2X LQ /QKőMBQ /Q i2KTQ 2tT`2bb� +QKQ,

∂km(`, i)
∂ik = υ2(`)∇km(`, i) + b(`, i) URXkV

QM/2 u(`, i) û Q +�KTQ /2 QM/�b UQm +�KTQ /2 T`2bb½QV- υ û p2HQ+B/�/2 /2 T`QT�;�Ï½Q
U`2T`2b2Mi�M/Q Q KQ/2HQ KV- s û Q i2`KQ 7QMi2- i `2T`2b2Mi� Q i2KTQ 2 ∇2 û Q QT2`�/Q`
G�TH�+B�MQ /�/Q TQ`,

∇2 =

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)



6mM/�K2MiQb Rd

RXkXR JûiQ/Q /�b /B72`2MÏ�b@}MBi�b

lK� /Qb KûiQ/Qb T�`� Q#i2MÏ½Q /� bQHmÏ½Q MmKû`B+� /� 2[m�Ï½Q /� QM/� �+ȹbiB+� T�`�
K2BQb +QK /2MbB/�/2 +QMbi�Mi2 û Q /�b /B72`2MÏ�b }MBi�bX SQ/2KQb `22b+`2p2` � 2[m�Ï½Q RXk-
� K2MQb /Q i2`KQ 7QMi2 s- +QKQ,

∂2 u (`, t)
∂ t2

= −G2 u (`, t) URXjV

QM/2 −G2 = υ2(`)∇2X

� 2[m�Ï½Q RXj TQbbmB bQHmÏ½Q /Q iBTQ,

u (`, t) = A cos(G t) + B sin(G t) , URX9V

+mD�b +QMbi�Mi2b A 2 B TQ/2K b2` +�H+mH�/�b ¨ T�`iB` /�b b2;mBMi2b +QM/BÏǤ2b /2 +QMiQ`MQ,

u (`, t = 0) = u0 2
[
∂ u (`, t = 0)

∂ t

]

t=0

= u̇0 URX8V

liBHBx�M/Q �b +QM/BÏǤ2b 2tT`2bb�b 2K RX8 2 Q BMbi�Mi2 t = 0- Q#i2KQb,

u (`, t) = u0 cos(G t) +
u̇0

G sin(G t) URXeV

*QK #�b2 M� 2[m�Ï½Q RXe- TQ/2KQb 2b+`2p2` /2 K�M2B`� �M�HQ;�- �b 2[m�ÏǤ2b T�`� Qb
BMbi�Mi2b t+∆t UTQbi2`BQ`2bV 2 t−∆t U�Mi2`BQ`2bV `2bT2+iBp�K2Mi2,

u (`, t+∆ t) = u0 cos[G (t+∆ t)] +
u̇0

G sin[G (t+∆ t)] URXdV

2

u (`, t−∆ t) = u0 cos[G (t−∆ t)] +
u̇0

G sin[G (t−∆ t)] URX3V

� bQK� /�b 2[m�ÏǤ2b RXd 2 RX3- /2b2MpQHpB/Qb Qb +Qbb2MQb 2 b2MQb- `2bmHi� M� bQHmÏ½Q
�M�HőiB+� /� 2[m�Ï½Q /� QM/�,

u (`, t+∆ t) + u (`, t−∆ t) = 2 cos(G∆ t) u (`, t) URXNV

6�x2M/Q � 2tT�Mb½Q /Q i2`KQ cos(G∆ t) T`2b2Mi2 M� 2[m�Ï½Q RXN 2K bû`B2 /2 h�vHQ`-
TQ/2@b2 2b+`2p2`,



6mM/�K2MiQb R3

cos(G∆ t) = 1− (G∆ t)2

2
+

(G∆ t)4

24
− (G∆ t)6

720
+ . . .

=
∞∑

k=0

(−1)k · (G∆ t)2k

2k!
URXRyV

"�b2�/Q M� 2tT�Mb½Q /2 h�vHQ` /Q +Qbb2MQ- � bQHmÏ½Q �M�HőiB+� U2[m�Ï½Q RXNV û `22b+`Bi�
+QKQ,

u (`, t+∆ t) + u (`, t−∆ t) = 2

[ ∞∑

k=0

(−1)k · (G∆ t)2k

2k!

]
u (`, t) URXRRV

h`mM+�M/Q � bû`B2 �T`2b2Mi�/� M� 2[m�Ï½Q RXRy �iû Q i2`KQ /2 Q`/2K k- Q#iûK@b2,

u (`, t+∆ t) + u (`, t−∆ t) = 2

[
1− (G∆ t)2

2

]
u (`, t)

= 2 u (`, t)− (G∆ t)2 u (`, t) URXRkV

.2 7Q`K� [m2 TQ/2KQb /2}MB` � bQHmÏ½Q /� 2[m�Ï½Q �+ȹbiB+� /� QM/� T2HQ KûiQ/Q /�b
/B72`2MÏ�b@}MBi�b /2 b2;mM/� Q`/2K MQ i2KTQ +QKQ,

u (`, t+∆ t)− 2 u (`, t) + u (`, t−∆ t) = −(G∆ t)2 u (`, t) URXRjV

H2K#`�M/Q [m2 −G2 = υ2(`)∇2 2 � �T`QtBK�Ï½Q MmKû`B+� /� /2`Bp�/� b2;mM/� MQ i2KTQ û,

∂2 u (`, t)
∂ t2

≈ u (`, t+∆ t)− 2 u (`, t) + u (`, t−∆ t)

∆t2
, URXR9V

"�b2�/Q MmK T`Q+2/BK2MiQ �M�HQ;Q- TQ/2KQb �mK2Mi�` � T`2+Bb½Q /� �T`QtBK�Ï½Q /�
bQHmÏ�Q /� 2[m�Ï½Q RXj �i`�pûb /� BM+Hmb½Q /2 K�Bb i2`KQb /� 2[m�Ï½Q RXRyX S�`� Q#i2`- TQ`
2t2KTHQ- � �T`QtBK�Ï½Q /2 [m�`i� Q`/2K MQ i2KTQ- #�bi� i`mM+�` � 2tT�Mb½Q /Q +Qbb2MQ
TQ` bû`B2 /2 h�vHQ` �iû Q i2`KQ /2 Q`/2K 9,

∂2 u (`, t)
∂ t2

≈ 1

(∆t)2
− 1

12
u(`, t+ 2∆t) +

3

4
u(`, t+∆t)− 5

2
u(`, t)

+
3

4
u(`, t−∆t)− 1

12
u(`, t− 2∆t) URXR8V



6mM/�K2MiQb RN

LQ 2Mi�MiQ- Qb �H;Q`BiKQb /2 KQ/2H�;2K bőbKB+� [m2 b2 #�b2B�K MQ KûiQ/Q /�b /B72`2MÏ�b
}MBi�b- MQ`K�HK2Mi2 +�H+mH�K � b2;mM/� /2`Bp�/� MQ i2KTQ miBHBx�M/Q mK� �T`QtBK�Ï½Q /2
b2;mM/� Q`/2K- /2 KQ/Q [m2 � bQHmÏ½Q MmKû`B+�- BM+HmBM/Q Q i2`KQ 7QMi2 s- �bbmK2 �
b2;mBMi2 7Q`K� Bi2`�iBp�,

u (`, t+∆ t) = 2 u (`, t)− u (`, t−∆ t)− (G∆ t)2 u (`, t) + s(`, i) URXReV

Qm �BM/�

u (`, t+∆ t) = 2 u (`, t)− u (`, t−∆ t) + υ2(`)∆t2∇2u(`, t) + s(`, i) URXRdV

�b /2`Bp�/�b 2bT�+B�Bb- `272`2Mi2b �Q QT2`�/Q` G�TH�+B�MQ U∇2V- /� K2bK� 7Q`K� [m2 �
/2`Bp�/� i2KTQ`�H- TQ/2K b2` 2biBK�/�b miBHBx�M/Q Q KûiQ/Q /2 /B72`2MÏ�b }MBi�bX S�`� Q
+�bQ /� �T`QtBK�Ï½Q /2 b2;mM/� Q`/2K- i2KQb � b2;mBMi2 2tT`2bb½Q,

∇2u((x, y, z)︸ ︷︷ ︸
`

, t) ≈ u (x+∆x, y, z, t)− 2 u (x, y, z, t) + u (x−∆x, y, z, t)

∆x2

+
u (x, y +∆y, z, t)− 2 u (x, y, z, t) + u (x, y −∆y, z, t)

∆y2

+
u (x, y, z +∆z, t)− 2 u (x, y, z, t) + u (x, y, z −∆z, t)

∆z2
URXR3V

RXj AMp2`b½Q :2Q7őbB+�

Pb KûiQ/Qb /2 BMp2`b½Q pBb�K 2biBK�` �b T`QT`B2/�/2b ;2Q7őbB+�b /� bm#bmT2`7ő+B2 � T�`iB`
/� K2/BÏǤ2b 72Bi�b M� bmT2`7ő+B2- Qm i�K#ûK /2 T2`}b Q`BmM/Qb /� T2`}H�;2K /2 TQÏQbX 1bb�
2biBK�iBp� û Q#iB/� �i`�pûb /2 KûiQ/Qb /2 QiBKBx�Ï½Q MmK T`Q+2bbQ /2 Q#i2MÏ½Q /Q K�tBKQ
Qm KőMBKQ /Q T`Q#H2K� BMp2`bQ U:BHH- Jm``�v 2 q`B;?i- RN3RVX h�Bb iû+MB+�b /2 QiBKBx�Ï½Q
pBb�K � Q#i2MÏ½Q- miBHBx�M/Q mK 2b7Q`ÏQ +QKTmi�+BQM�H- /2 mK� bQHmÏ½Q B/2�H Qm [m�b2 ƦiBK�
T�`� Q T`Q#H2K� Up2` };m`� RXkVX

� �#Q`/�;2K BMp2`b� i2K � p�Mi�;2K /2 [m�MiB}+�` Q#D2iBp�K2Mi2 �b T`QT`B2/�/2b /Q
KQ/2HQ /Q bm#bQHQ ;2QHƦ;B+Q [m2 b2D�K mK� `2T`2b2Mi�Ï½Q /�b Q#b2`p�ÏǤ2bX .2bi�+�@b2 M2bb2
+QMi2tiQ Q KûiQ/Q 6qA [m2 i2K iB/Q ;`�M/2 `2H2p�M+B� M� 2tTHQ`�`�Ï½Q bőbKB+� 2 [m2 b2`�
/2b+`BiQ M� a2Ï½Q RX9X



6mM/�K2MiQb ky

6B;m`� RXk, 6HmtQ;`�K� /2 KûiQ/Qb /2 QiBKBx�Ï½Q HQ+�HX �/�Ti�/Q /2 J�m`v�- aBM;? 2
aBM;? UkykyV

RX9 AMp2`b½Q /� 6Q`K� /2 PM/� *QKTH2i� @ U6qAV

� iû+MB+� /� BMp2`b½Q /� 7Q`K� /2 QM/� +QKTH2i� U6qAV i2K #�b2b MQ T`BM+őTBQ /2 KB;`�Ï½Q
/2 *H�2`#Qmi URNdR- RNdeV- TQbi2`BQ`K2Mi2 `27Q`KmH�/Q TQ` G�BHHv URN3jV 2 h�`�MiQH� URN39V-
[m2 � /2b+`2p2`�K +QKQ mK T`Q#H2K� /2 QiBKBx�Ï½Q HQ+�HX P Q#D2iBpQ /� 6qA MQ b2MiB/Q
/2i2`KBMőbiB+Q û 2M+QMi`�` mK KQ/2HQ ƦiBKQ /� bm#bmT2`7ő+B2 i2``2bi`2- K- [m2 KBMBKBx2 Q
7mM+BQM�H /2 /2b�Dmbi2- J(K)- mb�/Q T�`� [m�MiB}+�` �b /Bb+`2T�M+B�b 2Mi`2 Qb bBbKQ;`�K�b
Q#b2`p�/Qb- /obs(`, t)- 2 Qb bBbKQ;`�K�b +�H+mH�/Qb- /cal(K; `, t)X

J�i2K�iB+�K2Mi2 Q 7mM+BQM�H /2 /2b�Dmbi2 Qm 7mMÏ½Q Q#D2iBpQ � b2` KBMBKBx�/� û /2}MB/�
+QKQ,

J(K) =
1

2
∆/T∆/ URXRNV

QM/2 ∆/ û Q /2bpBQ 2Mi`2 Qb bBbKQ;`�K�b Q#b2`p�/Qb 2 +�H+mH�/Qb- Qm b2D�-

∆/ = /obs − /cal URXkyV

Pb /�/Qb bBMi2iBx�/Qb- i�K#ûK +?�K�/Qb /2 +�H+mH�/Qb- b½Q Q#iB/Qb +QK #�b2 M� KQ@
/2H�;2K MmKû`B+� /� 2[m�Ï½Q /� QM/�- b2M/Q 2bi� mK� /�b 2M;`2M�;2Mb 2K#miB/�b MQ ~mtQ
/� BKTH2K2Mi�Ï½Q /� 6qAX 1bi� 2i�T� û +�`�+i2`Bx�/� +QKQ #mb+� T2H� bQHmÏ½Q /Q T`Q#H2K�
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/B`2iQX � `2H�Ï½Q 2Mi`2 Q +�KTQ /2 QM/� bőbKB+�b KQ/2H�/Qb m 2 Qb T�`�K2i`Qb 7őbB+Qb K-
/2 K�M2B`� +QKT�+i�- TQ/2 b2` +QKT`22M/B/� T2H� `2H�Ï½Q KQbi`�/� M� 2[m�Ï½Q RXR- QM/2
: `2T`2b2Mi� Q QT2`�/Q` /2 KQ/2H�;2K /B`2i� Qm � 7őbB+� ;Qp2`M�Mi2X

LQ +QMi2tiQ /2 mK H2p�Mi�K2MiQ bőbKB+Q `2�H- BKTQbi� mK� ;2QK2i`B� /2 �[mBbBÏ½Q- Q
+�KTQ /2 T`2bb½Q ;2`�/Q TQ` mK� 7QMi2 bőbKB+� �`iB}+B�H U/BM�KBi2- �B` ;mMbV û +�Ti�/Q
�Q HQM;Q /Q i2KTQ MQb b2MbQ`2b U;2Q7QM2b- ?B/`Q7QM2b- 2i+XV- HQ+�HBx�/Qb M� bmT2`7ő+B2 Qm
T`ƦtBK� � 2H�- T�`� /�` Q`B;2K �Qb bBbKQ;`�K�b Q#b2`p�/Qb U/obsVX P T`Q+2bbQ bBKBH�` û
72BiQ- +QKTmi�+BQM�HK2Mi2- T�`� ;2`�Ï½Q /Qb /�/Qb bBMi2iBx�/Qb U/cal)- [m2 b½Q 2ti`�ő/Qb M�b
K2bK�b +QM};m`�ÏǤ2b /2 ;2QK2i`B� /Qb /�/Qb Q#b2`p�/Qb- /Qb p�HQ`2b /Qb +�KTQb /2 QM/�
m +�H+mH�/Qb �Q HQM;Q /Q i2KTQX

� 2[m�Ï½Q RXR /2bi�+� � `2H�Ï½Q M½Q@HBM2�`- 2tT`2bb� TQ` :(K)- 2Mi`2 Qb T�`�K2i`Qb /Q
KQ/2HQ 2 Qb /�/Qb- [m2 MQb T2`KBi2 +H�bbB}+�` � BMp2`b½Q /� 7Q`K� /2 QM/� +QKQ mK T`Q#H2K�
/2 M�im`2x� M½Q@HBM2�` UoB`B2mt 2 PT2`iQ- kyyNVX h�H �}`K�Ï½Q BKTHB+� M� BKTQbbB#BHB/�/2
/2 Q#i2MÏ½Q �M�HőiB+� /Q QT2`�/Q` :−1- /B72`2Mi2K2Mi2 /2 T`Q#H2K�b +�i2;Q`Bx�/Qb +QKQ
HBM2�`2bX

� T�`iB` /2bi2 TQMiQ MQb /2T�`�KQb +QK Qmi`� 2i�T� /� BKTH2K2Mi�Ï½Q /� 6qA- [m2 û
� #mb+� T2H� bQHmÏ½Q /Q T`Q#H2K� BMp2`bQ- �Q i2Mi�` /2i2`KBM�` Q T�`�K2i`Q /2 KQ/2HQ K
[m2 7Q`M2Ï� mK C(K) +mDQ p�HQ` b2D� KőMBKQX LQ 2Mi�MiQ- /2pB/Q ¨ �Hi� M½Q@HBM2�`B/�/2 /Q
T`Q#H2K�- `2+Q``2KQb � �T`QtBK�Ï½Q /2 "Q`M +QKQ 2bi`�iû;B� T�`� HBM2�`Bx�` 2 i`�Mb7Q`K�`
� 6qA +QKQ mK T`Q#H2K� /2 QiBKBx�Ï½Q HQ+�H Bi2`�iBpQ- /�/Q TQ`,

K = K0 +∆K URXkRV

i2M/Q K0 +QKQ KQ/2HQ BMB+B�H bQK�/Q � mK� T2`im`#�Ï½Q ∆KX

�T`QtBK�M/Q � 7mMÏ½Q Q#D2iBpQ /�/� T2H� 2[m�Ï½Q RXRN pB� 2tT�Mb½Q /2 h�vHQ`- 2K iQ`MQ
/� pBxBM?�MÏ� /2 K0- i2KQb

J(K0 +∆K) = J(K0) +
M∑

j=1

∂J (K0)

∂mj
∆Kj +

1

2

M∑

j=1

M∑

k=1

∂2J (K0)

∂mj∂mk
∆Kj∆Kk +O(K3) + . . .

*QK � �T`QtBK�Ï½Q /2 2a Q`/2K- i2KQb [m2,

J(K0 +∆K) ≈ J(K0) +
M∑

j=1

∂J (K0)

∂mj
∆Kj +

1

2

M∑

j=1

M∑

k=1

∂2J (K0)

∂mj∂mk
∆Kj∆Kk URXkkV
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*QKQ Q Q#D2iBpQ /� 6qA û KBMBKBx�` C(K) M� #mb+� T2HQ T�`�K2i`Q ƦiBKQ- BbbQ +Q``2b@
TQM/2 �Q TQMiQ MQ [m�H � �T`QtBK�Ï½Q 2K iQ`MQ /2 K0 û mK TQMiQ /2 KőMBKQ- Qm b2D�,

∂C(K)

∂ml
= 0 URXkjV

�bbBK- iQK�M/Q � /2`Bp�/� /� 2[m�Ï½Q RXkk +QK `2H�Ï½Q � ml i2KQb

∂J (K)

∂ml
=

∂J (K0)

∂ml
+

M∑

j=1

∂2J (K0)

∂mj∂ml
∆Kj +

1

2

M∑

j=1

M∑

k=1

∂3J (K0)

∂mj∂mk∂ml
∆Kj∆Kk URXk9V

.2bT`2x�M/Q Qb i2`KQb +QK /2`Bp�/�b /2 ;`�m K�BQ` [m2 k +?2;�KQb �

∂J (K)

∂ml
=

∂J (K0)

∂ml
+

M∑

j=1

∂2J (K0)

∂mj∂ml
∆Kj, URXk8V

B;m�H�M/Q � x2`Q 2 2b+`2p2M/Q 2K MQi�Ï½Q p2iQ`B�H `2bmHi� 2K,

∆K = −

>2bbB�M�︷ ︸︸ ︷[
∂2J (K0)

∂K2

]−1 ∂J (K0)

∂K︸ ︷︷ ︸
:`�/B2Mi2

URXkeV

�bbBK- Q#i2KQb Q i2`KQ `272`2Mi2 � T2`im`#�Ï½Q /Q KQ/2HQ /� �T`QtBK�Ï½Q /2 "Q`M-
[m2 û � [m�MiB/�/2 M2+2bb�`B� T�`� [m2 � �im�HBx�Ï½Q /Qb T�`�K2i`Qb /Q KQ/2HQ K T`Q/mx�
Q `2bő/mQ KőMBKQX

� KBMBKBx�Ï½Q û `2�HBx�/� /2 7Q`K� Bi2`�iBp�- 2 #�b2�/Q M� 7Q`KmH�Ï½Q /Q KûiQ/Q /2
L2riQM- mK� �im�HBx�Ï½Q /Q KQ/2HQ TQ/2 b2` Q#iB/� UJ� 2 >�H2- kyRkV +QKQ,

Kk+1 = Kk − >−1
k ;k, URXkdV

QM/2 k û Q őM/B+2 /� Bi2`�Ï½Q- >k û � K�i`Bx >2bbB�M� 2 ;k û Q ;`�/B2Mi2 /� 7mMÏ½Q C(K)X

hQ/�pB�- Q +�H+mHQ /� K�i`Bx >2bbB�M� U>V- 2 /2 bm� BMp2`b�- MQ`K�HK2Mi2 i2K +�`�i2`
T`QB#BiBpQ /2pB/Q �Q +mbiQ +QKTmi�+BQM�H UoB`B2mt 2 PT2`iQ- kyyNVX � �Hi2`M�iBp� û H�MÏ�`
K½Q /2 Qmi`Qb KûiQ/Qb �T`QtBK�/Qb [m2 b2 #�b2B�K 2K 2b[m2K�b Bi2`�iBpQb 2 TQbbm2K �
b2;mBMi2 7Q`K�,

Kk+1 = Kk + αkTk, URXk3V
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QM/2 αk û Q +QKT`BK2MiQ /Q T�bbQ 2 Tk û Q p2iQ` /2 /B`2Ï½Q /2 #mb+�X

SQ` bm� p2x- Tk TQ/2 b2` 2b+`BiQ +QKQ ULQ+2/�H 2 q`B;?i- kyyeV,

Tk = −"−1
k ;k URXkNV

QM/2 "k `2T`2b2Mi� mK� K�i`Bx [m2 û mK� �T`QtBK�Ï½Q /� K�i`Bx >2bbB�M�X

RX9XR *�H+mHQ /Q :`�/B2Mi2 @ ;k

Pb T`BK2B`Qb i`�#�H?Qb � T`QTQ` Q +�H+mHQ /Q ;`�/B2Mi2 /� 7mMÏ½Q Q#D2iBpQ �THB+�/Q �Q T`Q@
#H2K� bőbKB+Q /2 7Q`K� 2}+B2Mi2 7Q`�K /2 G�BHHv URN3jV 2 h�`�MiQH� URN39VX P +�H+mHQ /Q
;`�/B2Mi2 /� 7mMÏ½Q Q#D2iBpQ û /�/Q TQ`,

∇J(K) =
∂J(K)

∂K =
∂

∂K

(
1

2
∆/T∆/

)

∇J(K) =
1

2

(
∂

∂K∆/T∆/
)

∇J(K) =
1

2

(
−∂/T

cal

∂K ∆/ −∆/T ∂/cal

∂K

)

∇J(K) = −∂/T
cal

∂K ∆/ URXjyV

QM/2 Q i2`KQ ∂/cal
∂K û /2MQKBM�/Q /2 /2`Bp�/� /2 6`û+?2iX

1biBK�` Bi2`�iBp�K2Mi2 2bb2 ;`�/B2Mi2 /� 7mMÏ½Q Q#D2iBpQ TQ` K2BQ /� K�i`Bx /2 6`û+?2i-
i�K#ûK /Bi� K�i`Bx C�+Q#B�M� Qm b2MbB#BHB/�/2- `2[m2` ;`�M/2 2b7Q`ÏQ +QKTmi�+BQM�HX *QKQ
�Hi2`M�iBp�- G�BHHv URN3jV 2 h�`�MiQH� URN39V miBHBx�`�K Q KûiQ/Q #�b2�/Q MQ 2bi�/Q �/DmMiQ
U/Q BM;Hāb- �/DQBMi@bi�i2 K2i?Q/V- BMi`Q/mxB/Q M� i2Q`B� /Qb T`Q#H2K�b BMp2`bQb TQ` *?�p2Mi
URNd9V- T�`� +�H+mH�` 2bb2 ;`�/B2Mi2 b2K � M2+2bbB/�/2 /Q +�H+mHQ /�b i�Bb /2`Bp�/�b /2
6`û+?2iX

S2HQ KûiQ/Q /Q 2bi�/Q �/DmMiQ Q ;`�/B2Mi2 TQ/2 b2` +�H+mH�/Q MQ /QKőMBQ /Q i2KTQ
�i`�pûb /� b2;mBMi2 `2H�Ï½Q U�TāM/B+2 �V,

∂J(K)

∂K =
2

υ3(`)
∑

s,r

∫ T

0

λ(`, t)∂
2m
∂t2

dt URXjRV
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QM/2 Q T�`�K2i`Q K `2T`2b2Mi� � p2HQ+B/�/2 /2 T`QT�;�Ï½Q /�b QM/�b UυV- � p�`B�p2H /2 2b@
i�/Q m [m2 `2T`2b2Mi� Q +�KTQ /2 QM/�b /� 7QMi2- +�H+mH�/Q +QK � 2[m�Ï½Q RXk- T `2T`2b2Mi�
Q i2KTQ K�tBKQ /2 `2;Bbi`Q /Q /�/Q Q#b2`p�/Q 2 λ û � +?�K�/� p�`B�p2H �/DmMi�- Q#iB/�
�i`�pûb /� bQHmÏ½Q /� 2[m�Ï½Q U�TāM/B+2 �V,

1

υ2(`)
∂2λ(`, t)

∂t2
= ∇2λ(`, t) +∆/ URXjkV

QM/2 ∆/ û Q `2bő/mQ 2Mi`2 Q /�/Q bőbKB+Q Q#b2`p�/Q 2 Q /�/Q +�H+mH�/Q T�`� Q KQ/2HQ
+Q``2Mi2 UKkVX _2pBbBi�M/Q MQp�K2Mi2 � 2[m�Ï½Q RXRe T2`+2#2@b2 mK� �M�HQ;B� 2K `2H�Ï½Q
� 2[m�Ï½Q RXjkX � H2Bim`� [m2 TQ/2 b2` 72Bi� /� 2[m�Ï½Q RXjk û [m2 λ û Q +�KTQ /2 QM/�b
`2bmHi�Mi2 /� T`QT�;�Ï½Q /Q `2bő/mQ U∆/V- i2`KQ 7QMi2- MQ KQ/2HQ /2 p2HQ+B/�/2b +Q``2Mi2X
1Mi`2i�MiQ- 2bb� T`QT�;�Ï½Q û 72Bi� /2 7Q`K� `2p2`b� MQ i2KTQ- /2pB/Q ¨b +QM/BÏǤ2b /2
+QMiQ`MQ BKTQbi�b ¨ 2[m�Ï½Q RXjkX

�b b2K2H?�MÏ�b 2Mi`2 Q �H;Q`BiKQ T�`� Q +�H+mHQ /Q ;`�/B2Mi2 /� 7mMÏ½Q Q#D2iBpQ- pB�
KûiQ/Q �/DmMiQ- +QK Q KûiQ/Q /2 KB;`�Ï½Q- 7Q`�K �TQMi�/�b TQ` h�`�MiQH� URN39V 2 �TQB@
�/�b MQ T`BM+őTBQ /2 BK�;2�K2MiQ T`QTQbiQ TQ` *H�2`#Qmi URNdRVX .� K2bK� K�M2B`� [m2
� KB;`�Ï½Q `2p2`b� MQ i2KTQ U2K BM;Hāb- _2p2`b2 hBK2 JB;`�iBQM @ _hJV Q+Q``2 TQ` +Q``2@
H�Ï½Q +`mx�/�- Q +�H+mHQ /Q ;`�/B2Mi2 i�K#ûK û Q#iB/Q T2H� +Q``2H�Ï½Q /2 H�; x2`Q 2Mi`2 /QBb
+�KTQb Um 2 λ(`, t)VX 1K HBM?�b ;2`�Bb- Q ;`�/B2Mi2 M�/� K�Bb û /Q [m2 � KB;`�Ï½Q U_hJV
/Q `2bő/mQ ∆/ T�`� Q KQ/2HQ +Q``2Mi2 Kk- � K2MQb /Q i2`KQ 2

υ(`)3 X

RX9Xk .B`2Ï½Q /2 #mb+� UTkV 2 +QKT`BK2MiQ /Q T�bbQ UαkV

� /B`2Ï½Q /2 �im�HBx�Ï½Q [m2 KBMBKBx� � 7mMÏ½Q Q#D2iBpQ i2K T�T2H 2bb2M+B�H MQ ~mtQ /�
6qAX oBKQb M� 2[m�Ï½Q RXkd [m2 mK� /B`2Ï½Q /2 #mb+� 2}+B2Mi2 û /�/� T2H� BMp2`b� /�
K�i`Bx >2bbB�M� �THB+�/� �Q p2iQ` ;`�/B2Mi2X hQ/�pB�- MQ T`Q+2bb�K2MiQ /2 /�/Qb bőbKB+Qb
� 2}+BāM+B� +QKTmi�+BQM�H i2K ;`�M/2 `2H2p�M+B�- 2 +QKQ +Bi�/Q �Mi2`BQ`K2Mi2 Q �HiQ +mbiQ
�i`B#mő/Q ¨ BMp2`b� /� >2bbB�M� MQb H2p� � H�MÏ�` K½Q /2 KûiQ/Qb #�b2�/Qb 2K �T`QtBK�ÏǤ2b
T�`� Q#i2MÏ½Q /� /B`2Ï½Q /2 #mb+� +QKQ Q /� 2[m�Ï½Q RXkNX

.2Mi`2 Qb KûiQ/Qb #�b2�/Qb 2K �T`QtBK�ÏǤ2b b2 /2bi�+�K Qb KûiQ/Qb ;`�/B2Mi2b- MQb
[m�Bb � 2[m�Ï½Q RXkN û Q#iB/� TQ`,

Tk = −;k URXjjV

QM/2 û �bbmKB/Q [m2 "k 2[mBp�H2 ¨ K�i`Bx B/2MiB/�/2 AX a2M/Q 2bi� � 7Q`K� K�Bb bBKTH2b
/2 +�H+mH�` � /B`2Ï½Q /2 #mb+�X �[mB Q i2`KQ −;k û mK� /B`2Ï½Q /2+`2b+2Mi2 /� 7mMÏ½Q- 2K
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[m2 mK MQpQ KQ/2HQ UKk+1V- Q#iB/Q M2bb� /B`2Ï½Q +�KBM?� 2K /B`2Ï½Q �Q KőMBKQ /� 7mMÏ½Q
Q#D2iBpQ J - +QK � `2bb�Hp� /2 mK +QKT`BK2MiQ /Q T�bbQ UαkV �/2[m�/QX

P KûiQ/Q ;`�/B2Mi2 [m2 b2 #�b2B� M� `2H�Ï½Q RXjj û +QM?2+B/Q +QKQ bi22T2bi@/2b+2Mi
K2i?Q/ Qm KûiQ/Q /2 /2+`2b+BK2MiQ K�Bb `�TB/QX L2bi� �#Q`/�;2K � /B`2Ï½Q /2 #mb+�
�bbmKB/� i2M/2 � b2` Q`iQ;QM�H ¨ /B`2Ï½Q /� Bi2`�Ï½Q �Mi2`BQ` Uw?Qm- :�Q 2 .�B- kyyeV- Q [m2
+QM72`2 mK �bT2+iQ /2 ǳxB;m2@x�;m2Ǵ �Q T`Q+2bbQ /2 +QMp2`;āM+B�- +QKQ BHmbi`� � 6B;m`� RXjX

6B;m`� RXj, *QMp2`;āM+B� /Q KûiQ/Q bi22T2bi@/2b+2Mi ULQ+2/�H 2 q`B;?i- kyyeVX

� Qmi`� +H�bb2 /2 KûiQ/Qb �T`QtBK�/Qb b½Q +?�K�/Qb /2 [m�bB@L2riQM 2 b2 #�b2B�K M�
b2;mBMi2 T`QT`B2/�/2,

>k+1(Kk+1 − Kk) ≈ (;k+1 − ;k) URXj9V

[m2 `2�HBx� � 2biBK�iBp� /2 " b2K Q +�H+mHQ 2tTHő+BiQ /�b b2;mM/�b /2`Bp�/�b /2 J - M�b
T`QtBKB/�/2b /Q KQ/2HQ p2`/�/2B`QX L2bb2 +�bQ � 2[m�Ï½Q RXj9 TQ/2 b2` `22b+`Bi� +QKQ
ULQ+2/�H 2 q`B;?i- kyyeV,

"k+1 bk = vk URXj8V

QM/2 bk = Kk+1 − Kk 2 vk = ;k+1 − ;kX P K�Bb TQTmH�` /2bb2b KûiQ/Qb û /2MQKBM�/Q /2
"6:a UMQK2�/Q � T�`iB` /Qb +`B�/Q`2b "`Qv/2M- 6H2i+?2`- :QH/7�`# 2 a?�MMQV- [m2 /2}M2 �
�im�HBx�Ï½Q /� BMp2`b� /2 " U/Qb a�MiQb- kyRjV +QKQ,

"−1
k+1 = "−1

k − "−1
k vkvT

k "−1
k

vT
k "−1

k vk

+
bkbTk
vT
k bk

URXjeV
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hQ/�pB� �`K�x2M�` KQ/2HQb 2 ;`�/B2Mi2b /2 Bi2`�ÏǤ2b T�bb�/�b /2K�M/� KmBiQb /Qb
`2+m`bQb +QKTmi�+BQM�Bb- 7�iQ 2bi2 [m2 H2pQm �Q bm`;BK2MiQ /2 mK� p�`B�Ï½Q �Q KûiQ/Q
/2MQKBM�/� G@"6:a U"6:a /2 K2KƦ`B� HBKBi�/� @ GBKBi2/@K2KQ`v "6:aV QM/2 M½Q û
T`2+BbQ i2` � K�i`Bx " 2tTHB+Bi�K2Mi2 �`K�x2M�/�X P KûiQ/Q G@"6:a 2K ;2`�H û KmBiQ
K2H?Q` 2b+�H�/Q [m2 Q bi22T2bi@/2b+2Mi 2 Q +QKT`BK2MiQ /Q T�bbQ αk = 1- MQ`K�HK2Mi2- û �
K2H?Q` 2b+QH?� U/Qb a�MiQb- kyRjVX

.2i2`KBM�/� � /B`2Ï½Q /2 #mb+� /Q MQpQ KQ/2HQ UKk+1V û T`2+BbQ 2M+QMi`�` Q 7�iQ` /2
2b+�H� UαkV- [m2 b2`� �THB+�/Q �Q p2iQ` Tk- /2 7Q`K� � T`QTB+B�` mK� �im�HBx�Ï½Q +Q2`2Mi2
+QK Qb p�HQ`2b /2 p2HQ+B/�/2 /Q KQ/2HQ- +�T�x /2 KBMBKBx�` Q p�HQ` /� 7mMÏ½Q Q#D2iBpQ J

2K `2H�Ï½Q ¨ Bi2`�Ï½Q �Mi2`BQ`X lK� /Bb+mbb½Q i2Ʀ`B+� �T`Q7mM/�/� bQ#`2 Qb iƦTB+Qb �[mB
�T`2b2Mi�/Qb TQ/2 b2` 2M+QMi`�/� 2K /Qb a�MiQb UkyRjVX



2
_2/2 L2m`�Bb

kXR �T`2M/Bx�/Q /2 J�[mBM�

P BMi2`2bb2 TQ` �T`2M/Bx�/Q /2 K�[mBM� U2K BM;Hāb- K�+?BM2 H2�`MBM;V- mK +�KTQ /� BMi2@
HB;āM+B� �`iB}+B�H UA�V- i2K b2 KQbi`�/Q K�Bb 2pB/2Mi2 M� ;2Q7őbB+� T2HQ MȹK2`Q +`2b+2Mi2 /2
i`�#�H?Qb pQHi�/Qb T�`� 2bi2 i2K�X 1bb� iû+MB+� û 7mM/�K2Mi�/� M� miBHBx�Ï½Q /2 �H;Q`BiKQb
T�`� 2ti`�B` BM7Q`K�ÏǤ2b /2 /�/Qb #`miQb 2 `2T`2b2Mi�@HQb �i`�pûb /2 �H;mK iBTQ /2 KQ/2HQ
K�i2K�iB+QX .2Mi`2 Qb �H;Q`BiKQb +�T�x2b /2 `2�HBx�` 2bb� i�`27�- �b `2/2b M2m`�Bb �`iB}+B�Bb
U�LLb @ �`iB}+B�H L2m`�H L2irQ`FbV i2K iB/Q ;`�M/2 /2bi�[m2X

�Mi2b /2 �T`Q7mM/�`KQb Q +QM?2+BK2MiQ M2bb2 `�KQ /� +BāM+B� û /2 7mM/�K2Mi�H BK@
TQ`i�M+B� #mb+�` +QKT`22M/2` � HƦ;B+� /2 7mM+BQM�K2MiQ /�b `2/2b M2m`�Bb- +QKQ �H;mMb
+QM+2BiQb #�bB+Qb `272`2Mi2b �Q 7mM+BQM�K2MiQ /Q +û`2#`Q ?mK�MQ 2 b2mb +QKTQM2Mi2b- Qb
M2m`ƬMBQbX

kXRXR L2m`ƬMBQ "BQHƦ;B+Q

P +û`2#`Q ?mK�MQ û +QMbB/2`�/Q �Hi�K2Mi2 TQ/2`QbQ 2 +QKTH2tQ- +�T�x /2 T`Q+2bb�` mK�
;`�M/2 [m�MiB/�/2 /2 BM7Q`K�ÏǤ2b `�TB/�K2Mi2X P 2Mi2M/BK2MiQ /2bb� +QKTH2tB/�/2 b2
iQ`MQm K�Bb 7�+BH T2HQ i`�#�H?Q TBQM2B`Q /2 _�KƦM v *�D�H URNRRV- [m2 BMi`Q/mxBm � B/2B�
/Qb M2m`ƬMBQb- [m2 b½Q iB/Qb +QKQ mMB/�/2b T`BM+BT�Bb /Q +û`2#`Q 2 TQ` QM/2 �b BM7Q`K�ÏǤ2b
b½Q i`�MbKBiB/�b 2 T`Q+2bb�/�bX 1bi`mim`�HK2Mi2 Q M2m`ƬMBQ û +QKTQbiQ TQ` j b2;K2MiQb
T`BM+BT�Bb, +Q`TQ +2HmH�` Qm bQK�- Qb /2M/`BiQb 2 Q �tƬMBQ +QKQ KQbi`� � 6B;m`� kXRX

� +QK2Ï�` T2HQb /2M/`BiQb- 2bi2b iāK Q T�T2H /2 +�Ti�` Qb bBM�Bb 2Hûi`B+Qb /2 Qmi`Qb

kd
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M2m`ƬMBQb �i`�pûb /2 DmMÏǤ2b /2MQKBM�/�b bBM�Tb2b M2m`�Bb- [m2 b2`½Q +QM/mxB/Qb �Q +Q`TQ
+2HmH�`X SQ` bm� p2x- Q +Q`TQ +2HmH�` `2�HBx� � +QH2i� /Qb bBM�Bb `2+2#B/Qb T2HQb /2M/`BiQb- 2
�bbmK2 � `2bTQMb�#BHB/�/2 /2 T`Q+2bb�` 2 +QK#BM�` 2bb�b BM7Q`K�ÏǤ2bX 1K b2;mB/�- mK 7�iQ`
/2 �iBp�Ï½Q /2 M�im`2x� [mőKB+� BM/B+�`� b2 Q+Q``2- Qm M½Q- � T`QT�;�Ï½Q /2 mK BKTmHbQ
2Hûi`B+Q 2K /B`2Ï½Q �Q �tƬMBQ- [m2 /2b2KT2M?�`� � 7mMÏ½Q /2 i`�MbKBiB` i�H BKTmHbQ T�`�
Qmi`Qb M2m`ƬMBQbX �bbBK- [m�M/Q 2tT�M/BKQb 2bb2 2Mi2M/BK2MiQ �Qb #BH?Ǥ2b /2 M2m`ƬMBQb
2tBbi2Mi2b 2K MQbbQ +2`û#`Q- [m2 M½Q 2bi½Q BbQH�/Qb- 2bb2 T`Q+2bbQ +QKTH2tQ 2 7�b+BM�Mi2
7Q`K� mK� 2MQ`K2 `2/2 /2 +QKmMB+�Ï½Q- � `2/2 M2m`�HX

*QKQ TQ/2 b2` Q#b2`p�/Q M� 6B;m`� kXR Q +Q`TQ +2HmH�` 2 Qb /2M/`BiQb 7Q`K�K � bmT2`7ő+B2
/2 2Mi`�/� /Q M2m`ƬMBQ 2 Q �tƬMBQ � bmT2`7ő+B2 /2 b�ő/� /Q ~mtQ /2 BM7Q`K�Ï½QX 1bb�
Q#b2`p�Ï½Q û `2H2p�Mi2- TQBb b2`pB`� T�`� Q 2Mi2M/BK2MiQ /Q KQ/2HQ /Q M2m`ƬMBQ K�i2K�iB+Q-
[m2 b2`� /2b+`BiQ � b2;mB`- /2b2MpQHpB/Q TQ` T2b[mBb�/Q`2b BMbTB`�/Qb MQ M2m`ƬMBQ #BQHƦ;B+Q
2 b2 iQ`MQm #�b2 /� AMi2HB;āM+B� �`iB}+B�HX

6QMi2, ?iiTb,ff;`QrBxX+QKX#`f`2/2b@M2m`�Bb@�`iB7B+B�Bb@+`B�M/Q@mK@T2`+2Ti`QM@/2@mK�@+�K�/�@2K@+f

6B;m`� kXR, _2T`2b2Mi�Ï½Q aBKTHB}+�/� /Q L2m`ƬMBQ "BQHƦ;B+QX

kXRXk L2m`ƬMBQ J�i2K�iB+Q

� �M�HQ;B� M2m`Q#BQHƦ;B+� b2`pBm +QKQ 7QMi2 BMbTB`�/Q`� T�`� T2b[mBb�/Q`2b i2Mi�`2K bBKmH�`
� 2bi`mim`� 2 7mM+BQM�K2MiQ /Q M2m`ƬMBQ #BQHƦ;B+Q 2K +QKTmi�/Q`X .2Mi`2 Qb KQ/2HQb- Q
K�Bb #2K �+2BiQ 7QB T`QTQbiQ TQ` J+*mHHQ+? 2 SBiib URN9jVX LQ 7mM+BQM�K2MiQ /2bi2 M2m`ƬMBQ
Up2` 6B;m`� kXkV- Q +QMDmMiQ /2 BM7Q`K�ÏǤ2b /2 2Mi`�/� UxjV b½Q bQK�/Qb 2 TQM/2`�/Qb TQ`
T2bQb bBM�TiB+Qb UwkjVX �TƦb Q T`Q+2bb�K2MiQ /2bi� bQK� U

∑
V TQ` mK� 7mMÏ½Q /2 �iBp�Ï½Q

UϕV- +�bQ Q `2bmHi�/Q bmT2`2 mK HBKB�` U2bT2+ő}+Q /2 +�/� M2m`ƬMBQV- � b�ő/� `2bmHi�Mi2 û M½Q
MmH�X P KQ/2HQ /2 J+*mHHQ+? 2 SBiib URN9jV TQbbmB mK� M�im`2x� #BM�`B�- 2H2b �bbmKB�K
[m2 Q b2m KQ/2HQ 7Q`K�H /2 mK M2m`ƬMBQ b2;mB� mK� H2B /2 ǳim/Q Qm M�/�ǴX

*QK #�b2 M� �M�HQ;B� 72Bi� +QK Q M2m`ƬMBQ #BQHƦ;B+Q- Qb /2M/`BiQb b2`B�K `2T`2b2Mi�/Qb
T2HQb bBM�Bb /2 2Mi`�/�- Q +Q`TQ +2HmH�` +QKT`22M/B/Q T2HQ bQK�iƦ`BQ /Qb bBM�Bb /2 2Mi`�/�

https://growiz.com.br/redes-neurais-artificiais-criando-um-perceptron-de-uma-camada-em-c/
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KmHiBTHB+�/Q T2HQ b2m 7�iQ` 2t+Bi�iƦ`BQ 2 � b�ő/�- Q#iB/� T2H� �THB+�Ï½Q /� 7mMÏ½Q /2 �iBp�Ï½Q-
Q �tƬMBQX

6B;m`� kXk, _2T`2b2Mi�Ï½Q /Q L2m`ƬMBQ J�i2K�iB+Q U>�vFBM- kyydVX

J�i2K�iB+�K2Mi2 TQ/2KQb /2b+`2p2` mK M2m`ƬMBQ k miBHBx�M/Q Q b2;mBMi2 T�` /2 2[m�@
ÏǤ2b U>�vFBM- kyydV,

uk =
m∑

j=1

wkjxj UkXRV

2

yk = ϕ(uk + bk) UkXkV

QM/2 Q őM/B+2 j `2T`2b2Mi� Q 2HQ /2 HB;�Ï½Q 2Mi`2 +�/� 2Mi`�/� xj 2 b2m `2bT2+iBpQ T2bQ
bBM�TiB+Q wkj- bk û Q #B�b- ϕ(·) û � 7mMÏ½Q /2 �iBp�Ï½Q 2 yk û Q bBM�H /2 b�ő/� /Q M2m`ƬMBQX

SQ/2KQb `22b+`2p2` Q �`;mK2MiQ /2 ϕ(·) M� 2[m�Ï½Q kXk /� b2;mBMi2 7Q`K�,

uk + bk = vk UkXjV

QM/2 vk û +?�K�/Q /2 +�KTQ HQ+�H BM/mxB/Q Qm TQi2M+B�H /2 �iBp�Ï½QX 1bb� `2H�Ï½Q /2KQMbi`�
Q 272BiQ /2 �THB+�` Q #B�b ¨ b�ő/� /Q +QK#BM�/Q` HBM2�` uk 2 2bi� BHmbi`�/� M� 6B;m`� kXjX .2bi�
7Q`K�- û TQbbőp2H Q#b2`p�` [m2 Q pBûb Qm #B�b pBb� �mK2Mi�` Q ;`�m /2 HB#2`/�/2 /2 ϕ(·) 2
i2K Q 272BiQ /2 �mK2Mi�` Qm /BKBMmB` Q b2m �`;mK2MiQ- +�bQ b2D� TQbBiBpQ Qm M2;�iBpQ-
`2bT2+iBp�K2Mi2X

P #B�b i�K#ûK TQ/2 b2` 2Mt2`;�/Q +QKQ mK T�`�K2i`Q 2ti2`MQ /Q M2m`ƬMBQ �`iB}+B�H k
U>�vFBM- kyydVX P [m2 MQb T2`KBi2 `27Q`KmH�` � 2[m�Ï½Q kXj +QKQ,
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6B;m`� kXj, h`�Mb7Q`K�Ï½Q �}K T`Q/mxB/� T2H� T`2b2MÏ� /2 mK #B�b U>�vFBM- kyydVX

vk =
m∑

j=1

wkjxj + bk UkX9V

Qm �BM/� �/B+BQM�M/Q mK MQp� bBM�Tb2- +QKTQbi� T2HQ bBM�H /2 /2 2Mi`�/� x0 = +1 2 T2bQ
wk0 = bk- i2KQb,

vk =
m∑

j=0

wkjxj UkX8V

�bbBK- i2KQb [m2,

yk = ϕ(vk) UkXeV

2 Q KQ/2HQ /Q M2m`ƬMBQ k û `27Q`KmH�/Q +QKQ KQbi`�/Q M� 6B;m`� kX9X

� 7mMÏ½Q /2 �iBp�Ï½Q i2K Q Q#D2iBpQ /2 `2bi`BM;B` � �KTHBim/2 /� b�ő/� /Q M2m`ƬMBQX
1tBbi2K p�`BQb iBTQb /2 7mMÏǤ2b /2 �iBp�Ï½Q- MQ`K�HK2Mi2 b½Q /2 M�im`2x� M½Q@HBM2�` 2
TQbbm2K p�HQ`2b K�tBKQb 2 KőMBKQb +QMiB/Qb 2K BMi2`p�HQb /2i2`KBM�/QbX �b 7mMÏǤ2b /2
�iBp�Ï½Q K�Bb miBHBx�/�b b½Q,

Ç ϕ(v) =

{
0 se v ≥ 0

1 se v < 0
U6mMÏ½Q /2 GBKB�`V
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6B;m`� kX9, _2T`2b2Mi�Ï½Q /2 Qmi`Q KQ/2HQ /2 L2m`ƬMBQ J�i2K�iB+Q U>�vFBM- kyydVX

Ç ϕ(v) =






1 se v ≥ +
1

2

v se +
1

2
> v > −1

2

0 se v ≤ −1

2

U6mMÏ½Q GBM2�` TQ` S�`i2bVc

Ç ϕ(v) = 1
1+ exp(−αv) U6mMÏ½Q aB;KƦB/2Vc

Ç ϕ(v) = tanh(v) U6mMÏ½Q h�M;2Mi2 >BTû`#QHB+�VX

P +QM+2BiQ /Q M2m`ƬMBQ K�i2K�iB+Q 7mM+BQMQm +QKQ T`QTmHbQ` T�`� p�`B�b �`[mBi2im`�b
2 KQ/2HQb +QK /B72`2Mi2b +QK#BM�ÏǤ2b 2Mi`2 2H2bX �M�HQ;Q �Q +2`û#`Q ?mK�MQ- +QK b2mb
BMȹK2`Qb M2m`ƬMBQb U`2/2 M2m`�HV- � +QKTQbBÏ½Q /Qb p�`BQb M2m`ƬMBQb �`iB}+B�Bb- #�b2�/�b 2K
/B72`2Mi2b iû+MB+�b K�i2K�iB+�b 2 2bi�iőbiB+�b- 7Q`K�K �b `2/2b M2m`�Bb �`iB}+B�Bb 2 T`QTB@
+B�`�K Q bm`;BK2MiQ 2 +`B�Ï½Q /2 �`[mBi2im`�b �p�MÏ�/�b /2 �T`2/Bx�;2K T`Q7mM/� U.22T
G2�`MBM;VX

kXk �`[mBi2im`� /2 _2/2b

.2 mK� 7Q`K� bBKTHB}+�/�- KQbi`�KQb [m2 mK M2m`ƬMBQ K�i2K�iB+Q /2 mK� `2/2 M2m`�H
�`iB}+B�H û mK +QKTQM2Mi2 [m2 +�H+mH� � bQK� TQM/2`�/� /2 p�`B�b 2Mi`�/�b- �THB+� mK� 7mM@
Ï½Q `2bi`BiBp� 2 ;2`� mK� b�ő/�X � 7Q`K� +QKQ mK +QMDmMiQ /2bi2b M2m`ƬMBQb 2bi½Q /BbTQbiQb
MmK� `2/2 i2K `2H�Ï½Q BMi`őMb2+� +QK Q �H;Q`BiKQ /2 �T`2M/Bx�;2K mb�/Q T�`� i`2BM�@H�X
1K ;2`�H- 2bb� Q`;�MBx�Ï½Q û bm#/BpB/B/� 2K j +H�bb2b U>�vFBM- kyydV, `2/2b �HBK2Mi�/�b
�/B�Mi2 +QK +�K�/� ȹMB+�- `2/2b �HBK2Mi�/�b /B`2i�K2Mi2 +QK KȹHiBTH�b +�K�/�b 2 `2/2b
`2+Q``2Mi2bX
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kXkXR _2/2b �HBK2Mi�/�b �/B�Mi2 +QK *�K�/� ȸMB+�

�b `2/2b /2bi2 iBTQ i�K#ûK b½Q +QM?2+B/�b +QKQ `2/2b 722/7Q`r�`/X L2bi2 iBTQ /2 �`[mBi2im`�
Qb M2m`ƬMBQb b½Q Q`;�MBx�/Qb 2K 7Q`K� /2 +�K�/�b- +QKQ TQ/2 b2` pBbiQ M� 6B;m`� kX8X Pb
MƦb /� +�K�/� /2 2Mi`�/� b2 +QKmMB+�K /B`2i�K2Mi2 +QK � +�K�/� /2 b�ő/�X ú /Bi� /2
+�K�/� ȹMB+� 2K `272`āM+B� ¨ +�K�/� /2 b�ő/� UMƦb +QKTmi�+BQM�BbVX � +�K�/� /2 2Mi`�/�
M½Q û H2p�/� 2K +QMbB/2`�Ï½Q TQ` M½Q ?�p2` [m�H[m2` +QKTmi�Ï½Q M2H�X

6B;m`� kX8, _2/2 �HBK2Mi�/� �/B�Mi2 +QK mK� ȹMB+� +�K�/� /2 M2m`ƬMBQb U>�vFBM- kyydVX

kXkXk _2/2b �HBK2Mi�/�b .B`2i�K2Mi2 +QK JȹHiBTH�b *�K�/�b

1bi2 iBTQ /2 `2/2- KQbi`�/� M� 6B;m`� kXe- TQ/2 b2` 2Mi2M/B/� +QKQ mK K2H?Q`�K2MiQ /�
�`[mBi2im`� /2 +�K�/� ȹMB+�X � /BbiBMÏ½Q b2 /� T2H� T`2b2M+� /2 mK� Qm K�Bb +�K�/�b
Q+mHi�b U/Q BM;Hāb- ?B//2M H�v2`bVX 1bi2b M2m`ƬMBQb Q+mHiQb iāK � 7mMÏ½Q /2 BMi2`pB` MQ
2HQ 2Mi`2 � +�K�/� /2 2Mi`�/� 2 � b�ő/� /� `2/2X � �/BÏ½Q /2 mK� Qm K�Bb +�K�/�b
Q+mHi�b TQbbB#BHBi� � `2/2 2ti`�B` 2bi�iőbiB+�b /2 K�BQ` +QKTH2tB/�/2 2 �/[mB`B` T2`bT2+iBp�
;HQ#�H U*?m`+?H�M/ 2 a2DMQrbFB- RNNkVX SQ` b2` +H�bbB}+�/� i�K#ûK +QKQ mK� `2/2 /Q
iBTQ 722/7Q`r�`/- �b +QM2tǤ2b b2 /½Q b2KT`2 MQ b2MiB/Q /� +�K�/� /2 2Mi`�/� T�`� � /2
b�ő/�X Zm�M/Q � `2/2 TQbbmB` iQ/Qb Qb MƦb /2 mK� +�K�/� +QKmMB+�M/Q@b2 +QK iQ/Qb Qb
MƦb /� +�K�/� TQbi2`BQ`- 2H� û /Bi� iQi�HK2Mi2 +QM2+i�/�X 1K bBim�ÏǤ2b [m2 �H;mMb 2HQb /2
+QKmMB+�Ï½Q 2biBp2`2K �mb2Mi2b M� `2/2- /Bx2KQb [m2 � `2/2 û T�`+B�HK2Mi2 +QM2+i�/�X

kXkXj _2/2b _2+Q``2Mi2b

.B72`2Mi2K2Mi2 /�b `2/2b /Q iBTQ 722/7Q`r�`/ [m2 �T2M�b i`�MbKBi2K � BM7Q`K�Ï½Q /� +�@
K�/� /2 2Mi`�/� 2K /B`2Ï½Q � b�ő/�- b2K K2KQ`Bx�` M�/�- �b `2/2b M2m`�Bb `2+Q``2Mi2b U2K
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6B;m`� kXe, _2/2 �HBK2Mi�/� �/B�Mi2 iQi�HK2Mi2 +QM2+i�/� +QK mK� +�K�/� Q+mHi� 2 mK�
+�K�/� /2 b�ő/� U>�vFBM- kyydVX

BM;Hāb- _2+m``2Mi L2m`�H L2irQ`F @ _LLV BM+Hm2K mK +QM+2BiQ /2 K2KƦ`B� �Q b2` 2t2+mi�/�X
1bb� +H�bb2 /2 `2/2b M2m`�Bb �`iB}+B�Bb b½Q 2bT2+B�HK2Mi2 ȹi2Bb T�`� Q T`Q+2bb�K2MiQ /2 /�/Qb
b2[m2M+B�Bb- /�/Qb /2 bû`B2b i2KTQ`�Bb Qm HBM;m�;2K M�im`�H U>m;?2b 2i �HX- kyRNVX �bbBK
+QKQ �b `2/2b 722/7Q`r�`/ [m2 iBp2`�K /Bp2`b�b +QM};m`�ÏǤ2b- mK� p�`B2/�/2 /2 `2/2b `2+Q`@
`2Mi2b 7Q`�K T`QTQbi�b- +QKQ �b `2/2b /2 1HK�M U1HK�M- RNNyV- `2/2b /2 CQ`/�M UCQ`/�M-
RN3eV- `2/2 M2m`�H +QK �i`�bQ /2 i2KTQ UG�M;- q�B#2H 2 >BMiQM- RNNyV 2 `2/2b /2 2bi�/Q
/2 2+Q UC�2;2`- kyyRVX L2bi2 i`�#�H?Q- Q 7Q+Q b½Q �b `2/2b `2+Q``2Mi2b /2 1HK�M Up2` 6B;m`�
kXdV- +mD� BKTH2K2Mi�Ï½Q û /2b+`Bi� T2H�b b2;mBMi2b 2[m�ÏǤ2b

?t = ϕ(h)(o?t−1 + ltt + #(h))

Qt = ϕ(o)(q?t + #(o)) UkXdV

QM/2 l- o 2 q b½Q K�i`Bx2b /2 T2bQ- #(h) 2 #(o) Qb pBûb Qm #B�b 2 ϕ(h) 2 ϕ(o) �b 7mMÏǤ2b /2
�iBp�Ï½QX

�b `2/2b `2+Q``2Mi2b /2 1HK�M /B72`2K /�b `2/2b 722/7Q`r�`/ T2H� BM+Hmb½Q /2 mK HQQT
/2 `2i`Q�HBK2Mi�Ï½Q- T2HQ [m�H Q 2bi�/Q Q+mHiQ /Q T�bbQ ?t−1 û �HBK2Mi�/Q /2 pQHi� ¨ `2/2
T�`� �72i�` Q `2bmHi�/Q /Q T�bbQ ?t- 2 �bbBK TQ` /B�Mi2 T�`� +�/� 2i�T� bm#b2[m2Mi2X 1bb�
+�`�+i2`őbiB+� T2`KBi2 /Bx2` [m2 2H�b TQbbm2K K2KƦ`B�- b2K2H?�Mi2b ¨ 7Q`K� +QKQ ?mK�MQb
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6QMi2, ?iiTb,ff+QKKQMbXrBFBK2/B�XQ`;frBFBf6BH2,_2+m``2MinM2m`�HnM2irQ`FnmM7QH/Xbp;

6B;m`� kXd, _2/2 L2m`�H _2+Q``2Mi2 2K bm�b `2T`2b2Mi�ÏǤ2b +QKT�+i� U2b[m2`/�V 2 /2b2M`Q@
H�/� U/B`2Bi�VX

T`Q+2bb�K BM7Q`K�Ï½Q- [m2 H?2b +QM72`2 � +�T�+B/�/2 /2 `2+QM?2+BK2MiQ /2 mK +QMi2tiQ
�i`�pûb /� K2KƦ`B�X

kXj S`Q+2bbQb /2 �T`2M/Bx�;2K

.2b+`Bi�b �b �`[mBi2im`�b /�b `2/2b- û T`2+BbQ /2bi�+�` mK �bT2+iQ BKTQ`i�Mi2, Q �H;Q`BiKQ
/2 �T`2M/Bx�/Q [m2 b2`� BKTH2K2Mi�/Q- b2M/Q �b 7Q`K�b K�Bb +QKmMb Q �H;Q`BiKQ bmT2`pBbB@
QM�/Q 2 Q M½Q bmT2`pBbBQM�/QX h`2BM�` mK� `2/2 M2m`�H �`iB}+B�H bB;MB}+� 2M+QMi`�` p�HQ`2b
B/2�Bb T�`� Qb T2bQb bBM�TiB+Qb 2 #B�b- /�ő � BKTQ`i�M+B� /Q �H;Q`BiKQ /2 �T`2M/Bx�;2K /2 K�@
[mBM�X lK �H;Q`BiKQ /2 �T`2M/Bx�;2K +QMbBbi2 2K mK� 7mMÏ½Q Q#D2iBpQ- i�K#ûK +?�K�/�
/2 T2`/� Qm +mbiQ- 2 mK� iû+MB+� /2 QiBKBx�Ï½QX

kXjXR �T`2M/Bx�/Q amT2`pBbBQM�/Q

amTQM?�KQb mK +QMDmMiQ /2 /�/Qb 7Q`M2+B/Qb � mK� `2/2 M2m`�H- +QMi2M/Q T�`2b /2 /�/Qb
/2 2Mi`�/� 2 b�ő/� +QM?2+B/QbX P �T`2M/Bx�/Q bmT2`pBbBQM�/Q +QMbBbi2 2K BM72`B` mK� 7mMÏ½Q
[m2 K�T2B� mK� 2Mi`�/� T�`� mK� b�ő/� +QK #�b2 MQb T�`2b /2 2Mi`�/�@b�ő/� 7Q`M2+B/Qb
U/�/Qb `ƦimH�/QbV- 2 [m2 TQ/2 b2` mb�/� T�`� K�T2�` MQpQb T�`2bX 1K Qmi`�b T�H�p`�b- �
i�`27� /Q �H;Q`BiKQ /2 �T`2M/Bx�;2K û �T`2M/2` Qb T�`�K2i`Qb /� `2/2 UT2bQbV- TQBb 2bi2b
T�`�K2i`Qb /2b+`2p2K � T`Q#�#BHB/�/2 /Qb T�/`Ǥ2b [m2 � `2/2 2bi� �T`2M/2M/Q 2 [m2 `2~2i2K
Qb `2H�+BQM�K2MiQb `2�Bb MQb /�/QbX

1K bőMi2b2- Q �H;Q`BiKQ /2 �T`2M/Bx�/Q +QKT�`� � b�ő/� 2biBK�/� +QK � b�ő/� `QimH�/� 2
2M+QMi`� 2``Qb T�`� KQ/B}+�` Qb T�`�K2i`Qb /� `2/2X P �Dmbi2 û 72BiQ T�bbQ � T�bbQ- �iû [m2 Q
2``Q b2D� KőMBKQX .2Mi`2 �b iû+MB+�b K�Bb +QM?2+B/�b T�`� `2bQHp2` T`Q#H2K�b /2 �T`2M/Bx�/Q

https://commons.wikimedia.org/wiki/File:Recurrent_neural_network_unfold.svg
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bmT2`pBbBQM�/Q 2bi½Q `2;`2bb½Q HBM2�`- `2;`2bb½Q HQ;őbiB+�- 2 `2/2b M2m`�Bb �`iB}+B�BbX

_Qb2M#H�ii URN83V T`QTƬb Q T2`+2Ti`QM +QKQ Q T`BK2B`Q KQ/2HQ T�`� �T`2M/Bx�;2K bm@
T2`pBbBQM�/�- +?�K�/� /2 `2/2 T2`+2Ti`QM Qm T2`+2Ti`QM /2 +�K�/� ȹMB+�X 1bi� `2/2 7QB
� 2bi`mim`� K�Bb bBKTH2b /2 mK� �LL- mb�/� +QK bm+2bbQ 2K +H�bbB}+�Ï½Q /2 T�/`Ǥ2bX �
;2M2`�HBx�Ï½Q /Q T2`+2Ti`QM û � bm� p2`b½Q KmHiB+�K�/�b U2K BM;Hāb- KmHiBH�v2` T2`+2Ti`QM
@ JGSVX

kXjXk �T`2M/Bx�/Q L½Q amT2`pBbBQM�/Q

C� MQ �T`2M/Bx�/Q M½Q bmT2`pBbBQM�/Q- M½Q ?� T`Q72bbQ` T�`� bmT2`pBbBQM�` Q T`Q+2bbQ /2
�T`2M/Bx�;2K- Qm b2D�- Q KûiQ/Q 2ti`�B bB;MB}+�/Q /Qb /�/Qb b2K i`2BM�` mK KQ/2HQ 2K
/�/Qb `QimH�/QbX 1K p2x /BbbQ- b½Q /�/�b +QM/BÏǤ2b T�`� `2�HBx�` mK� K2/B/� BM/2T2M/2Mi2
/� i�`27� /2 [m�HB/�/2 /� `2T`2b2Mi�Ï½Q [m2 � `2/2 /2p2 �T`2M/2`- 2 Qb T�`�K2i`Qb HBp`2b
/� `2/2 b½Q QiBKBx�/Qb 2K `2H�Ï½Q � 2bi� K2/B/� U>�vFBM- kyydVX � �T`2M/Bx�;2K M½Q
bmT2`BpBbQM�/� TQ/2 /2b2KT2M?�` mK T�T2H BKTQ`i�Mi2 M� T`2pBb½Q- i�MiQ T�`� T`Q#H2K�b
/2 `2;`2bb½Q +QKQ /2 +H�bbB}+�Ï½QX

kXjXj 6mMÏ½Q P#D2iBpQ

� 7mMÏ½Q Q#D2iBpQ TQ/2 b2` 2Mi2M/B/� +QKQ mK� 7mMÏ½Q [m2 #mb+� K�tBKBx�` Qm KBMBKB@
x�`- /2T2M/2M/Q /Q Q#D2iBpQ /Q T`Q#H2K�X LQ �K#B2Mi2 /�b `2/2b M2m`�Bb- 2K T`Q#H2K�b
bmT2`pBbBQM�/Qb- � 7mMÏ½Q /2 T2`/� MQb BM7Q`K� Q Mőp2H /2 T`2+Bb½Q /2 MQbb� `2/2 �Q 7�x2`
T`2pBbǤ2b T�`� mK� /2i2`KBM�/� 2Mi`�/�- �i`�pûb /Q T`Q+2bbQ /2 KBMBKBx�Ï½Q /� K2bK�X

*QMbB/2`2KQb Q 2t2KTHQ /2 mK 72MƬK2MQ 2biQ+�biB+Q /2b+`BiQ TQ` mK p2iQ` �H2�iƦ`BQ
s U+QMDmMiQ /2 p�`B�p2Bb BM/2T2M/2Mi2bV 2 mK 2b+�H�` �H2�iƦ`BQ D Up�`B�p2H /2T2M/2Mi2VX
o�KQb bmTQ` i�K#ûK [m2 i2M?�KQb N `2�HBx�ÏǤ2b /Q p2iQ` X `2T`2b2Mi�/�b TQ` {ti}Ni=1 2
Q T�` +Q``2bTQM/2Mi2 /2 D `2T`2b2Mi�/Q TQ` {di}Ni=1X 1bi�b K2/B/�b +QMbiBim2K � �KQbi`�
/2 i`2BM�K2MiQ `2T`2b2Mi�/� TQ`

T = {ti, di}Ni=1 UkX3V

� B/2B� +2Mi`�H MmK� `2/2 M2m`�H û +Q/B}+�` Q +QM?2+BK2MiQ 2KTő`B+Q- `2T`2b2Mi�/Q T2H�
�KQbi`� /2 i`2BM�K2MiQ T 2K mK +QMDmMiQ +Q``2bTQM/2Mi2 /2 p2iQ`2b /2 T2bQb bBM�TiB+Qb-
r- +QKQ KQbi`�/Q TQ`
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T → r UkXNV

S�`� +QKTH2i�` p�KQb bmTQ` [m2 � `2bTQbi� `2�H /� `2/2 M2m`�H- T`Q/mxB/� 2K `2bTQbi�
�Q p2iQ` /2 2Mi`�/� t- b2D�

Y = F (s,r) UkXRyV

QM/2 F (·,r) û � 7mMÏ½Q 2Mi`�/�@b�ő/� `2�HBx�/� T2H� `2/2 M2m`�HX 1Mi½Q- +QM?2+B/Qb Qb /�/Qb
/2 i`2BM�K2MiQ /� 2[m�Ï½Q UkX3V- r û Q#iB/Q T2H� KBMBKBx�Ï½Q /� 7mMÏ½Q +mbiQ,

J(r) =
1

2

N∑

i=1

(di − F (ti,r))2 UkXRRV

� 2[m�Ï½Q kXRR `2T`2b2Mi� � 7mMÏ½Q Q#D2iBpQ K�Bb miBHBx�/� 2K T`Q#H2K�b /2 `2;`2b@
b½Q- � /2 2``Q [m�/`�iB+Q- 2K `�x½Q /� bm� bBKTHB+B/�/2- /B72`2M+B�#BHB/�/2- p2HQ+B/�/2 /2
T`Q+2bb�K2MiQ Qm 2}+�+B� U*QM+2BÏ½Q- kykRVX

SQ` }K- TQ/2KQb 7�x2` � �M�HQ;B� +QK Q K2bKQ iBTQ /2 7mMÏ½Q Q#D2iBpQ- i�K#ûK /2
2``Q [m�/`�iB+Q- [m2 D� pBKQb M� 2[m�Ï½Q URXRNV- QM/2 M2bb2 +�bQ d û � `2bTQbi� /2b2D�/�
U/�/Qb Q#b2`p�/QbV- y `2bTQbi� /� `2/2 U/�/Qb +�H+mH�/QbV 2 � /B72`2MÏ� 2Mi`2 2H2b Q 2``QX

kXjX9 hû+MB+�b /2 PiBKBx�Ï½Q

*QMbB/2`2KQb [m2 � 7mMÏ½Q +mbiQ /�/� T2H� 2[m�Ï½Q UkXRRV b2D� mK� 7mMÏ½Q +QMiBMm�K2Mi2
/B72`2M+B�p2H /2 rX P Q#D2iBpQ /� QiBKBx�Ï½Q û 2M+QMi`�` � bQHmÏ½Q ƦiBK� Ur∗V [m2 b�iBb7�x
� +QM/BÏ½Q

J(r∗) ≤ J(r) UkXRkV

Qm b2D�- KBMBKBx�` J(r) 2K `2H�Ï½Q rX � +QM/BÏ½Q T�`� i�H QiBKBx�Ï½Q û

∇J(r∗) = 0 UkXRjV

QM/2 ∇ û Q QT2`�/Q` ;`�/B2Mi2X

o�H2 `2bb�Hi�` [m2 � miBHBx�Ï½Q /2bi2b KûiQ/Qb /2 QiBKBx�Ï½Q 2K ;2`�H M½Q H2p� �Q KőMBKQ
/� 7mMÏ½Q +mbiQ MmK ȹMB+Q T�bbQ- K�b Bi2`�iBp�K2Mi2- b2M/Q 2bi2b #�b2�/Qb M� B/2B� /�
/2b+B/� Bi2`�iBp� HQ+�H 2K [m2
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J(rt+1) < J(rt) UkXR9V

QM/2 rt û Q p�HQ` �MiB;Q /Q p2iQ` T2bQ 2 rt+1 û Q b2m p�HQ` �im�HBx�/QX � b2;mB` /2b+`2p2`2KQb
�H;mK�b iû+MB+�b /2 QiBKBx�Ï½Q #�b2�/�b 2K ;`�/B2Mi2 /2b+2M/2Mi2 2 miBHBx�/�b 2K K�+?BM2
H2�`MBM;X

.2b+B/� /Q :`�/B2Mi2

LQ KûiQ/Q /2b+B/� /Q ;`�/B2Mi2 U/Q BM;Hāb- ;`�/B2Mi /2b+2MiV- KûiQ/Q ;`�/B2Mi2 Qm KûiQ/Q
/2 /2b+B/� K�Bb őM;`2K2 U>�vFBM- kyydV- �b �im�HBx�ÏǤ2b bm+2bbBp�b �THB+�/�b �Q p2iQ` T2bQ
r b½Q M� /B`2Ï½Q /� /2b+B/� K�Bb őM;`2K2- Qm b2D�- M� /B`2Ï½Q QTQbi� �Q p2iQ` ;`�/B2Mi2X
1Mi½Q- b2D�

; = ∇J(r) UkXR8V

P �H;Q`BiKQ /Q KûiQ/Q ;`�/B2Mi2 û /2b+`BiQ 7Q`K�HK2Mi2 TQ`

rt+1 = rt − η;t UkXReV

QM/2 η û mK� +QMbi�Mi2 TQbBiBp� /2MQKBM�/� i�t� /2 �T`2M/Bx�;2K- 2 ;t û Q p2iQ` ;`�/B2Mi2
+�H+mH�/Q MQ TQMiQ rtX �bbBK- T�bb�M/Q /� Bi2`�Ï½Q t T�`� � Bi2`�Ï½Q t+1 Q �H;Q`BiKQ �THB+�
� +Q``2Ï½Q

∆r = rt+1 − rt

∆r = −η;t UkXRdV

*�/� p2x [m2 mK T�`�K2i`Q UrV û �im�HBx�/Q- iQ/Qb Qb +QMDmMiQb /2 /�/Qb /2 �KQbi`�b
/2 i`2BM�K2MiQ b½Q mb�/Qb- K�b b2 7Q`2K ;`�M/2b �+�``2i�K 2K HQM;Q i2KTQ /2 i`2BM�K2MiQ
2 #�Bt� p2HQ+B/�/2 /2 +QMp2`;āM+B� /Q KûiQ/Q- Qm b2D�- +QMp2`;2 H2Mi�K2Mi2 T�`� � bQHmÏ½Q
ƦiBK� Ur∗VX lK� Bi2`�Ï½Q /Q �H;Q`BiKQ û +?�K�/� /2 mK HQi2 2 2bi� 7Q`K� /2 /2b+B/� /Q
;`�/B2Mi2 û `272`B/� +QKQ /2b+B/� /Q ;`�/B2Mi2 2K HQi2 U"�i+? :`�/B2Mi .2b+2MiVX
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.2b+B/� /Q ;`�/B2Mi2 2biQ+�biB+Q

� /2b+B/� /Q ;`�/B2Mi2 2biQ+�biB+Q U/Q BM;Hāb- biQ+?�biB+ ;`�/B2Mi /2b+2Mi @ a:.V û mK
K2iQ/Q /2 QiBKBx�Ï½Q #�b2�/Q MQ KûiQ/Q ;`�/B2Mi2X � T�H�p`� 2biQ+�biB+Q +�``2;� +QMbB;Q
Q bB;MB}+�/Q /2 mK bBbi2K� Qm T`Q+2bbQ [m2 2bi� pBM+mH�/Q � mK� T`Q#�#BHB/�/2 �H2�iƦ`B�
2 7Q`�K BMi`Q/mxB/�b 2K _Q##BMb 2 JQM`Q URN8RVX .B72`2Mi2 /Q KûiQ/Q ;`�/B2Mi2- /2b+`BiQ
�Mi2`BQ`K2Mi2- � QiBKBx�Ï½Q a:. û #�b2�/� 2K mK� ȹMB+� �KQbi`� TQ` p2xX *QMbB/2`2KQb Q
T�` Uti, diV �KQbi`�/Q �H2�iQ`B�K2Mi2 /Q i`2BM�K2MiQ- � �im�HBx�Ï½Q /Qb T�`�K2i`Qb û /�/�
U"QiiQm- RNNRV +QKQ,

rt+1 = rt − η∇J(rt;ti, di) UkXR3V

.2bb2 KQ/Q Q T`Q+2bbQ /2 i`2BM�K2MiQ iQ`M�@b2 #�bi�Mi2 `�TB/Q 2 /2pB/Q �b �KQbi`�b
2biQ+�biB+�b- Q �H;Q`BiKQ �Dm/� � 7mMÏ½Q +mbiQ � M½Q }+�` T`2b� 2K mK KőMBKQ HQ+�H +QKQ
MQ KûiQ/Q ;`�/B2Mi2X 1Mi`2i�MiQ- T`Q+2bbQ Bi2`�iBpQ û K2MQb `2;mH�` UK�Bb `mB/QbQV [m2 Q
KûiQ/Q ;`�/B2Mi2 2 Q `2bmHi�/Q }M�H M½Q û T`2+Bb�K2Mi2 � bQHmÏ½Q ƦiBK� Ur∗V- K�b �H;Q
T2`iQ /Q KőMBKQ T�`� 7mMÏ½Q +mbiQX AbbQ bB;MB}+� [m2- 2K Kû/B�- Q ;`�/B2Mi2 2biQ+�biB+Q û
mK� #Q� 2biBK�iBp� /Q ;`�/B2Mi2 Up2` 6B;m`� kX3VX

6B;m`� kX3, lK� BHmbi`�Ï½Q /Q �H;Q`BiKQ /2 /2b+B/� /Q ;`�/B2Mi2 U2b[m2`/�V 2 Q �H;Q`BiKQ
a:. U/B`2Bi�VX � 7mMÏ½Q � b2` KBMBKBx�/� 7QB 1, 25(x+6)2+(y−8)2X S�`� Q +�bQ 2biQ+�biB+Q-
� HBM?� bƦHB/� `2T`2b2Mi� Q p�HQ` Kû/BQ /2 r Ua?�H2p@a?r�`ix 2 "2M@.�pB/- kyR9VX

.2b+B/� /Q :`�/B2Mi2 JBMB@#�i+?

1bi2 iBTQ /2 QiBKBx�Ï½Q û mK� +QK#BM�Ï½Q 2Mi`2 �b /m�b p2`bǤ2b �Mi2`BQb #�b2�/�b M� /2b+B/�
/Q ;`�/B2Mi2X �[mB Q +QMDmMiQ /2 i`2BM�K2MiQ û /BpB/B/Q 2K p�`BQb bm#+QMDmMiQb UKBMB@
#�i+?2bV +QK 2H2K2MiQb �H2�iƦ`BQb- QM/2 Qb T2bQb /Q KQ/2HQ b½Q �Dmbi�/Qb � +�/� KBMB@#�i+?X
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.2 KQ/Q [m2 �T`2b2Mi� +QMp2`;āM+B� K�Bb `�TB/� /Q [m2 Q /2b+B/� /Q ;`�/B2Mi2 2K HQi2 2
K�Bb H2Mi� /Q [m2 Q a:.X

JQK2MiQ

1bi2 �H;Q`BiKQ û mK 2b[m2K� /2 �Dmbi2 /Q T�bbQ /2 �T`2M/Bx�;2K- η- bBKTH2b 2 [m2 �Dm/� �
�+2H2`�` � +QMp2`;āM+B� /Q KûiQ/Q /2b+B/� /Q ;`�/B2Mi2 2 �KQ`i2+2 �b Qb+BH�ÏǤ2b U_mK2H?�`i-
>BMiQM 2 qBHHB�Kb- RN3eVX *QK 2bi2 KûiQ/Q- � 2[m�Ï½Q kXRe �bbmK2 � 7Q`K� UZB�M- RNNNV,

rt+1 = rt − η;t + γ(rt − rt−1) UkXRNV

QM/2 γ û Q T�`�K2i`Q /2 KQK2MiQ- 2b+QH?B/Q MQ BMi2`p�HQ [0, 1[ Q [m2 iQ`M� mK 7�iQ` /2
/2+�BK2MiQ 2tTQM2M+B�HX

�/�K

P KûiQ/Q 2biBK�iBp� /2 KQK2MiQ �/�Ti�p2H U2K BM;Hāb- �/�TiBp2 KQK2Mi 2biBK�iBQM @
�/�KV û mK� iû+MB+� [m2 +�H+mH� �b i�t�b /2 �T`2M/Bx�/Q �/�Ti�iBpQ UEBM;K� 2 "�- kyR9V-
/2 K�M2B`� � �`K�x2M�` mK� Kû/B� 2tTQM2M+B�HK2Mi2 /2+`2b+2Mi2 /2 ;`�/B2Mi2b [m�/`�@
/Qb T�bb�/Qb U;2

t V- +QKQ �/�/2Hi� Uw2BH2`- kyRkV 2 _JaT`QT UhB2H2K�M 2 >BMiQM- kyRkV 2-
�HûK /BbbQ- K�MiûK mK� Kû/B� 2tTQM2M+B�HK2Mi2 /2+`2b+2Mi2 /2 ;`�/B2Mi2b T�bb�/Qb U;tV-
b2K2H?�Mi2 �Q KQK2MiQX 1bi�b /m�b K2/B/�b- pt gg2 Kt- b½Q Q#iB/�b /� b2;mBMi2 K�M2B`�

Kt = β1Kt−1 + (1− β1);t

pt = β2pt−1 + (1− β2);2
t UkXkyV

QM/2 Kt gg2 pt b½Q 2biBK�iBp�b /Q T`BK2B`Q KQK2MiQ U� Kû/B�V 2 /Q b2;mM/Q KQK2MiQ U� p�@
`B�M+B� M½Q +2Mi`�/�V /Qb ;`�/B2Mi2b- `2bT2+iBp�K2Mi2X 1Mi`2i�MiQ- Kt gg2 pt b½Q BMB+B�HBx�/Qb
+QKQ p2iQ`2b MmHQb- /2 KQ/Q [m2 Qb �miQ`2b MQi�`�K [m2 �b 2biBK�iBp�b /Qb KQK2MiQb b½Q
BMB+B�HK2Mi2 2MpB2b�/�bX � bQHmÏ½Q T`QTQbi� TQ` 2H2b 7QB KQ/B}+�` T�`�,

K̂t =
Kt

1− βt
1

p̂t =
pt

1− βt
2

UkXkRV
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/2 K�M2B`� � M2mi`�HBx�` 2bb2b pB2b2b +�H+mH�M/Q 2biBK�iBp�b /2 T`BK2B`Q 2 b2;mM/Q KQK2MiQ
+Q``B;B/�bX

.2bi� 7Q`K� � �im�HBx�Ï½Q /Qb T�`�K2i`Qb #�b2�/Q M2bb� K2iQ/QHQ;B� û /�/� TQ`

rt+1 = rt −
η√

p̂t + ε
K̂t UkXkkV

Pb �miQ`2b T`QTǤ2K p�HQ`2b T�/`½Q /2 0, 9 T�`� β1- 0, 999 T�`� β2 2 10−8 T�`� εX �T2b�`
/2 #�bi�Mi2 `2+2Mi2- Q KûiQ/Q /2 QiBKBx�Ï½Q �/�K û Q K�Bb miBHBx�/Q MQ i`2BM�K2MiQ /2
`2/2b M2m`�Bb �im�HK2Mi2X

kXjX8 "�+FT`QT�;�iBQM

L� b2Ï½Q �Mi2`BQ`- pBKQb +QKQ �b `2/2b M2m`�Bb TQ/2K �T`2M/2` b2mb T2bQb bBM�TiB+Qb UrV
mb�M/Q Q �H;Q`BiKQ /2 QiBKBx�Ï½Q #�b2�/Qb MQ ;`�/B2Mi2 /2b+2M/2Mi2- K�b M½Q �#Q`/�KQb-
MQ +QMi2tiQ /Q �T`2M/Bx�/Q /2 K�[mBM�- +QKQ Q#i2` Q ;`�/B2Mi2 /� 7mMÏ½Q +mbiQX P +�H+mHQ
/2bb2 ;`�/B2Mi2 û Q#iB/Q pB� �H;Q`BiKQ #�+FT`QT�;�iBQM U_mK2H?�`i- >BMiQM 2qBHHB�Kb- RN3eV-
[m2 û BM/Bb+miBp2HK2Mi2 Q �H;Q`BiKQ K�Bb BKTQ`i�Mi2 M� ?BbiƦ`B� /�b `2/2b M2m`�Bb- iQ`M�M/Q@
b2 Q T`BM+BT�H KQiQ` /Q mMBp2`bQ .22T G2�`MBM;- b2K 2H2 b2`B� T`�iB+�K2Mi2 BKTQbbőp2H i`2BM�`
i�Bb `2/2b /2 �T`2/Bx�;2K T`Q7mM/�bX P �H;Q`BiKQ /2 #�+FT`QT�;�iBQM +QMbBbi2 2K /m�b 7�b2b,

RX P T�bbQ T�`� 7`2Mi2 U7Q`r�`/ T�bbV, 2Mi`�/�b b½Q T�bb�/�b �i`�pûb /� `2/2 2 �b T`2pBbǤ2b
/2 b�ő/� Q#iB/�bc

kX P T�bbQ T�`� i`�b U#�+Fr�`/ T�bbV, +�H+mHQ /Q ;`�/B2Mi2 /� 7mMÏ½Q +mbiQ M� +�K�/�
}M�H /� `2/2 2 miBHBx�Ï½Q /2bb2 ;`�/B2Mi2 T�`� �THB+�` `2+m`bBp�K2Mi2 � `2;`� /� +�/2B�
U+?�BM `mH2V T�`� �im�HBx�` Qb T2bQb /� `2/2 Ui�K#ûK +QM?2+B/� +QKQ `2i`QT`QT�;�Ï½QVX

6B;m`� kXN, _2/2 M2m`�H +QK /m�b +�K�/�b Q+mHi�bX
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S�`� /2KQMbi`�`- /2 K�M2B`� bBKTH2b- � B/2B� /Q �H;Q`BiKQ #�+FT`QT�;�iBQM- iQK2KQb
+QKQ 2t2KTHQ � `2/2 M2m`�H /� 6B;m`� kXNX L2bi2 2t2KTHQ- X1 `2T`2b2Mi� mK� 2Mi`�/�-
W1- W2 2 W3 Qb T2bQb bBM�TiB+Qb- C1 2 C2 ?B//2M H�v2`b- ϕ(·) mK� 7mMÏ½Q /2 �iBp�Ï½Q 2 �
b�ő/� /� `2/2 `2T`2b2Mi�/� TQ` OX *QKQ TQ/2 b2` p2`B}+�/Q- +�/� M2m`ƬMBQ û mK� 7mMÏ½Q
/Q �Mi2`BQ` +QM2+i�/Q � 2H2X .2 K�M2B`� [m2- �Q �Hi2`�` Q p�HQ` /2 W1- Qb M2m`ƬMBQb C1 2
C2- 2 +QMb2[m2Mi2K2Mi2 � b�ő/�- i�K#ûK Km/�KX .2pB/Q � 2bb� MQÏ½Q /2 /2T2M/āM+B�b
7mM+BQM�Bb- TQ/2KQb `2T`2b2Mi�` K�i2K�iB+�K2Mi2 � b�ő/�,

O = ϕ(W3 ∗ C2)

C2 = ϕ(W2 ∗ C1)

C1 = ϕ(W1 ∗X1) UkXkjV

Qm bBKTH2bK2Mi2,

O = ϕ(W3 ∗ ϕ(W2 ∗ ϕ(W1 ∗X1))) UkXk9V

�Q +�H+mH�` � /2`Bp�/� /� 7mMÏ½Q kXk9 +QK `2H�Ï½Q � �H;mK T2bQ �`#Bi`�`BQ UTQ` 2t2KTHQ-
W1V- b2M/Q ϕ(·) mK� 7mMÏ½Q /B72`2M+B�p2H- �i`�pûb /� `2;`� /� +�/2B�- Q#i2KQb,

∂O

∂W1
=

∂O

∂C2

∂C2

∂C1

∂C1

∂W1
UkXk8V

�;Q`�- p�KQb �M2t�` K�Bb mK� QT2`�Ï½Q � MQbb� `2/2 M2m`�H /� 6B;m`� kXNX 1bi� QT2@
`�Ï½Q B`� +�H+mH�` 2 `2iQ`M�` Q 2``Q Umb�M/Q � 7mMÏ½Q +mbiQV /� MQbb� b�ő/� +QKQ KQbi`� �
6B;m`� kXRy- +�`�i2`Bx�M/Q Q T�bbQ T�`� 7`2Mi2X

6B;m`� kXRy, AMb2`Ï½Q /Q +�H+mHQ /Q 2``Q M� b�ő/� /� `2/2 M2m`�HX
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LQ 2Mi�MiQ- b2 /2b2D�bb2KQb +�H+mH�` � /2`Bp�/� /Q 2``Q +QK [m�H[m2` T2bQ �`#Bi`�`BQ
UMQp�K2Mi2- W1V- Q `2bmHi�/Q b2`B�,

∂erro

∂W1
=

∂erro

∂O

∂O

∂C2

∂C2

∂C1

∂C1

∂W1
UkXkeV

.2bi� 7Q`K�- TQ/2KQb +�H+mH�` �b /2`Bp�/�b /Q 2``Q T�`� iQ/Qb Qb Qmi`Qb T2bQb M� `2/2
2 �THB+�` Q ;`�/B2Mi2 /2b+2M/2Mi2 T�`� �im�HBx�` Qb T2bQb /� `2/2- +QM};m`�M/Q Q T�bbQ T�`�
i`�bX .2bi2 KQ/Q- /2}MBKQb � `2i`QT`QT�;�Ï½Q U#�+FT`QT�;�iBQMV- TQBb 2bi�KQb mb�M/Q Q
2``Q /2 b�ő/� T�`� �im�HBx�` Qb T2bQb- pB� `2;`� /� +�/2B�- MQ BMimBiQ /2 QiBKBx�` Qb T2bQb
T�`� [m2 � `2/2 M2m`�H TQbb� �T`2M/2` � K�T2�` +Q``2i�K2Mi2 �b 2Mi`�/�b T�`� �b b�ő/�bX

1Mi2M/B/Q Q +QM+2BiQ �#Q`/�/Q �Mi2`BQ`K2Mi2- TQ/2KQb `2bmKB` �b 2i�T�b T�`� Q i`2B@
M�K2MiQf�T`2M/Bx�/Q /2 mK� `2/2 M2m`�H- T�`� mK HQi2 /2 /�/Qb- /� b2;mBMi2 K�M2B`�,

RX AMB+B�HBx�Ï½Q, HBKT2x� /Qb ;`�/B2Mi2b /2 iQ/�b �b p�`B�p2Bb ggQiBKBx�/�bc

kX S�bbQ T�`� 7`2Mi2, +�H+mHQ /�b b�ő/�b T`2pBbi�b T�bb�M/Q �b 2Mi`�/�b T�`� Q KQ/2HQc

jX *�H+mHQ /Q 2``Q U�i`�pûb /� 7mMÏ½Q +mbiQVc

9X S�bbQ T�`� i`�b, +�H+mHQ /Q ;`�/B2Mi2 /� 7mMÏ½Q +mbiQ 2K `2H�Ï½Q �Qb T�`�K2i`Qb /Q
KQ/2HQc

8X �im�HBx�Ï½Q /Qb T�`�K2i`Qb U2i�T� /2 QiBKBx�Ï½QVc

eX �im�HBx�` � T2`/� Kû/B� /2 i`2BM�K2MiQX

P T`Q+2bbQ û 72BiQ Bi2`�iBp�K2Mi2 �T`2b2Mi�M/Q MQp�b ûTQ+�b /2 2t2KTHQb /2 i`2BM�K2MiQ
T�`� � `2/2- �iû [m2 b2D� b�iBb72BiQ �H;mK +`Biû`BQ /2 T�`�/�X



3
6qA mb�M/Q iû+MB+�b /2 .22T
G2�`MBM;

LQb +�TőimHQb �Mi2`BQ`2b /Bb+miBKQb- /2 7Q`K� ;2`�H- �b #�b2b /2 2Mi2/BK2MiQ T�`� �p�MÏ�`KQb
�BM/� K�Bb 2 2Mi`2H�Ï�` � +�T�+B/�/2 /�b �`[mBi2im`�b /�b `2/2b M2m`�Bb T`Q7mM/�b U2K
BM;Hāb- .22T L2m`�H L2irQ`F @ .LLV 2K HB/�` +QK T`Q#H2K�b M½Q@HBM2�`2b +QKTH2tQb- +QKQ �
BMp2`b½Q /2 p2HQ+B/�/2 bőbKB+�X L2bi2 +�TőimHQ i`�i�`2KQb /� 6qA MmK� �#Q`/�;2K mb�M/Q
`2/2 M2m`�H- i2M/Q 2K pBbi� [m2 2bi2 iBTQ /2 BKTH2K2Mi�Ï½Q TQ/2 b2 #2M2}+B�` /2 �H;mK�b
72``�K2Mi�b 2K#miB/�b MQb �K#B2Mi2 /2 �T`2M/Bx�/Q /2 K�[mBM� Uh2MbQ`6HQr- SvhQ`+?V-
+QKQ � /B72`2M+B�Ï½Q �miQK�iB+� T�`� Q#i2MÏ½Q /Q ;`�/B2Mi2- 7mMÏǤ2b +mbiQ- QiBKBx�/Q`2b
U�/�K- a:.- JQK2MiQV 2 2bi`�iû;B� /2 i`2BM�K2MiQ 2K HQi2b UKBMB@#�+i?VX

*QKQ TQMi�Tû BMB+B�H B`2KQb KQbi`�` mK 2bim/Q /2 +�bQ /2 6qA R. miBHBx�M/Q i`2BM�@
K2MiQ /2 mK� `2/2 M2m`�H T`Q7mM/�- [m2 2t2KTHB}+� mK �T`2M/Bx�/Q bmT2`pBbBQM�/Q MmK�
`2/2 M2m`�H 722/7Q`r�`/ +QK KȹHiBTH�b +�K�/�b U/2b+`Bi�b M� b2Ï½Q kXkXkVX h2M/Q 2K pBbi�
HBKBi�ÏǤ2b BM2`2Mi2b � 2bi2 iBTQ /2 �`[mBi2im`�- +QKQ � M2+2bbB/�/2 /2 /�/Qb `QimH�/Qb- p�@
KQb MQb p�H2` /� �M�HQ;B� [m2 TQ/2 b2` 72Bi� 2Mi`2 �b �`[mBi2im`�b /2 `2/2 [m2 2MpQHp2K
`2i`Q�HBK2Mi�Ï½Q 2 � KQ/2H�;2K � T�`iB` /� 2[m�Ï½Q /� QM/� �+ȹbiB+�- MQ BMimBiQ /2 BM+HmB`
� 7őbB+� +QKQ ;mB� MQ T`Q+2bbQ /2 �T`2M/Bx�;2K /2 K�[mBM�- M½Q bmT2`pBbBQM�/�- /2 KQ/Q
� +QK#BM�` Q +QM?2+BK2MiQ [m2 /BbTQKQb bQ#`2 T`QT�;�Ï½Q /2 QM/�b 2 �b p�Mi�;2Mb /Q
�T`2M/Bx�/Q /2 K�[mBM�- T`BM+BT�H 7Q+Q /2bi2 i`�#�H?QX

9j
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jXR AMp2`b½Q R. +QKQ i`2BM�K2MiQ /2 mK� `2/2 722/@
7Q`r�`/

lK� /�b �THB+�ÏǤ2b [m2 i2K bB/Q 2tTHQ`�/� MQ �T`2M/Bx�/Q /2 K�[mBM� 2K bőbKB+�- 2bT2@
+B}+�K2Mi2 2K BMp2`b½Q- û Q mbQ /2 mK� `2/2 M2m`�H T`Q7mM/� U.LLV T�`� T`Q/mxB` mK
KQ/2HQ /2 p2HQ+B/�/2b � T�`iB` /2 /�/Qb bőbKB+QbX L2bi� b2Ï½Q miBHBx�`2KQb mK +QMDmMiQ
/2 /�/Qb `ƦimH�/Qb Up2HQ+B/�/2b bőbKB+�b- i`�ÏQ bőbKB+QV T�`� i`2BM�` mK� `2/2 M2m`�H +QK
KȹHiBTH�b +�K�/�b /2 KQ/Q � T`Q/mxB` p2HQ+B/�/2b bőbKB+�bX 1bi2 2t2KTHQ û K2`�K2Mi2 mK�
`2T`Q/mÏ½Q /� `2/2 M2m`�H /2 �miQ`B� /2 _B+?�`/bQM UkyRdVX � ȹMB+� �Hi2`�Ï½Q 72Bi� /2m@b2
MQ +Ʀ/B;Q /2 KQ/2H�;2K bőbKB+� miBHBx�/Q T�`� ;2`�` Q +QMDmMiQ /2 /�/Qb bőbKB+Qb- Q`B;BM�H@
K2Mi2 2b+`BiQ 2K HBM;m�;2K 6Q`i`�M- 2 i`�Mb+`BiQ T�`� Svi?QM /�/� K�BQ` 7�KBHB�`B/�/2 /Q
�miQ` /2bi2 i`�#�H?Q +QK � `272`B/� HBM;m�;2KX

jXRXR .�/Qb /2 1Mi`�/�

P +QMDmMiQ /2 /�/Qb R. miBHBx�/Qb +QKQ 2Mi`�/� T�`� �HBK2Mi�` 2bi� `2/2 M2m`�H 7Q`�K
Qb T�`2b KQ/2HQ /2 p2HQ+B/�/2b 2 i`�ÏQ bőbKB+QX *�/� KQ/2HQ +QMbBbi2 2K /m�b p2HQ+B/�/2b
2b+QH?B/�b �H2�iQ`B�K2Mi2, mK� T�`� � T�`i2 bmT2`BQ` /Q KQ/2HQ 2 Qmi`� T�`� � T�`i2 BM72`BQ`-
2 � HQ+�HBx�Ï½Q /� i`�MbBÏ½Q 2Mi`2 2H�b U� T`Q7mM/B/�/2 /Q `2~2iQ`V i�K#ûK û 2b+QH?B/�
�H2�iQ`B�K2Mi2X Pb p�HQ`2b KőMBKQ 2 K�tBKQ /2 p2HQ+B/�/2b- TQbbőp2Bb 2K +�/� KQ/2HQ-
b½Q /2 1500m/s � 5000m/s- `2bT2+iBp�K2Mi2X .2 7Q`K� [m2 +�/� KQ/2HQ /� Q`B;2K � mK
i`�ÏQ bőbKB+Q Up2` 6B;m`� jXRV [m2 TQbbm2 mK ȹMB+Q `2~2iQ`- HBp`2 /2 `mő/Q- Q#iB/Q �i`�pûb
/2 KQ/2H�;2K MmKû`B+� R. TQ` /B72`2MÏ�b }MBi�b- +QK mK 2b[m2K� /2 b2;mM/� Q`/2K MQ
/QKőMBQ /Q i2KTQ 2 /2 QBi�p� Q`/2K MQ 2bT�ÏQ- 2 mK� 7QMi2 _B+F2` +QK 7`2[māM+B� /QKBM�Mi2
/2 50HzX

6B;m`� jXR, 1t2KTHQ /2 i`�ÏQ bőbKB+Q 7Q`M2+B/Q � `2/2 M2m`�HX

� 6B;m`� jXk KQbi`�K mK� pBb½Q �KTH� /Qb /�/Qb �T`2b2Mi�/Qb � `2/2 M2m`�H 2 � 6B;m`�
jXj 2tB#2 mK� �KQbi`� /Qb KQ/2HQb /2 p2HQ+B/�/2- [m2 2bT2`�@b2 [m2 � `2/2 M2m`�H �T`2M/�
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� Q#i2` [m�M/Q `2+2#2` Qb /�/Qb +QKQ Qb /� 6B;m`� jXkX

6B;m`� jXk, �KQbi`� /2 i`�ÏQb bőbKB+Qb 7Q`M2+B/Qb ¨ `2/2X

6B;m`� jXj, �KQbi`� /2 p2HQ+B/�/2b UMQ`K�HBx�/�bV mb�/�b MQ i`2BM�K2MiQ /� `2/2 M2m`�HX
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jXRXk h`2BM�K2MiQ

*QKQ +Bi�/Q �Mi2`BQ`K2Mi2- M2bi2 i`2BM�K2MiQ 7QB miBHBx�/� mK `2/2 722/7Q`r�`/ +QK KȹH@
iBTH�b +�K�/�b- Qm JGS- +QKTQbi� TQ` QBiQ +�K�/�b iQi�HK2Mi2 +QM2+i�/�b- b2M/Q �b b2i2
T`BK2B`�b +QK k8y mMB/�/2b UM2m`ƬMBQbV +�/� 2 R +�K�/� /2 b�ő/� [m2 7Q`M2+2 � p2HQ+B/�/2
+�H+mH�/� T2H� `2/2X

S�`� 2bi2 i`2BM�K2MiQ 7QB ;2`�/Q mK +QMDmMiQ +QK 2000 T�`2b /2 /�/Qb Up2HQ+B/�/2 @
i`�ÏQV- /2bi2 iQi�H 95% 7Q`�K miBHBx�/Qb T�`� i`2BM�` � `2/2X 1bi2 T`BK2B`Q bm#+QMDmMiQ /2
/�/Qb b½Q +?�K�/Qb /2 /�/Qb /2 i`2BM�K2MiQ- [m2 +QM72`2 � `2/2 � +�T�+B/�/2 /2 ;2M2`�HBx�`
�b `2H�ÏǤ2b 2bim/�/�b K2bKQ T�`� Q#b2`p�ÏǤ2b M�b [m�Bb 2H2 M½Q 7QB i`2BM�/QX P `2bi�Mi2
/Qb /�/Qb U5%V- [m2 � `2/2 M½Q `2+2#2m /m`�Mi2 Q i`2BM�K2MiQ- +QKTǤ2K Q bm#+QMDmMiQ
/2MQKBM�/Q /2 /�/Qb /2 p�HB/�Ï½Q Qm i�K#ûK /�/Qb /2 i2bi2X .2 �+Q`/Q +QK �b Q`B2M@
i�ÏǤ2b 7Q`M2+B/�b TQ` _B+?�`/bQM UkyRdV- }x2KQb mK T`Q+2bb�K2MiQ /2 MQ`K�HBx�Ï½Q /�b
p2HQ+B/�/2bX

jXRXj _2bmHi�/Qb

�b 6B;m`�b jX9 2 jX8 KQbi`�K Qb `2bmHi�/Qb 7Q`M2+B/Qb T2H� `2/2 M2m`�H U+m`p� �xmHV T�`�
/�/Qb [m2 � `2/2 M½Q 7QB i`2BM�/�- Qm b2D�- � `2/2 MmM+� pBm 2bb2b /�/Qb �Mi2bX *QKQ Q
Q#D2iBpQ /� `2/2 2`� `2+2#2` Qb /�/Qb ;`�p�/Qb +QKQ 2Mi`�/� 2- 2K b2;mB/�- i2Mi�` �/BpBM?�`
Q KQ/2HQ /2 p2HQ+B/�/2- TQ/2 b2 p2`B}+�` [m2 M2bb2 2t2KTHQb Qb `2bmHi�/Q 7Q`�K #QMbX

6B;m`� jX9, _2bmHi�/Q 7Q`M2+B/Q T2H� `2/2 LL6qA R.X

.2 mK� K�M2B`� K�Bb �KTH�- M� 6B;m`� jXe- Q T`BK2B`Q ;`�}+Q KQbi`� Qb KQ/2HQb T`2@
pBbiQb T2H� `2/2 2 Q b2;mM/Q Qb KQ/2HQb p2`/�/2B`QbX LQ ;2`�H- Q#b2`p�@b2 [m2 ?� mK �Dmbi2
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6B;m`� jX8, Pmi`Q `2bmHi�/Q 7Q`M2+B/Q T2H� `2/2 LL6qA R.X

KmBiQ #QK 2Mi`2 2H2bX 1Mi½Q- +2`i�K2Mi2 û TQbbőp2H 2b+QH?2` 2t2KTHQb 2K [m2 Q KûiQ/Q 7mM@
+BQMQm KmBiQ #2K 2 2t2KTHQb 2K [m2 M½Q 7mM+BQMQm #2K- K�b Q `2bmHi�/Q Kû/BQ /2KQMbi`�
[m2 � K2iQ/QHQ;B� 7mM+BQM� `�xQ�p2HK2Mi2 #2KX

6B;m`� jXe, JQ/2HQb /2 p2HQ+B/�/2b T`2pBbiQb T2H� `2/2 U2b[m2`/�V 2 KQ/2HQb /2 p2HQ+B/�/2b
p2`/�/2B`Qb U/B`2Bi�VX

h�Bb `2bmHi�/Qb +Q``Q#Q`�K +QK � TQTmH�`B/�/2 2K2`;2Mi2 /�b iû+MB+�b /2 �T`2M/Bx�/Q
T`Q7mM/Q- 2K [m2 � `2/2 M2m`�H T`Q7mM/� U.LLV /2KQMbi`� mK� +�T�+B/�/2 BKT`2bbBQM�Mi2
2K HB/�` +QK T`Q#H2K�b M½Q@HBM2�`2b +QKTH2tQb- BM+HmBM/Q � BMp2`b½Q /2 p2HQ+B/�/2 bőbKB+�X
1Mi`2i�MiQ- M� T`�iB+�- /2pB/Q ¨ /2T2M/āM+B� /2 mK +QMDmMiQ /2 /�/Qb `QimH�/Qb- Qm b2D�-
Q KQ/2HQ /2 p2HQ+B/�/2 `2�H [m�b2 BM�+2bbőp2H +Q``2bTQM/2Mi2 �Qb /�/Qb bőbKB+Qb `2�Bb- 2bi�
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�#Q`/�;2K /2 BMp2`b½Q /2 �T`2M/Bx�;2K T`Q7mM/� bmT2`pBbBQM�/� TQ/2 bQ7`2` /2 HBKBi�ÏǤ2b
M� ;2M2`�HBx�Ï½QX lK� �Hi2`M�iBp� T�`� KBiB;�` 2bb2 T`Q#H2K� û BKTQ` � 7őbB+� ;Qp2`M�Mi2 �
2bb2 iBTQ /2 KûiQ/Q Tm`�K2Mi2 #�b2�/Q 2K /�/Qb- +QKQ b2`� �#Q`/�/Q M� T`QtBK� b2Ï½QX
� B/2B� û KQbi`�` [m2 � KQ/2H�;2K /B`2i� #�b2�/� M� 2[m�Ï½Q /� QM/� TQ/2 b2` 72Bi�
�i`�pûb /2 mK� _LLX .2 K�M2B`� [m2 �Q i`�i�`KQb Qb /�/Qb Q#b2`p�/Qb 2 bm� TQbBÏǤ2b /2
/BbT�`Q +QKQ T�`2b /2 i`2BM�K2MiQ- b2;mBM/Q Qb T`Q+2/BK2MiQb /2 BMp2`b½Q /2 7Q`K� /2 QM/�
+QKTH2i� i`�/B+BQM�H- Q KQ/2HQ /2 p2HQ+B/�/2 BMp2`iB/Q TQ/2 b2` Q#iB/Q +QKQ Q T�`�K2i`Q
i`2BM�p2H /2 `2/2X

jXk JQ/2H�;2K /� QM/� �+ȹbiB+� +QKQ mK� `2/2 M2m@
`�H `2+Q``2Mi2

*QKQ D� K2M+BQM�/Q �Mi2`BQ`K2Mi2- �b _LLb b½Q mK� +H�bb2 /2 `2/2 M2m`�H �`iB}+B�H +QK H�ÏQ
/2 `2i`Q�HBK2Mi�Ï½Q- [m2 /2Mi`Q /Q b2m 2bT2+i`Q /2 miBHBx�Ï½Q- � 2t2KTHQ /� T`2pBb½Q /2 bû`B2b
i2KTQ`�Bb- MQb T2`KBi2 i`�i�` T`Q#H2K�b /2 KQ/2H�;2K bőbKB+� /B`2i�X 1bb� T`QT`B2/�/2 MQb
TQbbB#BHBi� bBKmH�` � T`QT�;�Ï½Q /Q +�KTQ /2 QM/�b /2Mi`Q /2 mK� _LL i`2BM�p2HX �bbBK-
pQHi2KQb � 2[m�Ï½Q RXj- `22b+`Bi� M� 7Q`K�,

∂2m(`, i)
∂i2 = −L2m(`, i) + b(`, i), UjXRV

QM/2 −L2 = υ2(`)∇k- +mD� bQHmÏ½Q MmKû`B+� /Bb+`2i� TQ/2 b2` Q#iB/� /� b2;mBMi2 7Q`K�,

{
un+1 = 2 cos (L∆t)un − un−1 + sn

un = un
UjXkV

[m2 M� 7Q`K� K�i`B+B�H �bbmK2 � b2;mBMi2 7Q`K�,

[
un+1

un

]
=

[
2 cos (L∆t) −I

I 0

]
×

[
un

un−1

]
+

[
sn

0

]
UjXjV

2 M� 7Q`K� /2 mK� _LL +QKQ,

{
ht = W (h)ht−1 +W (x)xt

yt = W (y)ht

UjX9V
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QM/2






ht =

[
un+1

un

]

W (h) =

[
2 cos (L∆t) −I

I 0

]

ht−1 =

[
un

un−1

]

xt =

[
sn

0

]

Pb i2`KQb W (x)- W (y) 2 W (h) b½Q �b +?�K�/�b /2 K�i`Bx2b /2 T2bQX L� `2/2 /2b+`Bi�
�+BK� W (x) û � K�i`Bx /2 T2bQ T�`� BMD2i�` � 7QMi2- W (y) � K�i`Bx /2 �KQbi`�;2K /Qb /�/Qb
2 W (h) � K�i`Bx [m2 /2b+`2p2 � �im�HBx�Ï½Q /Qb +�KTQb /2 QM/�b 2K un 2 un−1X L2bb�
2bi`mim`� /2 `2/2 i`2BM�p2H- �T2M�b Q T2bQ W (h) T`2+Bb� b2` i`2BM�/Q T�`� 2M+QMi`�` Q +�KTQ
/2 p2HQ+B/�/2 [m2 K2H?Q` b2 �Dmbi� �Qb /�/Qb Q#b2`p�/Qb- 2M[m�MiQ �b Qmi`�b K�i`Bx2b M½Q
b½Q �Hi2`�/�b T2HQ T`Q+2bbQ /2 i`2BM�K2MiQ U>m;?2b 2i �HX- kyRNVX

jXj AMp2`b½Q +QKQ i`2BM�K2MiQ /2 mK� `2/2 `2+Q``2Mi2

�bbBK +QKQ Qb �H;Q`BiKQb i`�/B+BQM�Bb /2 6qA [m2 KBMBKBx�K Qb `2bő/mQb /2 /�/Qb T�`�
2biBK�` mK KQ/2HQ /2 p2HQ+B/�/2- +QK #�b2 M� bmTQbBÏ½Q /2 [m2 Q KQ/2HQ �im�HBx�/Q û �
bQK� /2 mK KQ/2HQ /2 7mM/Q 2 mK� T2`im`#�Ï½Q /Q KQ/2HQ 2biBK�/Q Up2` 1[m�Ï½Q RXkRV- Q
T`Q+2bbQ /2 BMp2`b½Q /2 7Q`K� /2 QM/� +QK #�b2 MQ i`2BM�K2MiQ /2 mK� `2/2 M2m`�H `2+Q``2Mi2
û b2K2H?�Mi2- K�b +QK Qb /�/Qb +�H+mH�/Qb 7Q`M2+2/B/Qb T2H� b�ő/� /� `2/2 `2+Q``2Mi2 2 Qb
;`�/B2Mi2b +�H+mH�/Qb TQ` /B72`2M+B�Ï½Q �miQK�iB+� �Q BMpûb /Q KûiQ/Q /2 2bi�/Q �/DmMiQX
� /B72`2M+B�Ï½Q �miQK�iB+� +�H+mH� Q ;`�/B2Mi2 /� 7mMÏ½Q +mbiQ /2 2``Q [m�/`�iB+Q /2 7Q`K�
2[mBp�H2Mi2 �Q T`Q+2/BK2MiQ `2�HBx�/Q MQ KûiQ/Q �/DmMiQ Up2` �TāM/B+2 "VX

ú 2pB/2Mi2 � b2K2H?�MÏ� 2Mi`2 �T`2M/Bx�/Q T`Q7mM/Q 2 6qA- 2 � p�Mi�;2K /2 +QK#BM�@HQb
`2bB/2 M� 7�+BHB/�/2 /2 mbQ /Qb bQ7ir�`2b /2 �T`2M/Bx�/Q T`Q7mM/Q USvhQ`+?- h2MbQ`6HQrV-
[m2 T2`KBi2 [m2 BKTH2K2Mi�ÏǤ2b bQ}biB+�/�b b2D�K `�TB/�K2Mi2 /2b2MpQHpB/�b- TQBb 2bi2b
T`QTB+B�K 72``�K2Mi�b M2+2bb�`B�b T�`� i`2BM�` KQ/2HQb /2 �T`2M/Bx�/Q /2 K�[mBM� +QK
2}+BāM+B� 2 +QMi`QH2X lK� p2x [m2 mK �H;Q`BiKQ û 2tT`2bbQ mb�M/Q 2bb2b �K#B2Mi2b- 2H2 TQ/2
b2` 2t2+mi�/Q 2K /B72`2Mi2b iBTQb /2 mMB/�/2b /2 T`Q+2bb�K2MiQ U*Slb- :SlbV miBHBx�M/Q
`2+m`bQb /BbTQMőp2Bb 2K mK +Hmbi2` UT`Q+2bb�K2MiQ T�`�H2HQ- K2KƦ`B� /Bbi`B#mő/�V- �HûK /Qb
D� +QK2Mi�/Qb QiBKBx�/Q`2b 2 7mMÏǤ2b +mbiQX
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jX9 �#Q`/�;2K JmHiB2b+�H�

h�MiQ � 6qA +QMp2M+BQM�H [m�MiQ � 6qA #�b2�/� 2K iû+MB+�b /2 /22T H2�`MBM;- 2bi½Q bmD2Bi�b
¨ +QMp2`;āM+B� T�`� KőMBKQb HQ+�Bb- /2pB/Q ¨ �Hi� M½Q@HBM2�`B/�/2 BM2`2Mi2 �Q T`Q#H2K�
BMp2`bQX �iû K2bKQ � 2b+QH?� /2 mK KQ/2HQ /2 p2HQ+B/�/2b BMB+B�H T`ƦtBKQ �Q KőMBKQ
;HQ#�H M½Q ;�`�MiB`� � +QMp2`;āM+B� /� 7mMÏ½Q Q#D2iBpQ T�`� mK KQ/2HQ ƦiBKQ +QK b2MiB/Q
;2QHƦ;B+QX lK� /�b +�mb�b �i`B#mő/�b �Q T`Q#H2K� TQ/2 b2` 2tTHB+�/� T2HQ b�HiQ /2 +B+HQ
U+v+H2 bFBTTBM;VX

.2 �+Q`/Q +QK oB`B2mt 2 PT2`iQ UkyyNV- Q b�HiQ /2 +B+HQ Q+Q``2 [m�M/Q 2tBbi2 mK�
/B72`2MÏ� /2 7�b2 K�BQ` [m2 K2BQ T2`őQ/Q /Q +QKT`BK2MiQ /2 QM/� U6B;m`� jXdV- 2Mi`2 Q
/�/Q +�H+mH�/Q 2 Q#b2`p�/Q- /2 KQ/Q [m2 Q KûiQ/Q /2 QiBKBx�Ï½Q �Dmbi2 Q /�/Q +�H+mH�/Q �
mK +B+HQ /Q i`�ÏQ bőbKB+Q Q#b2`p�/Q- +QK /27�b�;2K /2 mK Qm K�Bb +QKT`BK2MiQb /2 QM/�X
.2 7Q`K� [m2- Q �+ȹKmHQ /Qb �Dmbi2b 2Mi`2 /�/Qb /27�b�/Qb- TQ/2`� +�``2�` T�`� KQ/2HQ
/2 p2HQ+B/�/2b- `2bmHi�Mi2 /� BMp2`b½Q- +QK 2bi`mim`�b 2bTȹ`B�b b2K bB;MB}+�/Q ;2QHƦ;B+Q
Qm �iû K2bKQ 2bi`mim`�b [m2 ;2QHQ;B+�K2Mi2 7�x2K b2MiB/Q- K�b [m2 M½Q +QM/Bx2K +QK �
`2�HB/�/2X .2bb� 7Q`K�- û T`2+BbQ 7�x2` mbQ /2 2bi`�iû;B�b /2 BMp2`b½Q +�T�x2b /2 +QMiQ`M�`
Q T`Q#H2K� /2 b�HiQ /2 +B+HQ 2- +QMb2[m2Mi2K2Mi2- `2/mxB` �b +?�M+2b /2 +QMp2`;āM+B� T�`�
KőMBKQb HQ+�Bb- � mK +mbiQ +QKTmi�+BQM�H �+2Bi�p2H- +QKQ û Q +�bQ /� �#Q`/�;2K KmHiB2b+�H�
T`QTQbi� TQ` "mMFb 2i �HX URNN8VX

6B;m`� jXd, 6Q`K�Ï½Q /2 �`i27�iQb /2 b�HiQ /2 +B+HQ- T�`� mK� +QKTQM2Mi2 /2 QM/� KQMQ+`Q@
K�iB+�- M� 6qAX � HBM?� bƦHB/� `2T`2b2Mi� mK� +QKTQM2Mi2 /Q /�/Q Q#b2`p�/Q- 2 �b HBM?�b
TQMiBH?�/�b- /Q /�/Q KQ/2H�/Q- �K#�b +QK mK /2H�v K�BQ` [m2 T/2X LQ +�bQ /� KQ/2H�;2K
bmT2`BQ`- � 6qA p�B �im�HBx�` Q KQ/2HQ +QKQ b2 ?Qmp2bb2 +Q``2H�Ï½Q 2Mi`2 Q +B+HQ (n+1) /Qb
bBbKQ;`�K�b KQ/2H�/Qb 2 Q +B+HQ n /Q /�/Q Q#b2`p�/Q- ;2`�M/Q mK KQ/2HQ 2``ƬM2Q UoB`B2mt
2 PT2`iQ- kyyNVX
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� BHmbi`�Ï½Q /� �#Q`/�;2K KmHiB2b+�H� TQ/2 b2` pBbm�HBx�/� M� 6B;m`� jX3- QM/2 �b
2b+�H�b K�BQ`2b /Q T`Q#H2K�- [m2 `2T`2b2Mi�K �b #�Bt�b 7`2[māM+B�b- �T`2b2Mi�K mK� 7mMÏ½Q
Q#D2iBpQ K�Bb bm�p2- bmD2Bi�b � TQm+Qb KőMBKQb HQ+�BbX � K2/B/� [m2 b2 +�KBM?� M� /B`2Ï½Q
/2 /BKBMmBÏ½Q /� 2b+�H� /Q T`Q#H2K�- Qm b2D�- T�`� �b �Hi�b 7`2[māM+B�b- Q MȹK2`Q /2 KőMBKQb
HQ+�Bb �mK2Mi�- TQ`ûK Q KQ/2HQ BMB+B�H D� 2bi� K�Bb T`ƦtBKQ /Q KőMBKQ ;HQ#�H- /2pB/Q ¨b
`Q/�/�b �Mi2`BQ`2b +QKQ TQ/2 b2` K2H?Q` pBbm�HBx�/Q M� 6B;m`� jXNX *�#2 `2bb�Hi�` [m2
2bi2 iBTQ /2 �#Q`/�;2K M½Q +QMbBbi2 2K mK KûiQ/Q /2 BMp2`b½Q- K�b bBK mK� K�M2B`� /2
+QMiQ`M�` Q T`Q#H2K� /Q b�HiQ /2 +B+HQ- � }K /2 `2/mxB` �b +?�M+2b /2 +QMp2`;āM+B� T�`�
KőMBKQb HQ+�BbX

6B;m`� jX3, AMi2`T`2i�Ï½Q ?2m`őbiB+� /� �#Q`/�;2K KmHiB2b+�H�X *�/� T�BM2H `2T`2b2Mi� Q
;`�}+Q /2 mK� 7mMÏ½Q Q#D2iBpQ- /2b/2 � K2MQ` 2b+�H� UK�BQ` 7`2[māM+B�V U�V �iû � K�BQ`
2b+�H� UK2MQ` 7`2[māM+B�V U2V U"mMFb 2i �HX- RNN8VX

1K bmK�- M� 2bi`�iû;B� �T`2b2Mi�/� TQ` "mMFb 2i �HX URNN8V- � 2b+�H� û � 2b+�H� /Q
+QKT`BK2MiQ /2 QM/� λ- K�b `2H2K#`�M/Q � `2H�Ï½Q λ = υ/f - 2bi� i�K#ûK MQb T2`KBi2
b2T�`�` �b 2b+�H�b TQ` K2BQ /2 #�M/�b /2 7`2[māM+B�X .2 KQ/Q [m2- MQ /QKőMBQ /Q i2KTQ- �
b2H2Ï½Q /� #�M/� /2 7`2[māM+B� `2[m2` mK� }Hi`�;2K MQ /�/Q Q#b2`p�/Q- � }K /2 /2HBKBi�`
� 7�Bt� [m2 b2`� miBHBx�/� 2K +�/� 2i�T�X h�K#ûK b2 7�x M2+2bb�`BQ ;�`�MiB` [m2 Q /�/Q
KQ/2H�/Q i2M?� Q K2bKQ +QMi2ȹ/Q /2 7`2[māM+B� /Q /�/Q Q#b2`p�/Q- T�`� [m2 Q `2bő/mQ
2Mi`2 2H2b b2D� `2H2p�Mi2X lK� 7Q`K� /2 ;�`�MiB` BbbQ û }Hi`�M/Q � 7QMi2 bőbKB+� miBHBx�/�
M� KQ/2H�;2K �+ȹbiB+� /2 K�M2B`� [m2 i2M?� Q K2bKQ +QMi2ȹ/Q /2 7`2[māM+B� /Q /�/Q



6qA mb�M/Q iû+MB+�b /2 .22T G2�`MBM; 8k

6B;m`� jXN, _2T`2b2Mi�Ï½Q /Q +QKTQ`i�K2MiQ /� 7mMÏ½Q Q#D2iBpQ MQ b2MiB/Q /� K�BQ` 2b+�H�
U;`�}+Q bmT2`BQ`V T�`� K2MQ` 2b+�H� U;`�}+Q BM72`BQ`VX �/�Ti�/Q /2 U6B+?iM2`- kyRRV

Q#b2`p�/Q }Hi`�/QX .2bb� 7Q`K�- Qb /�/Qb KQ/2H�/Qb M½Q M2+2bbBi�`½Q b2` }Hi`�/Qb MQp�K2Mi2
U"mMFb 2i �HX- RNN8VX

.2Mi`2 Qb /Bp2`bQb iBTQb /2 }Hi`Qb /2 7`2[māM+B�- [m2 +mKT`2K � i�`27� /2 HBKBi�` � #�M/�
/2 7`2[māM+B� /2 mK bBM�H- Q 2b+QH?B/Q T�`� 2bi2 i`�#�H?Q 7QB Q }Hi`Q /2 qB2M2` [m2 û /2}MB/Q
MQ /QKőMBQ /� 7`2[māM+B� U"QQMv�bB`Br�i 2i �HX- kyyNV TQ`,

fWiener(ω) =
Walvo(ω)W ∗

original(ω)

|Woriginal(ω)|2 + ε2
, UjX8V

QM/2 fWiener û Q }Hi`Q [m2 b2`� �THB+�/Q �Q /�/Q- ω � 7`2[māM+B� i2KTQ`�H- Woriginal û �
r�p2H2i Q`B;BM�H /Q /�/Q- Walvo û � r�p2H2i +QK +QMi2ȹ/Q /2 7`2[māM+B� HBKBi�/Q- » û Q
QT2`�/Q` +QKTH2tQ +QMDm;�/Q 2 ε û mK 7�iQ` T2[m2MQ mb�/Q T�`� 2bi�#BHBx�` Q `2bmHi�/QX
L2bi2 i`�#�H?Q- T�`� +�/� #�M/� /2 7`2[māM+B�- Q 7�iQ` fWiener- BKTH2K2Mi�/Q 2K HBM;m�;2K
Svi?QM- 7QB �THB+�/Q i`�ÏQ � i`�ÏQX
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L� T`�iB+� � 6qA MQ /QKőMBQ /Q i2KTQ miBHBx�M/Q � �#Q`/�;2K KmHiB2b+�H� TQ/2 2Mi½Q
b2` `2bmKB/� UEQ2?M2- kyR9V MQb b2;mBMi2b T�bbQb,

RX S�`� � #�M/� /2 7`2[māM+B�b �im�H,

U�V 6BHi`�` Q /�/Q Q#b2`p�/Qc

U#V liBHBx�` mK� r�p2H2i +QK 7`2[māM+B� K�tBK� +Q``2bTQM/2Mi2 ¨ #�M/� �im�H- T�`�
;2`�` Qb /�/Qb KQ/2H�/Qbc

U+V _2�HBx�` k Bi2`�ÏǤ2b /� 6qAc

kX .2}MB` Q `2bmHi�/Q /� `Q/�/� �im�H +QKQ KQ/2HQ BMB+B�Hc

jX �mK2Mi�` � #�M/� /2 7`2[māM+B�bX

1bb2 +B+HQ û `2T2iB/Q �iû [m2 Q MȹK2`Q /2 #�M/�b /2 7`2[māM+B� TH�M2D�/Q i2M?� bB/Q
�iBM;B/Q Qm �H;mK Qmi`Q +`Biû`BQ /2 T�`�/� i2M?� bB/Q b�iBb72BiQX � �#Q`/�;2K KmHiB2b@
+�H� i�K#ûK û �THB+�p2H ¨ 6qA 7Q`KmH�/� +QKQ i`2BM�K2MiQ /2 mK� `2/2 `2+Q``2Mi2- 2 Qb
`2bmHi�/Qb Q#iB/Qb +QK #�b2 M2bb� K2iQ/QHQ;B� b2`½Q 2tTQbiQb MQ T`ƦtBKQ +�TőimHQX



4
J2iQ/QHQ;B� 2 _2bmHi�/Qb

L2bi2 +�TőimHQ b2`½Q �T`2b2Mi�/Qb Qb `2bmHi�/Qb Q#iB/Qb /m`�Mi2 Q /2b2MpQHpBK2MiQ /2bi�
T2b[mBb�X L� T`BK2B`� T�`i2- b2`� /Bb+miB/� � K2iQ/QHQ;B� miBHBx�/� MQ T`Q+2bbQ /2 BMp2`b½QX
1K b2;mB/�- b2`½Q �T`2b2Mi�/Qb Qb `2bmHi�/Qb +QK 2 b2K � �#Q`/�;2K KmHiB2b+�H� T�`�
/B72`2Mi2b KQ/2HQb ;2QHƦ;B+QbX �HûK /BbbQ b2`½Q +QKT�`�/Qb Qb `2bmHi�/Qb Q#iB/Qb �i`�pûb
/2 /QBb QiBKBx�/Q`2b /BbiBMiQb- Q �/�K 2 Q JQK2MiQ- M� bQHmÏ½Q /Q T`Q#H2K� BMp2`bQX S�`�
72+?�` Q +�TőimHQ b2`½Q KQbi`�/Qb �b `2bTQbi�b /� �#Q`/�;2K �/Qi�/� M� BMp2`b½Q bőbKB+�
[m�MiQ �Q KQ/2HQ BMB+B�H 7Q`M2+B/Q +QKQ 2Mi`�/� MQ T`Q+2bbQX

9XR J2iQ/QHQ;B�

LQbbQb 2tT2`BK2MiQb 7Q`�K `2�HBx�/Qb miBHBx�M/Q KQ/2HQb bBMiûiB+Qb k.X � QiBKBx�Ï½Q 7QB
`2�HBx�/� `2KQi�K2Mi2 miBHBx�M/Q Qb `2+m`bQb +QKTmi�+BQM�Bb /Q a1L�Af*AJ�h1* U:Sl
LpB/B� oRyy LoGBMFV 2 BKTH2K2Mi�/Q MQ SvhQ`+?- 2bT2+B�HK2Mi2 Q T�+Qi2 /2 72``�K2Mi�b
+?�K�/Q .22Tr�p2 U_B+?�`/bQM- kykRV R- [m2 7Q`M2+2 KƦ/mHQb /2 T`QT�;�Ï½Q /2 QM/�b 2
T2`KBi2 +�H+mH�` ;`�/B2Mi2b 2K `2H�Ï½Q �Q MQbbQ KQ/2HQ �miQK�iB+�K2Mi2 pB� QT2`�ÏǤ2b
2K +�/2B� 2 � `2i`QT`QT�;�Ï½QX P KƦ/mHQ /2 T`QT�;�Ï½Q �im� +QKQ � `2/2 `2+Q``2Mi2 /2
1HK�M [m2 BM+Q`TQ`� � 2[m�Ï½Q /� QM/� �+ȹbiB+� 2K bm� 7Q`KmH�Ï½Q TQ` K2BQ /� iû+MB+�
/�b /B72`2MÏ�b }MBi�b 2 û +�T�x /2 `2�HBx�` KQ/2H�;2K bőbKB+�X *QKQ i`�i�KQb /2 /�/Qb
Tm`�K2Mi2 bBMiûiB+Qb- � 7QMi2 û +QM?2+B/� 2 7QB /2b+QMbB/2`�/� +QKQ mK T�`�K2i`Q � b2`
2biBK�/Q MQ T`Q+2bbQ /2 BMp2`b½QX

RX ?iiTb,ff;Bi?m#X+QKf�`9f/22Tr�p2
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https://github.com/ar4/deepwave
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9XRXR S`2T�`�Ï½Q /Qb .�/Qb

S�`� BHmbi`�` � �THB+�#BHB/�/2 /Q KûiQ/Q T`QTQbiQ- i2bi�KQb Q /2b2KT2M?Q /� BMp2`b½Q T�`�
i`āb KQ/2HQb bBMiûiB+Qb [m2 b½Q �/2[m�/Qb T�`� T2b[mBb�b ;2Q7őbB+�bX a½Q 2H2b, mK T2[m2MQ
i`2+?Q /Q KQ/2HQ a1�J 6�b2 A M� TQ`Ï½Q b2/BK2Mi�`- Q KQ/2HQ a1�J 6�b2 A +QKTH2iQ 2 Q
KQ/2HQ J�`KQmbBX S�`� 2pBi�` T`Q#H2K�b +QK � �im�H HBKBi�Ï½Q /2 2[mBT�K2MiQb +QKTmi�@
+BQM�Bb- iQ/Qb Qb KQ/2HQb 7Q`�K `2�KQbi`�/QbX

a1�J 6�b2 A @ SQ`Ï½Q a2/BK2Mi�`

1K kyyd- mK +QMDmMiQ /2 k9 2KT`2b�b b2 mMB`�K T�`� +`B�` Q KQ/2HQ a1�J 6�b2 A U62?H2`
2 E2HB?2`- kyRRV- /Bbi`B#mő/Q MQ �MQ /2 kyR9- +QK Q Q#D2iBpQ /2 �#Q`/�` Qb /2b�}Qb /�
BK�;2K /Q T`û@b�H 2K #�+B�b i2`+B�`B�b- +QK āM7�b2 M�b �;m�b T`Q7mM/�b /Q :QH7Q /Q JûtB+QX
P`B;BM�HK2Mi2 Q KQ/2HQ TQbbmB Rd8R �KQbi`�b M� /B`2Ï½Q ?Q`BxQMi�H 2 R8yR �KQbi`�b M�
/B`2Ï½Q p2`iB+�H- +QK BMi2`p�HQ /2 �KQbi`�;2K /2 20m 2 10m- `2bT2+iBp�K2Mi2X � 7�Bt� /2
p2HQ+B/�/2 p�`B� /2 1490m/s � 4800m/sX

1K MQbbQ T`BK2B`Q i2bi2- miBHBx�KQb bQK2Mi2 mK T2[m2MQ i`2+?Q /Q KQ/2HQ Q`B;BM�H- +mDQ
KQ/2HQ /2 p2HQ+B/�/2 /� QM/� S 7QB `2�KQbi`�/Q- /2 KQ/Q [m2 �b /BK2MbǤ2b `2bmHi�Mi2b 7Q`�K
/2 8yy �KQbi`�b M� /B`2Ï½Q ?Q`BxQMi�H 2 k8R �KQbi`�b M� /B`2Ï½Q p2`iB+�H- +QK BM+`2K2MiQ
2bT�+B�H /2 5m 2K �K#�b �b /B`2ÏǤ2bX � p2HQ+B/�/2 p�`B� /2 1490m/s � 2830m/sX P KQ/2HQ
�/Qi�/Q +QKQ p2`/�/2B`Q û KQbi`�/Q M� 6B;m`� 9XR- 2 p�KQb �[mB /2MQKBM�@HQ /2 a1�J
6�b2 A a2/BK2Mi�`X

6B;m`� 9XR, JQ/2HQ /2 p2HQ+B/�/2b p2`/�/2B`Q a1�J 6�b2 A a2/BK2Mi�`X
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a1�J 6�b2 A

L� b2[māM+B� 2bi2M/2KQb Q 2bim/Q /� 6qA T�`� iQ/Q Q KQ/2HQ- MQp�K2Mi2 `2�KQbi`�/Q- MQ
BMimBiQ /2 BM+HmB` +QKTH2tB/�/2 ;2QHƦ;B+�X .2 K�M2B`� [m2 �b /BK2MbǤ2b `2bmHi�Mi2b 7Q`�K
/2 8de �KQbi`�b M� /B`2Ï½Q ?Q`BxQMi�H 2 j8R �KQbi`�b M� /B`2Ï½Q p2`iB+�H- +QK BMi2`p�HQ
/2 �KQbi`�;2K /2 12m 2K �K#�b �b /B`2ÏǤ2bX � p2HQ+B/�/2 i�K#ûK p�`B� /2 1490m/s �
4800m/sX P KQ/2HQ iB/Q +QKQ p2`/�/2B`Q û KQbi`�/Q M� 6B;m`� 9XkX .2pB/Q ¨ �KQbi`�;2K
2bT�+B�H �/Qi�/�- �b /BK2MbǤ2b }M�Bb i�K#ûK Km/�`�K 2K `2H�Ï½Q � Q`B;BM�HX

6B;m`� 9Xk, JQ/2HQ /2 p2HQ+B/�/2b p2`/�/2B`Q a1�J 6�b2 AX

J�`KQmbB

P KQ/2HQ J�`KQmbB 7QB +`B�/Q T2HQ AMbiBimiQ 6`�M+āb /Q S2i`ƦH2Q 2K RN33 U"Qm`;2QBb 2i �HX-
RNNRV 2 � bm� ;2QK2i`B� 7QB /2b2M?�/� +QK #�b2 2K T2`}b bőbKB+Qb M� "�+B� /Q *m�Mx�- �M@
;QH�X ú mK /Qb KQ/2HQb /2 p2HQ+B/�/2 �+ȹbiB+� K�Bb +QM?2+B/Qb 2 7`2[m2Mi2K2Mi2 2M+QMi`�/Q
M�b T2b[mBb�b /2 ;2Q7őbB+� /2 2tTHQ`�Ï½QX _2�KQbi`�KQb Q KQ/2HQ Q`;BM�H /2 p2HQ+B/�/2 /�
QM/� S- [m2 `2bmHiQm MQ KQ/2HQ +QK 8d8 �KQbi`�b M� /B`2Ï½Q ?Q`BxQMi�H 2 k8y �KQbi`�b M�
/B`2Ï½Q p2`iB+�H- +mDQb BM+`2K2MiQb /2 �KQbi`�;2K 7Q`�K /2 12m 2 16m- `2bT2+iBp�K2Mi2X
� p2HQ+B/�/2 p�`B� /2 1500m/s � 5500m/sX P KQ/2HQ p2`/�/2B`Q û KQbi`�/Q M� 6B;m`� 9XjX
LQp�K2Mi2- /2pB/Q ¨ �KQbi`�;2K 2bT�+B�H �/Qi�/�- �b /BK2MbǤ2b }M�Bb /B72`2K 2K `2H�Ï½Q
� Q`B;BM�HX
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6B;m`� 9Xj, JQ/2HQ /2 p2HQ+B/�/2b p2`/�/2B`Q J�`KQmbBX

9XRXk .2}MBÏ½Q /Qb S�`�K2i`Qb

� bBKmH�Ï½Q /� T`QT�;�Ï½Q /�b QM/�b pB� KQ/2H�;2K �+ȹbiB+�- 7QB #�b2�/� MQ KûiQ/Q /�b
/B72`2MÏ�b }MBi�b +QK mK 2b[m2K� /2 b2;mM/� Q`/2K MQ /QKőMBQ /Q i2KTQ 2 /2 [m�`i�
Q`/2K MQ 2bT�ÏQX S�`� 2pBi�` `2~2tǤ2b BM/2b2D�/�b /�b #Q`/�b /Q /QKőMBQ /2 bBKmH�Ï½Q-
mb�KQb mK� +�K�/� T2`72Bi�K2Mi2 +QK#BM�/� U2K BM;Hāb- T2`72+iHv K�i+?2/ H�v2` @ SJGV
US�b�HB+ 2 J+;�``v- kyRyV +QKQ +QM/BÏ½Q /2 +QMiQ`MQ �#bQ`p2Mi2X lK� r�p2H2i /2 _B+F2`
7QB 2b+QH?B/� +QKQ � 7QMi2 p2`/�/2B`� 2 � 7`2[māM+B� /2 TB+Q- �bbBK +QKQ Qb /2K�Bb T�`�K2@
i`Qb /� KQ/2H�;2K- TQ/2K b2` pBbm�HBx�/Qb M� h�#2H� 9XRX Pb `2+2TiQ`2b 7Q`�K /BbTQbiQb
mMB7Q`K2K2Mi2 M� bmT2`7ő+B2 2 � [m�MiB/�/2 û B;m�H ¨ H�`;m`� /Q KQ/2HQX S�`� � BMp2`b½Q
KmHiB2b+�H� �b #�M/�b /2 7`2[māM+B�b b2`½Q 2tTHB+Bi�/�b M� b2Ï½Q /2 `2bmHi�/QbX

S�`�K2i`Qb a1�J 6�b2 A a2/BK2Mi�` a1�J 6�b2 A J�`KQmbB
fpeak U>xV k8-y Rk-y Rk-y
AMi2`p�HQ /2 �KQbi`�;2K UKbV 9-y 9-y 9-y
h2KTQ /2 _2;Bbi`Q UbV k-y 8-y 9-y
/t UKV 8-y Rk-y Rk-y
/x UKV 8-y Rk-y Re-y
AMi2`p�HQ /2 iB`Q UKV k8-y j9-8 eN-y
AMi2`p�HQ `2+2TiQ`2b UKV Ry-y Rk-y Rk-y
LȹK2`Q /2 hB`Qb Ryy kyy Ryy

h�#2H� 9XR, h�#2H� /2 T�`�K2i`Qb miBHBx�/Qb M� KQ/2H�;2K bőbKB+�X
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LQ T`Q+2bbQ /2 BMp2`b½Q U6qAV- #2M2}+BQm@b2 /� /B72`2M+B�Ï½Q �miQK�iB+� T�`� Q +�H+mHQ
/Q ;`�/B2Mi2- mbQ /Qb QiBKBx�/Q`2b Up2` h�#2H� 9XkV 2 2bi`�iû;B� /2 /�/Qb /2 KBMB@HQi2b /Q
SvhQ`+?X P i�K�M?Q /Q HQi2 7QB /2}MB/Q T�`� +�/� 2tT2`BK2MiQ Up2` h�#2H� 9XjV- /2 K�M2B`�
[m2 Q MȹK2`Q iQi�H /2 7QMi2b UiB`QbV /BpB/B/Q T2HQ i�K�M?Q /Q `2bT2+iBpQ HQi2 `2bmHi� M�
[m�MiB/�/2 /2 iB`Qb +QKmMb 2K +�/� HQi2X � 2biBK�iBp� BMB+B�H /Q KQ/2HQ 7QB Q#iB/� �i`�pûb
/� bm�pBx�Ï½Q /Q KQ/2HQ p2`/�/2B`Q T2H� 7mMÏ½Q ;�mbbB�M�X .2 �+Q`/Q +QK �b Q`B2Mi�ÏǤ2b
7Q`M2+B/�b TQ` _B+?�`/bQM UkykRV- }x2KQb mK T`Q+2bb�K2MiQ /2 MQ`K�HBx�Ï½Q /�b �KTHBim/2b
[m2 +QMbBbi2 M� /BpBb½Q T2HQ K�tBKQ p�HQ` �#bQHmiQ- i�MiQ T�`� Qb /�/Qb Q#b2`p�/Qb [m�MiQ
T�`� Qb /�/Qb /2 KBMB@HQi2b bBKmH�/QbX

PiBKBx�/Q`UT�`�K2i`QUbVV a1�J 6�b2 A a2/BK2Mi�` a1�J 6�b2 A J�`KQmbB
JQK2MiQ UγV y-N y-N y-N
�/�K Uβ1/β2/εV y-Nf y-NNNf 10−8 y-Nf y-NNNf 10−8 y-Nf y-NNNf 10−8

h�#2H� 9Xk, S�`�K2i`Qb /Qb PiBKBx�/Q`2bX

Zm�MiQ � /2}MBÏ½Q /� i�t� /2 �T`2M/Bx�;2K- Q +`Biû`BQ /2 2b+QH?� 7QB #�b2�/Q 2K p�HQ`2b
Q#iB/Qb M� HBi2`�im`� 2 i2bi�/Qb 2K +�/� 2tT2`BK2MiQX

S�`�K2i`Q a1�J 6�b2 A a2/BK2Mi�` a1�J 6�b2 A J�`KQmbB
h�K�M?Q /Q HQi2 Ry 9y ky

h�#2H� 9Xj, h�K�M?Q /Q HQi2 2K +�/� 2tT2`BK2MiQX

9Xk _2bmHi�/Qb

L2bi� b2Ï½Q B`2KQb 2tB#B` Qb `2bmHi�/Qb /2 BMp2`b½Q 6qA +QK � #�M/� /2 7`2[māM+B�b +QKTH2i�
+QKT�`�/Qb +QK � BMp2`b½Q 6qA +QK � �#Q`/�;2K KmHiB2b+�H�- T�`� Qb KQ/2HQb T`QTQbiQbX
S�`� bBKTHB}+�Ï½Q +?�K�`2KQb Q KûiQ/Q +QMp2M+BQM�H �T2M�b /2 6qA- 2M[m�MiQ [m2 T�`�
b2 `272`B` � �#Q`/�;2K KmHiB2b+�H� miBHBx�`2KQb Q i2`KQ 6qA KmHiB2b+�H�X �HûK /BbbQ B`2KQb
+QKT�`�` Qb `2bmHi�/Qb /� BMp2`b½Q KmHiB2b+�H� �Q �Hi2`�`KQb Q iBTQ /2 QiBKBxB/Q` 2MpQHpB/Q
MQ T`Q+2bbQ- i�K#ûK T�`� iQ/Qb Qb KQ/2HQb T`QTQbiQbX SQ` ȹHiBKQ- p�KQb 2pB/2M+B�` �
b2MbB#BHB/�/2 �Q KQ/2HQ BMB+B�H M�b /m�b �#Q`/�;2Mb /2 BMp2`b½QX
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9XkXR _2bmHi�/Qb /Q JQ/2HQ a1�J 6�b2 A a2/BK2Mi�`

1K i2`KQb /2 +QM};m`�Ï½Q � 6qA 7QB Q#iB/� miBHBx�M/Q mK� 7`2[māM+B� /QKBM�Mi2 /2 25Hz-
�TƦb jy ûTQ+�b +QK Q QiBKBx�/Q` �/�K 2 i�t� /2 �T`2M/Bx�;2K UηV RyX S�`� � 6qA KmHiB@
2b+�H�- 7Q`�K 2b+QH?B/�b �`#Bi`�`B�K2Mi2 �b 7`2[māM+B�b /QKBM�Mi2b /2 5Hz- 10Hz- 15Hz-
20Hz 2 25HzX 1K +�/� #�M/� /2 7`2[māM+B�b 7Q`�K 72Bi�b jy ûTQ+�b miBHBx�M/Q Q KûiQ/Q
/2 QiBKBx�Ï½Q �/�K 2 i�t� /2 �T`2M/Bx�;2K RyX P KQ/2HQ BMB+B�H 7QB Q#iB/Q � T�`iB` /�
bm�pBx�Ï½Q /Q KQ/2HQ p2`/�/2B`QX h�H bm�pBx�Ï½Q 7QB 72Bi� pB� +QMpQHmÏ½Q +QK mK }Hi`Q
;�mbbB�MQ- +mD� 2}+BāM+B� /� �i2Mm�Ï½Q /2T2M/2 /Q i�K�M?Q σ /Q F2`M2H ;�mbbB�MQ- i�K#ûK
+?�K�/Q /2 /2bpBQ T�/`½Q /Q }Hi`QX S�`� 2bi2 KQ/2HQ miBHBx�KQb Q p�HQ` σ = 15X

Pb `2bmHi�/Qb /� BMp2`b½Q 6qA 2 /� 6qA KmHiB2b+�H� b½Q BHmbi`�/Qb M� 6B;m`� 9X9X *QKQ
2bT2`�/Q- +QK mK KQ/2HQ BMB+B�H `2H�iBp�K2Mi2 #QK- Q 6qA T`Q/mx mK `2bmHi�/Q `�xQ�p2H
Up2` 6B;m`� 9X9+VX LQ 2Mi�MiQ- � 2bi`�iû;B� /2 �T`2M/Bx�;2K KmHiB2b+�H� Up2` 6B;m`� 9X9/V
+QMb2;m2 2Mi`2;�` mK `2bmHi�/Q K2H?Q`- 2bT2+B�HK2Mi2 MQ [m2 i�M;2 �b 2bi`mim`�b T`Q7mM/�bX

6B;m`� 9X9, *QKT�`�Ï½Q /Qb `2bmHi�/Qb /� BMp2`b½Q /Q KQ/2HQ a1�J 6�b2 A a2/BK2Mi�`X
U�V JQ/2HQ o2`/�/2B`Q- U#V JQ/2HQ BMB+B�H- U+V 6qA 2 U/V 6qA KmHiB2b+�H�X

S�`� +Q``Q#Q`�` Q `2bmHi�/Q Q#iB/Q +QK � 6qA KmHiB2b+�H� 2K `2H�Ï½Q � 6qA +QMp2M@
+BQM�H- 7QB b2H2+BQM�/Q mK T2`}H /2 p2HQ+B/�/2 Q#iB/Q M� TQbBÏ½Q +2Mi`�H /2 +�/� KQ/2HQ /2
p2HQ+B/�/2b 2MpQHpB/Q MQ T`Q+2bbQ- /2 KQ/Q � T2`KBiB` mK� �M�HBb2 K�Bb /2i�H?�/� /Qb p�HQ@
`2b /2 p2HQ+B/�/2 Q#iB/QbX � 6B;m`� 9X8 KQbi`� 2bb2b T2`}b /2 p2HQ+B/�/2b 2K T`Q7mM/B/�/2
T�`� Qb KQ/2HQb p2`/�/2B`Q- BMB+B�H 2 BMp2`iB/Q T�`� +�/� 2bi`�iû;B�X ú pBbőp2H +QKQ � 6qA
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KmHiB2b+�H� +QMb2;mBm T`QTB+B�` mK K2H?Q` �Dmbi2 �Q KQ/2HQ p2`/�/2B`Q /Q [m2 � 6qAX 1bb�
Q#b2`p�Ï½Q TQ/2 b2` K2H?Q` pBbm�HBx�/� 2K /2i�H?2 +QKQ KQbi`� � 6B;m`� 9XeX

6B;m`� 9X8, S2`}b /2 p2HQ+B/�/2X U�V o2HQ+B/�/2b 2MpQHpB/�b M� 6qA 2 U#V o2HQ+B/�/2b
2MpQHpB/�b M� 6qA KmHiB2b+�H�X

6B;m`� 9Xe, S2`}b /2 p2HQ+B/�/2b 2K /2i�H?2X

Pb `2bmHi�/Qb /�b BMp2`bǤ2b M�b 2i�T�b BMi2`K2/B�`B�b /� 6qA KmHiB2b+�H� �iû �Mi2b /�
mHiBK� 7�Bt� /2 7`2[māM+B�b TQ/2K b2` pBbm�HBx�/Qb M� 6B;m`� 9Xd- #2K +QKQ Qb `2bT2+iBpQb
;`�}+Qb /2 2``Q /� 7mMÏ½Q Q#D2iBpQ TQ` ûTQ+� M� 6B;m`� 9X3X

SQ/2KQb �p�HB�` [m�HBi�iBp�K2Mi2 Q `2bmHi�/Q /� T`QTQbi� KmHiB2b+�H�- �i`�pûb /Qb bBb@
KQ;`�K�b ;2`�/Qb +QK Q KQ/2HQ /2 p2HQ+B/�/2b T`Q/miQ /2bb� �#Q`/�;2K- 2K +QKT�`�Ï½Q
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6B;m`� 9Xd, _2bmHi�/Qb 6qA KmHiB2b+�H� KQ/2HQ a1�J 6�b2 A a2/BK2Mi�`X U�V fpeak = 5Hz-
U#V fpeak = 10Hz- U+V fpeak = 15Hz 2 U/V fpeak = 20HzX

�Qb bBbKQ;`�K�b +QKTmi�/Qb +QK Q KQ/2HQ p2`/�/2B`Q- +QM7Q`K2 TQ/2 b2` pBbm�HBx�/Q M�b
6B;m`�b 9XN 2 9XRyX

SQ` }K- � 6B;m`� 9XRR 2tB#2 Q `2bmHi�/Q /� 6qA KmHiB2b+�H� �Q miBHBx�`KQb QiBKBx�/Q`2b
/BbiBMiQb MQ T`Q+2bbQ- +QKQ Q JQK2MiQ 2 Q �/�K- D� /Bb+miB/Qb �Mi2`BQ`K2Mi2X Pb KQ/2HQb
7Q`�K Q#iB/Qb +QK Qb K2bKQ T�`�K2i`Qb- 2t+2iQ � i�t� /2 �T`2M/Bx�;2K [m2 7QB /2 Ry T�`�
Q �/�K 2 106 T�`� Q JQK2MiQX ú pőbBp2H � #Q� [m�HB/�/2 /� `2bTQbi� 2Mi`2;m2 T2HQ �/�K-
2M[m�MiQ Q JQK2MiQ bƦ +QMb2;m2 �im�HBx�` �b TQ`ÏǤ2b K�Bb `�b�b /Q KQ/2HQX



J2iQ/QHQ;B� 2 _2bmHi�/Qb ek

U�V fpeak = 5Hz

U#V fpeak = 10Hz

U+V fpeak = 15Hz

U/V fpeak = 20Hz

U2V fpeak = 25Hz

6B;m`� 9X3, :`�}+Qb /2 2``Qb 7Q`M2+B/Qb T2H� 7mMÏ½Q +mbiQ TQ` ûTQ+� T�`� +�/� 2b+�H� /�
6qA KmHiB2b+�H� /Q KQ/2HQ a1�J 6�b2 A b2/BK2Mi�`X



J2iQ/QHQ;B� 2 _2bmHi�/Qb ej

6B;m`� 9XN, hB`Q M� TQbBÏ½Q +2Mi`�H /Q KQ/2HQX U�V P#iB/Q � T�`iB` /Q KQ/2HQ /2 p2HQ+B/�/2b
BMB+B�H- U#V � T�`iB` /Q KQ/2HQ 6qA KmHiB2b+�H� 2 U+V KQ/2HQ p2`/�/2B`QX

6B;m`� 9XRy, hB`Q M� TQbBÏ½Q +2Mi`�H /Q KQ/2HQX U�V P#iB/Q � T�`iB` /Q KQ/2HQ 6qA KmHiB@
2b+�H�- U#V KQ/2HQ p2`/�/2B`Q 2 U/V /B72`2MÏ� U(b)− (a)VX



J2iQ/QHQ;B� 2 _2bmHi�/Qb e9

U�V JQK2MiQ

U#V �/�K

6B;m`� 9XRR, _2bmHi�/Q /� 6qA KmHiB2b+�H� T�`� QiBKBx�/Q`2b /BbiBMiQbX



J2iQ/QHQ;B� 2 _2bmHi�/Qb e8

9XkXk _2bmHi�/Qb /Q JQ/2HQ a1�J S?�b2 A

L2bi2 2t2KTHQ- /2 K�BQ` +QKTH2tB/�/2 ;2QHƦ;B+�- � 6qA 7QB Q#iB/� T�`� mK� 7`2[māM+B� /Q@
KBM�Mi2 /2 12Hz- T�bb�/�b k8y ûTQ+�b +QK Q QiBKBx�/Q` �/�K 2 i�t� /2 �T`2M/Bx�;2K UηV
RyX Zm�MiQ ¨ 6qA KmHiB2b+�H�- 7Q`�K 2b+QH?B/�b �`#Bi`�`B�K2Mi2 �b 7`2[māM+B�b /QKBM�Mi2b
/2 3Hz- 6Hz- 9Hz 2 12HzX S�`� +�/� #�M/� /2 7`2[māM+B�b 7Q`�K 72Bi�b k8y ûTQ+�b miB@
HBx�M/Q Q KûiQ/Q /2 QiBKBx�Ï½Q �/�K 2 i�t� /2 �T`2M/Bx�;2K RyX �[mB i�K#ûK Q KQ/2HQ
BMB+B�H 7QB Q#iB/Q T2H� bm�pBx�Ï½Q /Q KQ/2HQ p2`/�/2B`Q- pB� +QMpQHmÏ½Q +QK }Hi`Q ;�mbbB�MQ-
+QK σ = 15X

Pb `2bmHi�/Qb /� BMp2`b½Q 6qA 2 /� 6qA KmHiB2b+�H� b½Q BHmbi`�/Qb M� 6B;m`� 9XRkX
*QKQ TQ/2 b2` Q#b2`p�/Q- �T2b�` /2 mK KQ/2HQ BMB+B�H `2H�iBp�K2Mi2 #QK- Q 6qA T`Q/mx
mK `2bmHi�/Q BMbi�p2H M� TQ`Ï½Q `�b� /Q KQ/2HQ Up2` 6B;m`� 9XRk+VX LQ 2Mi�MiQ- � 2bi`�iû;B�
/2 �T`2M/Bx�;2K KmHiB2b+�H� Up2` 6B;m`� 9XRk/V +QMb2;m2 MQp�K2Mi2 2Mi`2;�` mK `2bmHi�/Q
K2H?Q`X

6B;m`� 9XRk, *QKT�`�Ï½Q /Qb `2bmHi�/Qb /� BMp2`b½Q /Q KQ/2HQ a1�J 6�b2 AX U�V JQ/2HQ
o2`/�/2B`Q- U#V JQ/2HQ BMB+B�H- U+V 6qA 2 U/V 6qA KmHiB2b+�H�X

*QKQ +QMi`QH2 /2 [m�HB/�/2 /� BMp2`b½Q- 7QB b2H2+BQM�/Q mK T2`}H /2 p2HQ+B/�/2 Q#iB/Q
M� TQbBÏ½Q 2880m /2 +�/� KQ/2HQ /2 p2HQ+B/�/2b 2MpQHpB/Q MQ T`Q+2bbQ- /2 KQ/Q � T2`KBiB`
mK� �M�HBb2 K�Bb +QMimM/2Mi2 bQ#`2 Qb p�HQ`2b /2 p2HQ+B/�/2 Q#iB/QbX �b 6B;m`�b 9XRj 2 9XR9
2tB#2K Qb `2bmHi�/Qb /2bi� 2ti`�Ï½QX



J2iQ/QHQ;B� 2 _2bmHi�/Qb ee

6B;m`� 9XRj, S2`}b /2 p2HQ+B/�/2 M� TQbBÏ½Q 2880mX U�V o2HQ+B/�/2b 2MpQHpB/�b M� 6qA 2
U#V o2HQ+B/�/2b 2MpQHpB/�b M� 6qA KmHiB2b+�H�X

6B;m`� 9XR9, S2`}b /2 p2HQ+B/�/2 M� TQbBÏ½Q 2880m 2K /2i�H?2X

�bbBK +QKQ 2tB#B/� MQ 2t2KTHQ �Mi2`BQ`- Qb `2bmHi�/Qb /�b BMp2`bǤ2b M�b 2i�T�b BMi2`@
K2/B�`B�b /� 6qA KmHiB2b+�H� �iû � ȹHiBK� 7�Bt� /2 7`2[māM+B�b TQ/2K b2` pBbm�HBx�/Qb M�
6B;m`� 9XR8- #2K +QKQ Qb `2bT2+iBpQb ;`�}+Qb /2 2``Q /� 7mMÏ½Q Q#D2iBpQ TQ` ûTQ+� U6B;m`�
9XReVX



J2iQ/QHQ;B� 2 _2bmHi�/Qb ed

6B;m`� 9XR8, _2bmHi�/Qb 6qA KmHiB2b+�H� KQ/2HQ a1�J 6�b2 AX U�V fpeak = 3Hz- U#V fpeak =
6Hz- U+V fpeak = 9Hz 2 U/V fpeak = 12HzX

.2 K�M2B`� [m�HBi�iBp�- Q `2bmHi�/Q /� T`QTQbi� KmHiB2b+�H� +QKT�`�/Q �Q `2bmHi�/Q
7Q`M2+B/Q T2HQ KQ/2HQ p2`/�/2B`Q TQ/2 b2` �p�HB�/Q M�b 6B;m`�b 9XRd 2 9XR3- [m2 KQbi`�K Qb
bBbKQ;`�K�b ;2`�/Qb � T�`iB` /Qb `2bT2+iBpQb KQ/2HQb /2 p2HQ+B/�/2bX

LQp�K2Mi2 b½Q +QKT�`�/Qb Qb `2bmHi�/Qb /� BMp2`bǤ2b +QK Q �/�K 2 Q JQK2MiQ- Q#iB/Qb
+QK Qb K2bKQb T�`�K2i`Qb- 2t+2iQ � i�t� /2 �T`2M/Bx�;2K [m2 7QB /2 Ry T�`� Q �/�K 2 106

T�`� Q JQK2MiQX J�Bb mK� p2x- � [m�HB/�/2 /� `2bTQbi� 2Mi`2;m2 T2HQ �/�K û bmT2`BQ` �Q
Q#iB/Q +QK Q QiBKBx�/Q` JQK2MiQ [m2 i�K#ûK bƦ +QM+2Mi`� �im�HBx�ÏǤ2b M�b TQ`ÏǤ2b K�Bb
`�b�b /Q KQ/2HQX



J2iQ/QHQ;B� 2 _2bmHi�/Qb e3

U�V fpeak = 3Hz

U#V fpeak = 6Hz

U+V fpeak = 9Hz

U/V fpeak = 12Hz

6B;m`� 9XRe, :`�}+Qb /2 2``Qb 7Q`M2+B/Qb T2H� 7mMÏ½Q +mbiQ TQ` ûTQ+� T�`� +�/� 2b+�H� /�
6qA JmHiB2b+�H� /Q KQ/2HQ a1�J 6�b2 AX



J2iQ/QHQ;B� 2 _2bmHi�/Qb eN

6B;m`� 9XRd, hB`Q M� TQbBÏ½Q TQbBÏ½Q 2880m /Q KQ/2HQX U�V P#iB/Q � T�`iB` /Q KQ/2HQ /2
p2HQ+B/�/2b BMB+B�H- U#V � T�`iB` /Q KQ/2HQ 6qA KmHiB2b+�H� 2 U+V KQ/2HQ p2`/�/2B`QX

6B;m`� 9XR3, hB`Q M� TQbBÏ½Q TQbBÏ½Q 2880m /Q KQ/2HQX U�V P#iB/Q � T�`iB` /Q KQ/2HQ 6qA
KmHiB2b+�H�- U#V KQ/2HQ p2`/�/2B`Q 2 U/V /B72`2MÏ� U(b)− (a)VX



J2iQ/QHQ;B� 2 _2bmHi�/Qb dy

U�V JQK2MiQ

U#V �/�K

6B;m`� 9XRN, _2bmHi�/Q /� 6qA KmHiB2b+�H� T�`� QiBKBx�/Q`2b /BbiBMiQbX

9XkXj _2bmHi�/Qb /Q JQ/2HQ J�`KQmbB

LQbbQ ȹHiBKQ i2bi2 7QB `2�HBx�/Q +QK Q KQ/2HQ J�`KQmbB- MQ [m�H T�`� Q 6qA miBHBx�KQb
mK� 7`2[māM+B� /QKBM�Mi2 /2 12Hz- Bi2`�/�b 8yy ûTQ+�b +QK Q QiBKBx�/Q` �/�K 2 +QK
�Hi2`�Ï½Q /� i�t� /2 �T`2M/Bx�;2K UηV T�`� 8X Zm�MiQ � 6qA KmHiB2b+�H�- 7Q`�K 2b+QH?B/�b
�`#Bi`�`B�K2Mi2 �b 7`2[māM+B�b /QKBM�Mi2b /2 3Hz- 6Hz- 9Hz 2 12Hz X S�`� +�/� #�M/�
/2 7`2[māM+B�b 7Q`�K 2t2+mi�/�b 8yy ûTQ+�b miBHBx�M/Q Q KûiQ/Q /2 QiBKBx�Ï½Q �/�K 2 i�t�



J2iQ/QHQ;B� 2 _2bmHi�/Qb dR

/2 �T`2M/Bx�;2K 8X P KQ/2HQ BMB+B�H 7QB Q#iB/Q T2H� bm�pBx�Ï½Q /Q KQ/2HQ p2`/�/2B`Q- pB�
+QMpQHmÏ½Q +QK }Hi`Q ;�mbbB�MQ- +QK σ = 15X

Pb `2bmHi�/Qb /� BMp2`b½Q 6qA 2 /� 6qA KmHiB2b+�H� b½Q BHmbi`�/Qb M� 6B;m`� 9XkyX
*QKQ TQ/2 b2` Q#b2`p�/Q- �T2b�` /2 mK KQ/2HQ BMB+B�H `2H�iBp�K2Mi2 #QK- Q 6qA �T`2b2Mi�
mK `2bmHi�/Q bm#2biBK�/Q Up2` 6B;m`� 9Xky+VX LQ 2Mi�MiQ- � 2bi`�iû;B� /2 �T`2M/Bx�;2K KmH@
iB2b+�H� Up2` 6B;m`� 9Xky/V +QMb2;m2 MQp�K2Mi2 2Mi`2;�` mK `2bmHi�/Q +QKQ mK� [m�HB/�/2
bmT2`BQ` 2 MQ ;2`�H K�Bb T`ƦtBK� /Q KQ/2HQ p2`/�/2B`QX

6B;m`� 9Xky, *QKT�`�Ï½Q /Qb `2bmHi�/Qb /� BMp2`b½Q /Q KQ/2HQ J�`KQmbBX U�V JQ/2HQ
o2`/�/2B`Q- U#V JQ/2HQ BMB+B�H- U+V 6qA 2 U/V 6qA JmHiB2b+�H�X

*QKQ +QMi`QH2 /2 [m�HB/�/2 /� BMp2`b½Q- 7QB b2H2+BQM�/Q mK T2`}H /2 p2HQ+B/�/2 Q#iB/Q
M� TQbBÏ½Q +2Mi`�H /2 +�/� KQ/2HQ /2 p2HQ+B/�/2b 2MpQHpB/Q MQ T`Q+2bbQ- /2 KQ/Q � T2`KBiB`
mK� �M�HBb2 K�Bb +`Bi2`BQb� bQ#`2 Qb p�HQ`2b /2 p2HQ+B/�/2 Q#iB/QbX �b 6B;m`�b 9XkR 2 9Xkk
2tB#2K Qb `2bmHi�/Qb /2bb� 2ti`�Ï½QX

.Q K2bKQ KQ/Qb [m2 MQb 2t2KTHQb �Mi2`BQ`2b- Qb `2bmHi�/Qb /�b BMp2`bǤ2b M�b 2i�T�b
BMi2`K2/B�`B�b /� 6qA KmHiB2b+�H� TQ/2K b2` pBbm�HBx�/Qb M� 6B;m`� 9Xkj- #2K +QKQ Qb
`2bT2+iBpQb ;`�}+Qb /2 2``Q /� 7mMÏ½Q Q#D2iBpQ TQ` ûTQ+� M� 6B;m`� 9Xk9X



J2iQ/QHQ;B� 2 _2bmHi�/Qb dk

6B;m`� 9XkR, S2`}b /2 p2HQ+B/�/2 M� TQbBÏ½Q +2Mi`�H /Q KQ/2HQX U�V o2HQ+B/�/2b 2MpQHpB/�b
M� 6qA 2 U#V o2HQ+B/�/2b 2MpQHpB/�b M� 6qA KmHiB2b+�H�X

6B;m`� 9Xkk, S2`}b /2 p2HQ+B/�/2 M� TQbBÏ½Q M� TQbBÏ½Q +2Mi`�H /Q KQ/2HQ 2K /2i�H?2X

Zm�HBi�iBp�K2Mi2 Q `2bmHi�/Q /� T`QTQbi� KmHiB2b+�H� +QKT�`�/Q �Q `2bmHi�/Q 7Q`M2+B/Q
T2HQ KQ/2HQ p2`/�/2B`Q TQ/2 b2` �p�HB�/Q �i`�pûb /Qb +QKTmiQb /Qb bBbKQ;`�K�b- +QK �b
`2bT2+iBp�b p2HQ+B/�/2b- [m2 b½Q KQbi`�/Qb M�b 6B;m`�b 9Xk8 2 9XkeX Pb `2bmHi�/Qb `27Q`Ï�K
� [m�HB/�/2 /Q KQ/2HQ /2 p2HQ+B/�/2b Q#iB/Q �i`�pûb /� �#Q`/�;2K T`QTQbi� M2bb2 i`�#�H?QX



J2iQ/QHQ;B� 2 _2bmHi�/Qb dj

6B;m`� 9Xkj, _2bmHi�/Qb 6qA KmHiB2b+�H� KQ/2HQ J�`KQmbBX U�V fpeak = 3Hz- U#V fpeak =
6Hz- U+V fpeak = 9Hz 2 U/V fpeak = 12HzX

L� b2[māM+B�- b½Q +QKT�`�/Qb Qb `2bmHi�/Qb /� BMp2`bǤ2b +QK Q �/�K 2 Q JQK2MiQ-
Q#iB/Qb +QK Qb K2bKQ T�`�K2i`Qb- 2t+2iQ � i�t� /2 �T`2M/Bx�;2K [m2 7QB /2 8 T�`� Q �/�K
2 106 T�`� Q JQK2MiQX J�Bb mK� p2x � [m�HB/�/2 /� `2bTQbi� 2Mi`2;m2 T2HQ �/�K û bmT2`BQ`
�Q Q#iB/Q +QK Q QiBKBx�/Q` JQK2MiQ [m2 i�K#ûK bƦ +QM+2Mi`� �im�HBx�ÏǤ2b M�b TQ`ÏǤ2b
K�Bb `�b�b /Q KQ/2HQ- +QM}`K�M/Q � `Q#mbi2x /Q KûiQ/Q �/�K MQ T`Q+2bbQ /2 QiBKBx�Ï½QX



J2iQ/QHQ;B� 2 _2bmHi�/Qb d9

U�V fpeak = 3Hz

U#V fpeak = 6Hz

U+V fpeak = 9Hz

U/V fpeak = 12Hz

6B;m`� 9Xk9, :`�}+Qb /2 2``Qb 7Q`M2+B/Qb T2H� 7mMÏ½Q +mbiQ TQ` ûTQ+� T�`� +�/� 2b+�H� /�
6qA JmHiB2b+�H� /Q KQ/2HQ J�`KQmbBX



J2iQ/QHQ;B� 2 _2bmHi�/Qb d8

6B;m`� 9Xk8, hB`Q M� TQbBÏ½Q +2Mi`�H /Q KQ/2HQX U�V P#iB/Q � T�`iB` /Q KQ/2HQ /2 p2HQ+B/�/2b
BMB+B�H- U#V � T�`iB` /Q KQ/2HQ 6qA KmHiB2b+�H� 2 U+V KQ/2HQ p2`/�/2B`QX

6B;m`� 9Xke, hB`Q M� TQbBÏ½Q +2Mi`�H /Q KQ/2HQX U�V P#iB/Q � T�`iB` /Q KQ/2HQ 6qA KmHiB@
2b+�H�- U#V KQ/2HQ p2`/�/2B`Q 2 U/V /B72`2MÏ� U(b)− (a)VX

SQ` }K- +QK Q Q#D2iBpQ /2 iQ`M�` � Q#b2`p�Ï½Q K�Bb `2�HBbi�- 7QB 72Bi� � �/BÏ½Q /2 `mő/Q
#`�M+Q ;�mbbB�MQ �Qb /�/Qb bőbKB+Qb Q#b2`p�/Qb- +QKQ KQbi`� � 6B;m`� 9Xk3X



J2iQ/QHQ;B� 2 _2bmHi�/Qb de

U�V JQK2MiQ

U#V �/�K

6B;m`� 9Xkd, _2bmHi�/Q /� 6qA KmHiB2b+�H� T�`� QiBKBx�/Q`2b /BbiBMiQbX

.2 �+Q`/Q +QK Qb `2bmHi�/Qb KQbi`�/Qb M� 6B;m`� 9XkN- TQ/2@b2 Q#b2`p�` � +�T�+B/�/2 /�
6qA KmHiB2b+�H� /2 BMp2`i2` Qb KQ/2HQb K2bKQ [m�M/Q Qb /�/Qb bőbKB+Qb 2bi½Q +QMi�KBM�/Qb
+QK `mő/Q- MQ 2Mi�MiQ Q `2bmHi�/Q /� BMp2`b½Q /� 6qA +QMiBMm� � bm#2biBK�` Q KQ/2HQ /2
p2HQ+B/�/2bX



J2iQ/QHQ;B� 2 _2bmHi�/Qb dd

6B;m`� 9Xk3, .�/Q Q#b2`p�/Q ;2`�/Q +QK KQ/2HQ p2`/�/2B`Q /Q J�`KQmbBX U�V .�/Q bőbKB+Q
HBp`2 /2 `mő/Q U#V .�/Q bőbKB+Q `mB/QbQ UaL_ 4 10 dbVX

6B;m`� 9XkN, *QKT�`�Ï½Q /Qb `2bmHi�/Qb /� BMp2`b½Q /Q KQ/2HQ J�`KQmbBX U�V JQ/2HQ
o2`/�/2B`Q- U#V JQ/2HQ BMB+B�H- U+V 2 U/V _2bmHi�/Qb /� BMp2`b½Q TQ` 6qA 2 6qA KmHiB2b+�H�
+QK /�/Qb bőbKB+Qb Q#b2`p�/Qb b2K `mő/Q- `2bT2+iBp�K2Mi2 U2V 2 U7V _2bmHi�/Qb /� BMp2`b½Q
TQ` 6qA 2 6qA KmHiB2b+�H� +QK /�/Qb bőbKB+Qb Q#b2`p�/Qb +QK `mő/Q- `2bT2+iBp�K2Mi2X



J2iQ/QHQ;B� 2 _2bmHi�/Qb d3

9XkX9 �p�HB�Ï½Q Zm�MiBi�iBp�

S�`� 2biBK�` � [m�HB/�/2 /� �#Q`/�;2K KmHiB2b+�H� M� 7`2[māM+B�- �p�HB�KQb [m�MiBi�iBp�@
K2Mi2 � [m�HB/�/2 /� p2HQ+B/�/2 BMp2`iB/� 2K `2H�Ï½Q �Q KQ/2HQ p2`/�/2B`QX L2bi� �p�HB�Ï½Q-
miBHBx�KQb +QKQ Kûi`B+� Q 2``Q `2H�iBpQ 2Mi`2 Q KQ/2HQ /2 p2HQ+B/�/2 BMp2`iB/Q Uv̂V 2 � p2HQ@
+B/�/2 p2`/�/2B`� UvV /2}MB/Q +QKQ,

Erro (v̂, v) =
‖v − v̂‖2
‖v‖2

× 100 U9XRV

QM/2 ‖ · ‖2 û � MQ`K� l2X Zm�MiQ K2MQ` Q 2``Q K2H?Q` � `2+QMbi`mÏ½Q Up2` h�#2H� 9X9VX

JûiQ/Q a1�J 6�b2 A a2/BK2Mi�` a1�J 6�b2 A J�`KQmbB
6qA y-33% k-Nk% 3-e3%
6qA JmHiB2b+�H� y-ee% R-RR% 8-9R%

h�#2H� 9X9, 1``Q `2H�iBpQ 2Mi`2 Qb KQ/2HQb /2 p2HQ+B/�/2b mb�M/Q 6qA 2 6qA JmHiB2b+�H�
+QK /�/Qb bőbKB+Qb b2K `mő/QX

.� K2bK� K�M2B`�- T�`� Q ȹMB+Q i2bi2 +QK /�/Qb Q#b2`p�/Qb +QK `mő/Q �/BiBpQ- Q 2``Q
`2H�iBpQ +�H+mH�/Q 2Mi`2 Qb KQ/2HQb 2K +�/� T`Q+2bbQ /2 BMp2`b½Q û KQbi`�/Q M� h�#2H� 9X8X

JûiQ/Q J�`KQmbB
6qA 3-8d%
6qA JmHiB2b+�H� 8-N9%

h�#2H� 9X8, 1``Q `2H�iBpQ 2Mi`2 Qb KQ/2HQb /2 p2HQ+B/�/2b mb�M/Q 6qA 2 6qA JmHiB2b+�H�
+QK /�/Qb bőbKB+Qb +QK `mő/QX

9XkX8 a2MbB#BHB/�/2 �Q JQ/2HQ AMB+B�H

� K2/B/� [m2 Q ;`�m /2 +QKTH2tB/�/2 ;2QHƦ;B+� MQb KQ/2HQb i2bi�/Qb 7QB 2H2p�/�- T2H� BM+Hm@
b½Q- TQ` 2t2KTHQ- /2 2bi`mim`�b +QKQ +Q`TQb /2 b�H +QKTH2tQb- i`Qmt2 +QMbB;Q /B}+mH/�/2b
�/B+BQM�Bb T�`� � 6qA +QMp2M+BQM�H- /2pB/Q �Qb D� K2M+BQM�/Qb b�HiQ /2 +B+HQ 2 Qmi`Qb 7�iQ`2b
+QKQ 7Q`i2 +QMi`�bi2b /2 �KTHBim/2bX Pmi`Q TQMiQ +`m+B�H û � [m�HB/�/2 /Q KQ/2HQ BMB+B�H-
�[mB }x2KQb � +QKT�`�Ï½Q /� �#Q`/�;2K KmHiB2b+�H� M� 7`2[māM+B� +QK � 6qA +QMp2M+BQM�H
�mK2Mi�M/Q Q ;`�m /2 bm�pBx�Ï½Q /2bi2 KQ/2HQ /2 T�`iB/�X

_2bmHi�/Qb /� AMp2`b½Q +QK JQ/2HQ am�pBx�/Q

� 6B;m`� 9Xjy KQbi`� Q /2b2KT2M?Q /2 BMp2`b½Q /Q KQ/2HQ J�`KQmbB �THB+�M/Q 6qA 2 6qA
KmHiB2b+�H�X P KQ/2HQ BMB+B�H 7QB +QMbi`mő/Q pB� bm�pBx�Ï½Q T2H� 7mMÏ½Q ;�mbbB�M� p�`B�M/Q Q



J2iQ/QHQ;B� 2 _2bmHi�/Qb dN

/2bpBQ T�/`½QX lK p�HQ` K�Bb �HiQ- BKTHB+� MmK� bm�pBx�Ï½Q K�Bb 7Q`i2 2 +QMb2[m2Mi2K2Mi2
K�Bb HQM;2 /Q KQ/2HQ p2`/�/2B`QX LQi�/�K2Mi2- � 6qA bm#2biBK� /`�K�iB+�K2Mi2 � /Bbi`B@
#mBÏ½Q /2 p2HQ+B/�/2 2 M½Q +QMb2;m2 BMp2`i2` /2 7Q`K� T`2+Bb� �b 2bi`mim`�b ;2QHƦ;B+�b T�`�
�b i`āb bBim�ÏǤ2bX § K2/B/� [m2 Q ;`�m /2 bm�pBx�Ï½Q �mK2Mi�- Q `2bmHi�/Q �T`2b2Mi� �`i27�@
iQb 2bTȹ`BQb /2 �Hi� 7`2[māM+B�- [m2 û mK T`Q#H2K� iőTB+Q /2 KőMBKQb HQ+�BbX �Q +QMi`�`BQ- �
6qA KmHiB2b+�H� Q#iûK `2+QMbi`mÏǤ2b /2 �Hi� [m�HB/�/2- 2bi�M/Q K�Bb T`ƦtBKQb /Q KQ/2HQ
p2`/�/2B`QX _2+mT2`� b�iBb7�iQ`B�K2Mi2 � K�BQ`B� /�b 2bim`mim`�b /Q KQ/2HQ J�`KQmbB +QK
p�HQ`2b /2 2``Q +QMbB/2`�/Qb #�BtQbX

6B;m`� 9Xjy, _2bmHi�/Qb /� BMp2`b½Q /Q KQ/2HQ J�`KQmbB +QK 6qA UK2BQV 2 6qA KmHiB2b+�H�
U#�b2V- � T�`iB` /2 /B72`2Mi2b bm�pBx�ÏǤ2b /Q KQ/2HQ BMB+B�H UiQTQVX



5
*QM+HmbǤ2b

L2bi2 i`�#�H?Q i2biQm@b2- 2K KQ/2HQb bőbKB+Qb #B/BK2MbBQM�Bb- mK� 2}+B2Mi2 K2iQ/QHQ;B� /2
�T`2M/Bx�/Q M½Q bmT2`pBbBQM�/Q- [m2 �T`Qp2Bi� �b p�Mi�;2Mb /2 2[m�ÏǤ2b /B72`2M+B�Bb T�`+B�Bb
2 iû+MB+�b /2 �T`2M/Bx�/Q T`Q7mM/Q T�`� BMp2`b½Q /� 7Q`K� /2 QM/� +QKTH2i�X �HûK /BbbQ 7QB
T`QTQbi� 2 BKTH2K2Mi�/� � �#Q`/�;2K KmHiB2b+�H� M� 7`2[māM+B� +QKQ mK 2H2K2MiQ �/B+BQM�H
¨ iû+MB+� +QMp2M+BQM�H- [m2 BKT�+iQm TQbBiBp�K2Mi2 � [m�HB/�/2 }M�H /Qb `2bmHi�/Qb Q#iB/QbX

� BMi2;`�Ï½Q /� 2[m�Ï½Q �+ȹbiB+� /� QM/� +QKQ mK� `2/2 M2m`�H T`Q7mM/� � 6qA-
bBKTHB}+Qm Q T`Q+2bbQ /2 QiBKBx�Ï½Q /2 KQ/Q � M½Q `2[m2`2` /�/Qb 2ti`�b /2 i`2BM�K2MiQ-
�HûK /2 b2 KQbi`�` ~2tőp2H /2pB/Q ¨ /B72`2M+B�Ï½Q �miQK�iB+�X

LQb 2tT2`BK2MiQb `2�HBx�/Qb- � �#Q`/�;2K 7QB p�HB/�/� 2K KQ/2HQb bBMiûiB+Qb- +QM?2+B/Qb
2 /BbTQMőp2Bb �#2`i�K2Mi2- +QKQ J�`KQmbB 2 a2�K- [m2 TQbbm2K +�`�+i2`őbiB+�b ;2QHƦ;B+�b
/BbiBMi�b 2 +QM/BÏǤ2b /2b�}�/Q`�b- +QKQ � [m�HB/�/2 /Q KQ/2HQ BMB+B�H 7Q`M+2+B/QX Pb 2t@
T2`BK2MiQb MmKû`B+Qb /2KQMbi`�`�K [m2 Q KûiQ/Q T`QTQbiQ +QK � �#Q`/�;2K KmHiB2b+�H�
bmT2`� Q �H;Q`BiKQ 6qA +QMp2M+BQM�H 2K iQ/�b �b +QM};m`�ÏǤ2bX �HûK /BbbQ- � 2b+QH?�
T2HQ QiBKBx�/Q` �/�K- 2Mi`2;Qm mK� +QMp2`;āM+B� K2H?Q` 2 K�Bb `�TB/�- MQ b2MiB/Q 2K [m2
`2+mT2`� BM7Q`K�ÏǤ2b /2i�H?�/�b /2 p2HQ+B/�/2 2K xQM�b `�b�b 2 T`Q7mM/�b- 2K /B`2Ï½Q �Q
KQ/2HQ /2 p2HQ+B/�/2b p2`/�/2B`Q /Q [m2 Q QiBKBx�/Q` JQK2MiQX �/2K�Bb- Qb `2bmHi�/Qb
i�K#ûK +QM}`K�`�K [m2 � �#Q`/�;2K T`QTQbi� û /2 7�iQ mK� bQHmÏ½Q T�`� +QMiQ`M�` Qb
T`Q#H2K�b /2 KőMBKQb HQ+�Bb- /2 bBimÏǤ2b +QK /�/Qb /2 Q#b2`p�Ï½Q `mB/QbQb 2 /2 KQ/2HQb
BMB+B�Bb K2MQb T`2+BbQb- �Q /2KQMbi`�` BMb2MbB#BHB/�/2 �Q KQ/2HQ /2 T�`iB/�X

lK 7�iQ` `2H2p�Mi2- û [m2 Q +�KTQ /2 QM/�b /� KQ/2H�;2K /B`2i� T`2+Bb� b2` b�HpQ M�
K2KƦ`B� T�`� mbQ /m`�Mi2 � `2i`QT`QT�;�Ï½QX AbbQ BKTHB+� [m2 H2p�Mi�K2MiQb k. `2�HBbi�b- 2
T`Qp�p2HK2i2 j.- 2tB;B`½Q K�Bb K2KƦ`B� /Q [m2 � /BbTQMőp2HX 1bb� HBKBi�Ï½Q +QKTmi�+BQM�H

3y
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/B}+mHi� � �THB+�Ï½Q /Q KûiQ/Q T`QTQbiQ T�`� KQ/2HQb T`�iB+Qb- K�b �#`2 +�KBM?Qb T�`�
T2b[mBb�b M2bb� /B`2Ï½QX



�;`�/2+BK2MiQb

:Qbi�`B� /2 �;`�/2+2` T`BK2B`�K2Mi2 ¨ KBM?� 7�KőHB�- 2K 2bT2+B�H � KBM?� 2bTQb� Cmb+B�M2
aBHp�- T2H� KQiBp�Ï½Q- bmTQ`i2 2 +�`BM?Q M2bb2 /2b�}Q 2 �b KBM?�b +`B�MÏ�b- CQ�M� 2 CȹHB�- TQ`
�H2;`�`2K K2mb /B�b 2 b2 iQ`M�`2K KBM?�b 7QMi2b /2 BMbTB`�Ï½Q 2 #mb+� TQ` /B�b K2H?Q`2bX

�;`�/2ÏQ 2bT2+B�HK2Mi2 �Q T`Q72bbQ` _2vM�K S2bi�M�- T2H� QTQ`imMB/�/2 /2 iā@HQ +QKQ
Q`B2Mi�/Q` 2 T2HQ +QM?2+BK2MiQ �/[mB`B/Q M2bb� i`�D2iƦ`B�- �HûK /2 2M�Hi2+2` Q b2m �KTHQ
+QM?2+BK2MiQ 2 � bm� 2MQ`K2 +�T�+B/�/2 /2 2bi�` b2KT`2 i`�x2M/Q 2 +QKT�`iBH?�M/Q +QK
Qb �HmMQb �b BMQp�ÏǤ2b i2+MQHƦ;B+�b 2K2`;2Mi2b M� ;2Q7őbB+�X �;`�/2ÏQ i�K#ûK �Qb /2K�Bb
T`Q72bbQ`2b /� TƦb@;`�/m�Ï½Q 2K ;2Q7őbB+�X

�Qb +QH2;�b /� TƦb@;`�/m�Ï½Q- 2K 2bT2+B�H � L2B .�pB *Qbi� 6B;m2B`2/Q- T2H� �KBx�/2-
T2H�b +QMbi�Mi2b i`Q+�b /2 +QM?2+BK2MiQ 2 T2HQ bmTQ`i2 2K bBim�ÏǤ2b [m2 � pB/� MQb �T`2b2Mi�X

�;`�/2ÏQ � l6"�- *S::@l6"� 2 b2mb 7mM+BQM�`BQb T2H� BM7`�2bi`mim`� Q72`2+B/�X

�;`�/2ÏQ ¨ S2i`Q#`�b- T2H� QTQ`imMB/�/2 /2 `2�HBx�` 2bi2 i`�#�H?Q- 2K 2bT2+B�H � GmBb
>2M`B[m2 �K�`�HX

1M}K- �;`�/2ÏQ � iQ/Qb [m2 2biBp2`�K 2MpQHpB/Qb /B`2i�K2Mi2 2 BM/B`2i�K2Mi2 M� +QMb@
i`mÏ½Q /2bi� /Bbb2`i�Ï½QX JmBiQ Q#`B;�/Q5

3k



�TāM/B+2A
*�H+mHQ /Q ;`�/B2Mi2 T2HQ KûiQ/Q
�/DmMiQ

� #mb+� T2H� K2H?Q` 2biBK�iBp� /Qb T�`�K2i`Qb /Q KQ/2HQ � T�`iB` /2 /�/Qb K2/B/Qb ;2`�H@
K2Mi2 +QMbBbi2 2K KBMBKBx�` mK 2``Q 7mM+BQM�H +QKQ Q KQbi`�/Q M� 2[m�Ï½Q RXRN- Qm b2D�-
Q#i2` � K2/B/� /Q ;`�/B2Mi2 /�/� TQ`

∂J

∂K = 0. U�XRV

1biBK�` Bi2`�iBp�K2Mi2 2bb2 ;`�/B2Mi2 /� 7mMÏ½Q Q#D2iBpQ TQ` K2BQ /� K�i`Bx /2 6`û+?2i-
i�K#ûK /Bi� K�i`Bx C�+Q#B�M�- `2[m2` ;`�M/2 2b7Q`ÏQ +QKTmi�+BQM�HX *QKQ �Hi2`M�iBp�
Q KûiQ/Q #�b2�/Q MQ 2bi�/Q �/DmMiQ U�/DQBMi@bi�i2 K2i?Q/V 7QB BMi`Q/mxB/Q M� i2Q`B� /Qb
T`Q#H2K�b BMp2`bQb TQ` *?�p2Mi URNd9V- b2M/Q mb�/Q T�`� +�H+mH�` 2bb2 ;`�/B2Mi2- b2K �
M2+2bbB/�/2 /Q +�H+mHQ /�b i�Bb /2`Bp�/�b /2 6`2+?ûiX L2bi2 �TāM/B+2 � /2`Bp�Ï½Q /Q Kû@
iQ/Q �/DmMiQ b2`� #�b2�/� b2;mBM/Q � /2`Bp�Ï½Q �T`2b2Mi�/� TQ` SH2bbBt UkyyeV- �i`�pûb /Q
G�;`�M;B�MQ �bbQ+B�/Q �Q 7mM+BQM�HX

�XR P#i2MÏ½Q /Q ;`�/B2Mi2 T2HQ KûiQ/Q �/DmMiQ

LQ KûiQ/Q �/DmMiQ � i�`27� û 2M+QMi`�` Q ;`�/B2Mi2 /2 mK 7mM+BQM�H J(m)- [m2 /2T2M/2 /�
p�`B�p2H /2 2bi�/Q u(m)X C û 2Mi½Q /2}MB/Q +QKQ mK MQpQ 7mM+BQM�H ?- i�H [m2,

J(m) = h(u(m),m) U�XkV

3j
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P MQpQ 7mM+BQM�H h TQ/2 b2` KBMBKBx�/Q �i`�pûb /� BKTQbBÏ½Q /2 mK� `2bi`BÏ½Q /Q iBTQ,

F (u(m),m) = 0 U�XjV

QM/2 F û +?�K�/Q /2 T`Q#H2K� /B`2iQ Qm 2[m�Ï½Q /B`2i�X

liBHBx�M/Q mK 7mM+BQM�H �mK2Mi�/Q Qm G�;`�M;B�MQ �bbQ+B�/Q L- TQ/2KQb /2}MB`

L(ũ, λ̃,m) = h(ũ,m)− λ̃F (ũ,m) U�X9V

QM/2 ũ 2 λ̃ `2T`2b2Mi�K mK p�HQ` [m�H[m2` /2 u 2 λ- `2bT2+iBp�K2Mi2X P i2`KQ λ̃ û i�K#ûK
/2MQKBM�/Q KmHiBTHB+�/Q` /2 G�;`�M;2 Qm p�`B�p2H �/DmMi�X

�/KBiBM/Q [m2 u = ũ 2 �THB+�M/Q � +QM/BÏ½Q /�/� T2H� 2[m�Ï½Q �Xj- TQ/2KQb `22b+`2p2`
� 2[m�Ï½Q �X9 +QKQ

L(u, λ̃,m) = h(u,m) = J(m) U�X8V

2 +QKQ λ̃ M½Q i2K /2T2M/āM+B� +QK `2H�Ï½Q � m- Q ;`�/B2Mi2 /Q 7mM+BQM�H J b2`� /�/Q TQ`,

∂J

∂m
=

∂L(u, λ̃,m)

∂m
=

∂L(u, λ̃,m)

∂ũ

∂ũ

∂m
+

∂L(u, λ̃,m)

∂m
U�XeV

� }K /2 2pBi�` Q +�H+mHQ /BbT2M/BQbQ /� /2`Bp�/� /2 6`2+?ûi- ∂ũ
∂m - TQ/2@b2 2b+QH?2` mK

p�HQ` /2 λ̃ = λ /2 i�H K�M2B`� [m2

∂L(u,λ,m)

∂ũ
=

∂h(u,m)

∂ũ
−

(
∂F (u,m)

∂ũ

)∗

λ = 0 U�XdV

[m2 û +?�K�/� /2 2[m�Ï½Q �/DmMi� 2 Q  QT2`�/Q` �/DmMiQX

�bbBK T�`� Q p�HQ` /2 λ̃ = λ � 2[m�Ï½Q �Xe `2bmHi� 2K,

∂J

∂m
=

∂L(u,λ,m)

∂m
=

∂h(u,m)

∂m
− λ

∂F (u,m)

∂m
U�X3V

SQ`i�MiQ L i�K#ûK TQ/2 b2` pBbiQ +QKQ Q G�;`�M;B�MQ �bbQ+B�/Q �Q T`Q#H2K� /2 KB@
MBKBx�Ï½Q- 2 b2m ;`�/B2Mi2 2[mBp�H2Mi2 �Q /2 J - �p�HB�/Q MQb TQMiQb ũ = u 2 λ̃ = λ - [m2
b�iBb7�x2K- `2bT2+iBp�K2Mi2- �b 2[m�ÏǤ2b /2 2bi�/Q �Xj 2 �/DmMi� �XdX 1K bőMi2b2- T�`� Q#@
i2` Q ;`�/B2Mi2 /2 C- �i`�pûb /Q KûiQ/Q �/DmMiQ- b2 7�x M2+2bb�`BQ �Mi2b `2bQHp2` �b 2[m�ÏǤ2b
�Xj 2 �Xd 2 2M+QMi`�` u 2 λ +Q``2bTQM/2Mi2bX



*�H+mHQ /Q ;`�/B2Mi2 T2HQ KûiQ/Q �/DmMiQ 38

�XRXR �THB+�Ï½Q � 6qA

� iû+MB+� /Qb KmHiBTHB+�/Q`2b /2 G�;`�M;2 T2`KBi2 2M+QMi`�` Q K�tBKQ Qm Q KőMBKQ /2 mK�
7mMÏ½Q KmHiBp�`Bp2H bmb+2iőp2H � mK� Qm K�Bb `2bi`BÏǤ2b Up2` 2[m�Ï½Q �X9VX LQ +�bQ /� 6qA
MQ /QKőMBQ /Q i2KTQ- p�KQb B/2MiB}+�` Qb +QKTQM2Mi2b /Q T`Q#H2K� ;2Mû`B+QX P 7mM+BQM�H
h(m,K) û /�/Q TQ`,

h(m,K) =
1

2

∑

s,r

∫ T

0

(Ss,rm − /obs)
2dt U�XNV

QM/2 Ss,rm û Q /�/Q +�H+mH�/Q- `2bi`BiQ TQ` mK QT2`�/Q` Ss,r U s 2 r- TQbBÏ½Q /� 7QMi2 2
`2+2TiQ`2b- `2bT2+iBp�K2Mi2V- +QK � K2bK� ;2QK2i`B� /Q /�/Q Q#b2`p�/Q U/obsV 2 T û Q
i2KTQ /2 `2;Bbi`QX *�#2 H2K#`�` [m2 m 2 /obs b½Q 7mMÏǤ2b /2 ` 2 tX

� `2bi`BÏ½Q F (m,K) = 0- Qm T`Q#H2K� /B`2iQ- û /�/� T2H� 2[m�Ï½Q /� QM/� �+ȹbiB+�,

F (m,K) =
1

υ2

∂2m
∂t2

−∇2m − b = 0 U�XRyV

p�H2 `2bb�Hi�` [m2 υ û 7mMÏ½Q bQK2Mi2 /2 `- 2M[m�MiQ Q i2`KQ 7QMi2 UbV û 7mMÏ½Q /2 ` 2 tX
Zm�MiQ ¨b +QM/BÏǤ2b /2 +QMiQ`MQ- Q +�KTQ /2 T`2bb½Q m /2pB/Q ¨ 7QMi2 b b�iBb7�x,

m(t = 0) = 0

∂m(t = 0)

∂t
= 0 U�XRRV

*QK 2bb2b 2H2K2MiQb TQ/2KQb 2b+`2p2` Q 7mM+BQM�H �mK2Mi�/Q /� 2[m�Ï½Q �X9 +QKQ,

L(m,λ,K) =
1

2

∑

s,r

∫ T

0

(Ss,rm − /obs)
2dt−

∑

s,r

∫ T

0

∫

`
λ

[
1

υ2

∂2m
∂t2

−∇2m − b
]
d`dt

︸ ︷︷ ︸
II

U�XRkV

QM/2 λ = λ(`, t) û Q KmHiBTHB+�/Q` /2 G�;`�M;2- i�K#ûK /2}MB/Q +QKQ +�KTQ �/DmMiQX

P i2`KQ B/2MiB}+�/Q +QKQ II M� 2[m�Ï½Q �XRk TQ/2 b2` 2tT�M/B/Q +QKQ,

∫ T

0

∫

`
λ

[
1

υ2

∂2m
∂t2

−∇2m − b
]
d`dt =
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∫

`

∫ T

0

λ
1

υ2

∂2m
∂t2

dtd`
︸ ︷︷ ︸

�

+

∫ T

0

∫

`
−λ∇2m d`dt

︸ ︷︷ ︸
"

+

∫ T

0

∫

`
−λb d`dt

︸ ︷︷ ︸
*

U�XRjV

6�x2M/Q � BMi2;`�H TQ` T�`i2b /Q i2`KQ A-

∫ T

0

λ
1

υ2

∂2m
∂t2

dt =

∫ T

0

g dh = [gh]T0 −
∫ T

0

h dg U�XR9V

QM/2

g = λ

dg =
∂λ

∂t
dt

dh =
1

υ2

∂2m
∂t2

dt

h =
1

υ2

∂m
∂t

U�XR8V

GQ;Q Q `2bmHi�/Q /� BMi2;`�Ï½Q /Q i2`KQ A }+�

∫ T

0

λ
1

υ2

∂2m
∂t2

dt =

(
λ
1

υ2

∂m
∂t

)
|T0 −

∫ T

0

1

υ2

∂m
∂t

∂λ

∂t
dt U�XReV

AMi2;`�M/Q MQp�K2Mi2 TQ` T�`i2b � 2[m�Ï½Q �XRe- +QK g = 1
υ2

∂λ
∂t 2 dh = ∂m

∂t dt

∫ T

0

λ
1

υ2

∂2m
∂t2

dt =

(
λ
1

υ2

∂m
∂t

)
|T0 −

(
m 1

υ2

∂λ

∂t

)
|T0 +

∫ T

0

1

υ2
m∂2λ

∂t2
dt U�XRdV

liBHBx�M/Q �b +QM/BÏǤ2b BMB+B�Bb �XRR 2 �b b2;mBMi2b +QM/BÏǤ2b }M�Bb,

λ(t = T ) = 0

∂λ(t = T )

∂t
= 0 U�XR3V

� 2[m�Ï½Q �XRd `2bmHi� 2K,
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∫ T

0

λ
1

υ2

∂2m
∂t2

dt =

∫ T

0

m 1

υ2

∂2λ

∂t2
dt U�XRNV

.2 K�M2B`� �M�HQ;�- miBHBx�M/Q Q K2bKQ T`Q+2/BK2MiQ UBMi2;`�Ï½Q TQ` T�`i2bV Q i2`KQ
" M� 2[m�Ï½Q �XRj Q#i2KQb,

∫

`
−λ∇2m d` =

∫

`
−m∇2λ d` U�XkyV

�bbBK Q G�;`�M;B�MQ /� 2[m�Ï½Q �XRk TQ/2 b2` `22b+`BiQ +QKQ

L(m,λ,K) =
1

2

∑

s,r

∫ T

0

(Ss,rm−/obs)
2dt−

∑

s,r

∫ T

0

∫

`

[
m
(

1

υ2

∂2λ

∂t2
−∇2λ

)
− λb

]
d`dt U�XkRV

.2`Bp�M/Q � 2[m�Ï½Q �XkR 2K `2H�Ï½Q � m 2 B;m�H�M/Q � x2`Q- 2M+QMi`�@b2 �b 2[m�ÏǤ2b
�/DmMi�b,

1

υ2

∂2λ

∂t2
−∇2λ =

∑

r

ST
s,r(Ss,rm − /obs) U�XkkV

� 2[m�Ï½Q �Xkk û 2[mBp�H2Mi2 ¨ 2[m�Ï½Q /� QM/� �+ȹbiB+� �XRy- +QK Q `2bő/mQ 2Mi`2
Q /�/Q +�H+mH�/Q 2 Q Q#b2`p�/Q (Ss,rm − /obs) �bbmKBM/Q Q T�T2H /Q i2`KQ 7QMi2 UbVX LQ
2Mi�MiQ- 2H� 2bi� bmD2Bi� ¨b +QM/BÏǤ2b }M�Bb �XR3 �Q BMpûb /�b BMB+B�Bb �XRRX AbbQ bB;MB}+�
[m2 Q +�H+mHQ /� p�`B�p2H �/DmMi� λ û `2�HBx�/Q �i`�pûb /� T`QT�;�Ï½Q /Q `2bő/mQ /2 7Q`K�
`2p2`b� MQ i2KTQX

S2H� 7Q`KmH�Ï½Q /Q KûiQ/Q �/DmMiQ- Q ;`�/B2Mi2 /2 C 2K mK TQMiQ ` b2`� /�/Q TQ`,

∂L(m,λ,K)

∂K (`) = ∂J(K)

∂K (`) = 2

υ3(`)
∑

s,r

∫ T

0

λ
∂2m
∂t2

dt U�XkjV

QM/2 Q T�`K�K2i`Q K +Q``2bTQM/2 � p2HQ+B/�/2 υ(`)X

1K bőMi2b2 Q +�H+mHQ /Q ;`�/B2Mi2 /2 J - miBHBx�M/Q Q KûiQ/Q �/DmMiQ- TQ/2 b2` /2b+`BiQ
M�b b2;mBMi2b 2i�T�b,

RX S`QT�;�Ï½Q /B`2i� /Q +�KTQ /2 QM/�b /� 7QMi2- miBHBx�M/Q � 2[m�Ï½Q �XRy

kX *�H+mHQ /Q `2bő/mQ 2Mi`2 Q /�/Q bBKmH�/Q 2 Q Q#b2`p�/Q (Ss,rm − /obs)

jX S`QT�;�Ï½Q `2p2`b� /Q `2bő/mQ- miBHBx�M/Q � 2[m�Ï½Q �/DmMi� �Xkk

9X *Q``2H�Ï½Q +`mx�/� T�`� iQ/Qb Qb i2KTQb 2 iQ/�b �b 7QMi2b miBHBx�M/Q � 2[m�Ï½Q �XkjX



�TāM/B+2B
*�H+mHQ /Q ;`�/B2Mi2 TQ`
/B72`2M+B�Ï½Q �miQK�iB+�

"�b2�/Q MQ i`�#�H?Q /2 amM 2i �HX UkyRNV- p�KQb +�H+mH�` Q ;`�/B2Mi2 /2 C MmK� �`[mBi2im`�
/2 _LL mb�M/Q � /B72`2M+B�Ï½Q �miQK�iB+�- [m2 +QMbBbi2 MmK +QMDmMiQ /2 iû+MB+�b T�`�
MmK2`B+�K2Mi2 �p�HB�` � /2`Bp�/� /2 7mMÏǤ2b MmKû`B+�b 2bT2+B}+�/�b TQ` mK T`Q;`�K� /2
+QKTmi�/Q`X hQK2KQb � bQHmÏ½Q /Bb+`2i� /� 7mMÏ½Q Q#D2iBpQ /�/� T2H� 2[m�Ï½Q URXRNV,

C(υ(`)) = 1

2ns

∑

`s

∑

`g

∑

t

δd2t , U"XRV

QM/2 `s 2 `g b½Q p2iQ`2b TQbBÏ½Q /� 7QMi2 2 /Q `2+2TiQ`- `2bT2+iBp�K2Mi2c i û Q i2KTQ 2
δdt = dt − d̃t- QM/2 dt b½Q Qb /�/Qb /2 i`2BM�K2MiQ U/�/Qb Q#b2`p�/QbV 2 d̃t Qb /�/Qb _LL
KQ/2H�/Qb U/�/Qb +�H+mH�/QbVX

P ;`�/B2Mi2 /� 7mMÏ½Q Q#D2iBpQ- +QKQ D� 7QB /BiQ �Mi2`BQ`K2Mi2- û 2b+`BiQ +QKQ,

;(`) = ∂C
∂υn(`)

U"XkV

.2b+QMbB/2`�M/Q Q őM/B+2 /2 Bi2`�Ï½Q M- Q ;`�/B2Mi2 /2 C +QK `2H�Ï½Q � _LL û /�/Q TQ`

g(`) =
T∑

t

[
∂C

∂ũ(`, t)

]
∂ũ(`, t)
∂υ(`) , U"XjV

QM/2 ũ(`, t) û Q +�KTQ /2 T`2bb½Q 2 T Q i2KTQ K�tBKQX � /2`Bp�/� T�`+B�H [∂C/∂ũ(`, t)]
TQ/2 b2` +�H+mH�/� 2K i2`KQb /Q +�KTQ /2 QM/� �p�HB�/Q 2K BM+`2K2MiQb /2 i2KTQ /2Mi`Q
/� _LL mb�M/Q � `2;`� /� +�/2B�,

33
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[
∂C

∂ũ(`, t)

]
=

[
∂C

∂ũ(`, t+ 2∆t)

]
∂ũ(`, t+ 2∆t)

∂ũ(`, t) +
[

∂C
∂ũ(`, t+∆t)

]
∂ũ(`, t+∆t)

∂ũ(`, t) +
∂C

∂ũ(`, t) U"X9V

QM/2 0 ≤ t ≤ T 2 �b +QM/BÏǤ2b BMB+B�Bb T�`� � `2i`QT`QT�;�Ï½Q _LL b½Q �bbmKB/�b +QKQ
x2`Qb- BX2- [ ∂C

∂ũ(`,t) ]t=T+1,T+2 = 0X

�b /2`Bp�/�b T�`+B�Bb /2 ũ(`, t + 2∆t) 2 ũ(`, t + ∆t) +QK `2H�Ï½Q ũ(`, t)- 2 ũ(`, t) 2K
`2H�Ï½Q � υ(`) b½Q

∂ũ(`, t+ 2∆t)

∂ũ(`, t) = −1, U"X8V

∂ũ(`, t+∆t)

∂ũ(`, t) = υ2(`)∆t2∇2 + 2, U"XeV

∂ũ(`, t)
∂υ(`) =

2∆t2

υ(`)
∂ũ(`, t−∆t)

∂t2
≈ 2∆t2

υ(`)
∂ũ(`, t)
∂t2

U"XdV

am#biBimBM/Q �b 2[m�ÏǤ2b U"X8V 2 U"XeV M� 2[m�Ï½Q U"X9V `2bmHi� 2K,

[
∂C

∂ũ(`, t)

]
= υ2(`)∆t2



∇2

[
∂C

∂ũ(`, t+∆t)

]
− 1

nsυ2(`)∆t2

∑

`s

∑

`g
δdt





+2

(
∂C

∂ũ(`, t+∆t)

)
−

(
∂C

∂ũ(`, t+ 2∆t)

)
U"X3V

� H2Bim`� [m2 TQ/2 b2` 72Bi� M� 2[m�Ï½Q U"X3V û � /2 [m2 2H� 2M7�iBx� [m2 � /2`Bp�/�
T�`+B�H /� 7mMÏ½Q Q#D2iBpQ 2K `2H�Ï½Q �Q +�KTQ /2 QM/� T`2pBbiQ 2[mBp�H2 ¨ `2i`QT`QT�;�Ï½Q
/Q +�KTQ /2 QM/� `2bB/m�H MQ i2KTQX .2 7Q`K� [m2 2bi� TQ/2 b2` `2b+`Bi� +QKQ,

[
∂C

∂ũ(`, t)

]
= BP



− 1

nsυ2(`)∆t2

∑

`s

∑

`g
δdt



 U"XNV

am#biBimBM/Q �b 2[m�ÏǤ2b U"XdV 2 U"XNV M� 2[m�Ï½Q U"XjV- Q#i2KQb [m2,

g(`) =
T∑

t

BP



− 1

ns

∑

`s

∑

`g
δdt



 2

υ3(`)
∂ũ2(`, t)

∂t2
U"XRyV
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�bbBK- Q T`Q+2bbQ /2 /B72`2M+B�Ï½Q �miQK�iB+� mb�M/Q � `2;`� /� +�/2B� KQbi`� [m2 Q
;`�/B2Mi2 TQ/2 b2` Q#iB/Q T2H� _LLX � BMi2`T`2i�Ï½Q T�`� Q `2bmHi�/Q Q#iB/Q M� 2[m�Ï½Q
"XRy û � /2 [m2 Q ;`�/B2Mi2 Q#iB/Q pB� i`2BM�K2MiQ _LL 2[mBp�H2 ¨ +Q``2H�Ï½Q +`mx�/�- MQ
i2KTQ- /� /2`Bp�/� T�`+B�H /2 b2;mM/� Q`/2K /Q +�KTQ /2 QM/� KQ/2H�/Q UT`QT�;�Ï½Q
/B`2i�V 2 Qb `2bő/mQb UT`QT�;�Ï½Q `2p2`b�V- 2 [m2 Q +�H+mHQ û T�`iB+BQM�/Q 2K bm#@i�`27�b- /2
7Q`K� � QiBKBx�` � QT2`�Ï½QX
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�#�/B- JX- SX "�`?�K- CX *?2M- wX *?2M- �X .�pBb- CX .2�M- JX .2pBM 2i �HX kyReX ǳh2M@
bQ`~Qr, � bvbi2K 7Q` H�`;2@b+�H2 K�+?BM2 H2�`MBM;ǴX 1K Rki? la1LAs avKTQbBmK QM
PT2`�iBM; avbi2Kb .2bB;M �M/ AKTH2K2Mi�iBQM- ke8Ĝk3jX a�p�MM�?- la�X

"�v/BM- �X :X- "X �X S2�`HKmii2`- �X �X _�/mH 2 CX JX aBbFBM/X kyR3X ǳ�miQK�iB+ .Bz2`2M@
iB�iBQM BM J�+?BM2 G2�`MBM;, � am`p2vǴX �`sBp T`2T`BMi �`sBp,R8ykXy8dedp9X

"QQMv�bB`Br�i- *X- SX o�H�b2F- SX _Qmi?- qX *�Q- :X hX a+?mbi2` 2 "X J�+vX kyyNX ǳ�M
2{+B2Mi KmHiBb+�H2 K2i?Q/ 7Q` iBK2@/QK�BM r�p27Q`K iQKQ;`�T?vǴX :2QT?vbB+b d9 UeV,
q**8NĜq**e3X ?iiTb,ff/QBXQ`;fRyXRRNyfRXjR8R3eNX

"QiiQm- GX RNNRX ǳaiQ+?�biB+ :`�/B2Mi G2�`MBM; BM L2m`�H L2irQ`FbǴX 1K S`Q+22/BM;b Q7
L2m`Q@LŗK2b NRX LBK2b- 6`�M+2, 1*kX ?iiT,ffH2QMX#QiiQmXQ`;fT�T2`bf#QiiQm@NR+X

"Qm`;2QBb- �X- JX "Qm`;2i- SX G�BHHv- JX SQmH2i- SX _B+�`i2 2 _X o2`bi22;X RNNRX ǳJ�`KQmbB-
KQ/2H �M/ /�i�ǴX 1K h?2 J�`KQmbB 1tT2`B2M+2- 8ĜReX 1m`X �bbX 1tTHX :2QT?vbX

"mMFb- *�`2v- 6�iBK2iQm JX a�H2+F- aX w�H2bFB 2 :X *?�p2MiX RNN8X ǳJmHiBb+�H2 b2BbKB+
r�p27Q`K BMp2`bBQMǴX :2QT?vbB+b ey- MX 8 Ub2i2K#`QV, R98dĜR9djX ?iiTb,ff/QBXQ`;fRyX
RRNyfRXR99j33yX

*?�p2Mi- :X RNd9X ǳA/2MiB}+�iBQM Q7 7mM+iBQM�H T�`�K2i2` BM T�`iB�H /Bz2`2MiB�H 2[m�iBQMbǴX
1K A/2MiB}+�iBQM Q7 S�`�K2i2`b BM .Bbi`B#mi2/ avbi2Kb- jRĜ93X �aJ1- LuX

*?m`+?H�M/- SX aX- 2 hX CX a2DMQrbFBX RNNkX h?2 +QKTmi�iBQM�H #`�BMX JAh S`2bbX
*H�2`#Qmi- CX 6X RNdRX ǳhQr�`/ � mMB}2/ i?2Q`v Q7 `2~2+iQ` K�TTBM;ǴX :2QT?vbB+b je U9V,

9edĜ93RX
X RNdeX 6mM/�K2Mi�Hb Q7 :2QT?vbB+�H .�i� S`Q+2bbBM;X J+:`�r@>BHHX

*QM+2BÏ½Q- JX kykRX ǳ_2/2b M2m`�Bb `2+Q``2Mi2b /2 1HK�M �THB+�/�b ¨ BMp2`b½Q /2 7Q`K� +QK@
TH2i� /� QM/� �+ȹbiB+� miBHBx�M/Q /B72`2M+B�Ï½Q �miQK�iB+�ǴX .Bbb2`i�Ï½Q /2 K2bi`�/Q-
lMBp2`bB/�/2 62/2`�H /� "�?B�X

/Qb a�MiQb- �X qX :X kyRjX ǳAMp2`b½Q /2 7Q`K� /2 QM/� �THB+�/� ¨ �M�HBb2 /2 p2HQ+B/�/2b
bőbKB+�b miBHBx�M/Q mK� �#Q`/�;2K KmHiB2b+�H�ǴX .Bbb2`i�Ï½Q /2 K2bi`�/Q- lMBp2`bB/�/2
62/2`�H /� "�?B�X

1HK�M- CX GX RNNyX ǳ6BM/BM; bi`m+im`2 BM iBK2ǴX *Q;MBiBp2 a+B2M+2 R9 UkV, RdNĜkRRX BbbM,
yje9@ykRjX ?iiTb,ff/QBXQ`;f?iiTb,ff/QBXQ`;fRyXRyRefyje9@ykRjUNyVNyyyk@1X ?iiTb,
ffrrrXb+B2M+2/B`2+iX+QKfb+B2M+2f�`iB+H2fTBBfyje9ykRjNyNyyyk1X

NR

https://doi.org/10.1190/1.3151869
http://leon.bottou.org/papers/bottou-91c
https://doi.org/10.1190/1.1443880
https://doi.org/10.1190/1.1443880
https://doi.org/https://doi.org/10.1016/0364-0213(90)90002-E
https://www.sciencedirect.com/science/article/pii/036402139090002E
https://www.sciencedirect.com/science/article/pii/036402139090002E
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6�#B2M@Pm2HH2i- :X- 2 _X a�`F�`X kykyX ǳa2BbKB+ p2HQ+Biv 2biBK�iBQM, � /22T `2+m``2Mi M2m`�H@
M2irQ`F �TT`Q�+?XǴ :2QT?vbB+ 38 URV, lkRĜlkNX

62?H2`- JX- 2 SX CX E2HB?2`X kyRRX a1�J S?�b2 A, *?�HH2M;2b Q7 am#b�Hi AK�;BM; BM h2`iB�`v
"�bBMb- rBi? 1KT?�bBb QM .22Tr�i2` :mH7 Q7 J2tB+QX aQ+B2iv Q7 1tTHQ`�iBQM :2QT?vbB@
+Bbib- D�M2B`QX Bb#M, Nd3R8ey3yk3ddX ?iiTb,ff/QBXQ`;fRyXRRNyfRXNd3R8ey3ykN98X ?iiTb,
ff/QBXQ`;fRyXRRNyfRXNd3R8ey3ykN98X

6B+?iM2`- �X kyRRX 6mHH a2BbKB+ q�p27Q`K JQ/2HHBM; �M/ AMp2`bBQMX aT`BM;2` "2`HBM- >2B/2H@
#2`;X

:BHH- SX 1X- qX Jm``�v 2 JX >X q`B;?iX RN3RX S`�+iB+�H PTiBKBx�iBQMX �+�/2KB+ S`2bbX
>�vFBM- aX kyydX _2/2b L2m`�Bb, S`BM+őTBQb 2 S`�iB+�X "QQFK�MX
>m;?2b- hX qX- AX �X .X qBHHB�KbQM- JX JBMFQp 2 aX 6�MX kyRNX ǳq�p2 S?vbB+b �b �M �M�HQ;

_2+m``2Mi L2m`�H L2irQ`FǴX �`sBp T`2T`BMi �`sBp,RNy9XRk3jRpkX
C�2;2`- >X kyyRX ǳh?2Ǵ2+?Q bi�i2Ǵ�TT`Q�+? iQ �M�HvbBM; �M/ i`�BMBM; `2+m``2Mi M2m`�H M2irQ`Fb@

rBi? �M 2``�imK MQi2ǶǴX "QMM- :2`K�Mv, :2`K�M L�iBQM�H _2b2�`+? *2Mi2` 7Q` AM7Q`@
K�iBQM h2+?MQHQ;v :J. h2+?MB+�H _2TQ`i R93 UD�M2B`QVX

CQ`/�M- JX AX RN3eX a2`B�H P`/2`, � S�`�HH2H .Bbi`B#mi2/ S`Q+2bbBM; �TT`Q�+?X A*a `2TQ`iX
AMbiBimi2 7Q` *Q;MBiBp2 a+B2M+2- lMBp2`bBiv Q7 *�HB7Q`MB�- a�M .B2;QX

EBM;K�- .X SX- 2 CX GX "�X kyR9X ǳ�/�K, � J2i?Q/ 7Q` aiQ+?�biB+ PTiBKBx�iBQMǴX �`sBp
T`2T`BMi �`sBp,R9RkXeN3yX

EQ2?M2- oX kyR9X ǳ6qA KmHiB2b+�H�, mK� BKTH2K2Mi�Ï½Q 2K :SlǴX .Bbb2`i�Ï½Q /2 K2bi`�/Q-
lMBp2`bB/�/2 62/2`�H /� "�?B�X

G�BHHv- SX RN3jX ǳh?2 b2BbKB+ BMp2`b2 T`Q#H2K �b � b2[m2M+2 Q7 #27Q`2 bi�+F KB;`�iBQMbǴX 1K
*QM72`2M+2 QM BMp2`b2 b+�ii2`BM;, i?2Q`v �M/ �TTHB+�iBQM- kyeĜkkyX aB�K S?BH�/2HT?B�-
S�X

G�M;- EX CX- �X >X q�B#2H 2 :X 1X >BMiQMX RNNyX ǳ� iBK2@/2H�v M2m`�H M2irQ`F �`+?Bi2+im`2
7Q` BbQH�i2/ rQ`/ `2+Q;MBiBQMǴX L2m`�H L2irQ`Fb j URV, kjĜ9jX BbbM, y3Nj@ey3yX ?iiTb,
ff/QBXQ`;f?iiTb,ff/QBXQ`;fRyXRyRefy3Nj@ey3yUNyVNyy99@GX ?iiTb,ffrrrXb+B2M+2/B`2+iX
+QKfb+B2M+2f�`iB+H2fTBBfy3Njey3yNyNyy99GX

J�- uX- 2 .X >�H2X kyRkX ǳZm�bB@L2riQM 7mHH@r�p27Q`K BMp2`bBQM rBi? � T`QD2+i2/ >2bbB�M
K�i`BtǴX :2QT?vbB+b dd U8V, _kydĜ_kReX ?iiTb,ff/QBXQ`;fRyXRRNyf;2QkyRR@y8RNXRX

J�m`v�- aX SX- LX SX aBM;? 2 EX >X aBM;?X kykyX a2BbKB+ AMp2`bBQM J2i?Q/b, � S`�+iB+�H
�TT`Q�+?X aT`BM;2` *?�KX

J+*mHHQ+?- qX aX- 2 qX SBiibX RN9jX ǳ� HQ;B+�H +�H+mHmb Q7 i?2 B/2�b BKK�M2Mi BM M2`pQmb
�+iBpBivǴX h?2 "mHH2iBM Q7 J�i?2K�iB+�H "BQT?vbB+b 8 U9V, RR8ĜRjjX

LQ+2/�H- CX- 2 aX q`B;?iX kyyeX LmK2`B+�H QTiBKBx�iBQMX aT`BM;2` a+B2M+2 f "mbBM2bb J2/B�X
S�b�HB+- .�KB`- 2 _�v J+;�``vX kyRyX ǳ*QMpQHmiBQM�H T2`72+iHv K�i+?2/ H�v2` 7Q` BbQi`QTB+

�M/ �MBbQi`QTB+ �+QmbiB+ r�p2 2[m�iBQMbǴ- kNk8ĜkNkNX C�M2B`QX ?iiTb,ff/QBXQ`;fRyXRRNyf
RXj8Rj98jX

https://doi.org/10.1190/1.9781560802945
https://doi.org/10.1190/1.9781560802945
https://doi.org/10.1190/1.9781560802945
https://doi.org/https://doi.org/10.1016/0893-6080(90)90044-L
https://doi.org/https://doi.org/10.1016/0893-6080(90)90044-L
https://www.sciencedirect.com/science/article/pii/089360809090044L
https://www.sciencedirect.com/science/article/pii/089360809090044L
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S�bxF2- �X- aX :`Qbb- aX *?BMi�H�- :X *?�M�M- 1X u�M;- wX .2oBiQ- wX GBM- �X .2bK�BbQM- GX
�MiB;� 2 �/�K G2`2`X kyReX ǳ�miQK�iB+ /Bz2`2MiB�iBQM BM SvhQ`+?ǴX 1K jRbi *QM72`2M+2
QM L2m`�H AM7Q`K�iBQM S`Q+2bbBM; avbi2Kb ULASa kyRdVX GQM; "2�+?- la�X

SH2bbBt- _X@1X kyyeX ǳ� `2pB2r Q7 i?2 �/DQBMi@bi�i2 K2i?Q/ 7Q` +QKTmiBM; i?2 ;`�/B2Mi Q7
� 7mM+iBQM�H rBi? ;2QT?vbB+�H �TTHB+�iBQMbǴX :2QT?vbB+�H CQm`M�H AMi2`M�iBQM�H Red UkV,
9N8Ĝ8yjX ?iiTb,ff/QBXQ`;fRyXRRRRfDXRje8@k9etXkyyeXykNd3XtX

ZB�M- LX RNNNX ǳPM i?2 KQK2MimK i2`K BM ;`�/B2Mi /2b+2Mi H2�`MBM; �H;Q`Bi?KbǴX L2m`�H
M2irQ`Fb , i?2 Q{+B�H DQm`M�H Q7 i?2 AMi2`M�iBQM�H L2m`�H L2irQ`F aQ+B2iv Rk URV, R98Ĝ
R8RX

_�KƦM v *�D�H- aX RNRRX >BbiQHQ;B2 .m avbiûK2 L2`p2mt /2 GǶ>QKK2 1i .2b o2`i2#`2bX
J�HQBM2X

_2M- uX- sX sm- aX u�M;- GX LB2 2 uX *?2MX kykyX ǳ� S?vbB+b@"�b2/ L2m`�H@L2irQ`F q�v
iQ S2`7Q`K a2BbKB+ 6mHH q�p27Q`K AMp2`bBQMǴX A111 �++2bb 3,RRkkeeĜRRkkddX ?iiTb ,
ff/QBXQ`;fRyXRRyNf�**1aaXkykyXkNNdNkRX

_B+?�`/bQM- �X kyRdX ǳR. 6qA mbBM; � M2m`�H M2irQ`FǴX ?iiTb,ff;Bi?m#X+QKf�`9fMM7rBnR/X
X kyR3X ǳa2BbKB+ 7mHH@r�p27Q`K BMp2`bBQM mbBM; /22T H2�`MBM; iQQHb �M/ i2+?MB[m2bǴX

�`sBp T`2T`BMi �`sBp,R3yRXydkjkX
X kykRX ǳ.22Tr�p2Ǵ- Qmim#`QX ?iiTb , f f/QB X Q`; f Ry X 8k3R f x2MQ/Q X j3kN33eX ?iiTb ,

ff/QBXQ`;fRyX8k3Rfx2MQ/QXj3kN33eX
_B+?i2`- JX kykyX AMp2`b2 S`Q#H2KbX "B`F? mb2` *?�KX
_Q##BMb- >X- 2 aX JQM`QX RN8RX ǳ� aiQ+?�biB+ �TT`QtBK�iBQM J2i?Q/ǴX h?2 �MM�Hb Q7 J�i?2@

K�iB+�H ai�iBbiB+b kk UjV, 9yyĜ9ydX BbbM, yyyj938R- �+2bbQ 2K jy /2 K�BQ /2 kykkX ?iiT,
ffrrrXDbiQ`XQ`;fbi�#H2fkkjeekeX

_Qb2M#H�ii- 6X RN83X ǳh?2 T2`+2Ti`QM, � T`Q#�#BHBbiB+ KQ/2H 7Q` BM7Q`K�iBQM biQ`�;2 �M/
Q`;�MBx�iBQM BM i?2 #`�BMXǴ Sbv+?QHQ;B+�H `2pB2r e8 UeV, j3eĜ9y3X

_mK2H?�`i- .X 1X- :X 1X >BMiQM 2 _X CX qBHHB�KbX RN3eX ǳG2�`MBM; `2T`2b2Mi�iBQMb #v #�+F@
T`QT�;�iBM; 2``Q`bǴX L�im`2 jkj Uey33V, 8jjĜ8jeX

a?�H2p@a?r�`ix- aX- 2 aX "2M@.�pB/X kyR9X lM/2`bi�M/BM; J�+?BM2 G2�`MBM;, 6`QK h?2Q`v
iQ �H;Q`Bi?KbX la�, *�K#`B/;2 lMBp2`bBiv S`2bbX Bb#M, RRydy8dRjkX

amM- CX- wX LBm- EX �X >X AMM�M2M- CX GB 2 .X h`�/X kyRNX ǳ� i?2Q`v@;mB/2/ /22T@H2�`MBM;
7Q`KmH�iBQM �M/ QTiBKBx�iBQM Q7 b2BbKB+ r�p27Q`K BMp2`bBQMǴX :2QT?vbB+b 38 UkV, _3dĜ
_NNX ?iiTb,ff/QBXQ`;fRyXRRNyf;2QkyRN@yRj3XRX

h�`�MiQH�- �X RN39X ǳAMp2`bBQM Q7 b2BbKB+ `2~2+iBQM /�i� BM i?2 �+QmbiB+ �TT`QtBK�iBQMǴX
:2QT?vbB+b 9N,Rk8NĜRkeeX

hB2H2K�M- hX- 2 :X >BMiQMX kyRkX ǳG2+im`2 eX8@`KbT`QT, .BpB/2 i?2 :`�/B2Mi #v � _mMMBM;
�p2`�;2 Q7 Aib _2+2Mi J�;MBim/2ǴX *Pl_a1_�, L2m`�H L2irQ`Fb 7Q` J�+?BM2 G2�`MBM;
9,keĜjRX

oB`B2mt- CX- 2 aX PT2`iQX kyyNX ǳ�M Qp2`pB2r Q7 7mHH@r�p27Q`K BMp2`bBQM BM 2tTHQ`�iBQM ;2@
QT?vbB+bǴX :2QT?vbB+b d9 UeV, q**RĜq**keX
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u�M;- 6X- 2 CX J�X kykRX ǳ_2pBbBi :2QT?vbB+�H AK�;BM; BM � L2r oB2r Q7 S?vbB+b@BM7Q`K2/
:2M2`�iBp2 �/p2`b�`B�H G2�`MBM;ǴX �`sBp T`2T`BMi �`sBp,kRyNXRR98kpRX

uQQM- .X- wX u22? 2 CX "vmMX kykyX ǳa2BbKB+ /�i� `2+QMbi`m+iBQM mbBM; /22T #B/B`2+iBQM�H
HQM; b?Q`i@i2`K K2KQ`v rBi? bFBT +QMM2+iBQMbǴX A111 :2Qb+B2M+2 �M/ _2KQi2 a2MbBM;
G2ii2`b R3 UdV, RkN3ĜRjykX

w2BH2`- JX .X kyRkX ǳ�.�.1Gh�, �M �/�TiBp2 G2�`MBM; _�i2 J2i?Q/ǴX �`sBp T`2T`BMi
�`sBp,RkRkX8dyRpRX

w?Qm- "X- GX :�Q 2 uX@>X .�BX kyyeX ǳ:`�/B2Mi J2i?Q/b rBi? �/�TiBp2 ai2T@aBx2bǴX *QKTm@
i�iBQM�H PTiBKBx�iBQM �M/ �TTHB+�iBQMb j8,eNĜ3eX ?iiTb,ff/QBXQ`;fRyXRyydfbRy83N@yye@
e99e@yX

w?Qm- >X kyR9X S`�+iB+�H a2BbKB+ .�i� �M�HvbBbX *�K#`B/;2 lMBp2`bBiv S`2bbX
w?m- q2B[B�M;- E�BH�B sm- 1`B+ 6 .�`p2- "BQM/Q "BQM/B 2 :`2;Q`v *X "2`Qx�X kykRX ǳAMi2@

;`�iBM; .22T L2m`�H L2irQ`Fb rBi? 6mHH@r�p27Q`K AMp2`bBQM, _2T�`�K2i`Bx�iBQM- _2;m@
H�`Bx�iBQM- �M/ lM+2`i�BMiv Zm�MiB}+�iBQMǴX :2QT?vbB+bX
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