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In this paper we review and discuss some fundamental aspects of the random version of the Olami-Feder-
Christensen model, and its relevance for the understanding of self-organized criticality (SOC). We review the
universal character of the exponent= 3/2, related to avalanche size distributions in random SOC models, and

its connection to branching processes theory. We also generalize previous results, that had been obtained for
the random OFC model with four neighbors, to any coordination number. Finally we present some connections
between our generalization and recent discussions involving the branching rate approach to this model.

| Introduction (1,7) exceeds a threshold value, the system relaxes accord:
ing to specific rules that will be presented in detail in section

The concept of self-organized criticality was introduced by !l Within the OFC model there is a dissipation parameter
Bak, Tang and Wiesenfeld [1] in 1987, as a possible expla-a- If & = 0.25 the dynamical variable; ; of the model
nation of scale invariance in nature. To illustrate their ba- iS conserved during the avalanche process, in the bulk of
sic ideas, they present a cellular automaton model that bethe lattice (there is always dissipation in the boundaries),
came known as the sandpile model, because of an analogut if a < 0.25 there is some dissipation also in the bulk
between its dynamical rules and the way sand topples andPf the system. Because of those facts, this model has beer
generates avalanches, in a real sand pile. Since this semiwidely studied in literature. It is, at the same time, a proto-
nal work, a great number of cellular automata and coupledtype of self-organization in systems with non-conservative
map models have been investigated, in an attempt to elucitelaxation rules, and also a paradigm of the success of SOC
date the essential mechanisms hidden in such a wide claséleas, since it is able to reproduce important aspects of the
of different non-linear phenomena whose statistics of eventsstatistics of real earthquakes. The OFC model still attracts
(or ‘avalanches’) are governed by power-laws. However, de-the attention of many researchers [13-15], because the ex-
spite many efforts, up to now, one still lacks from a general istence of SOC in the non-conservative models is not well
theoretical framework for self-organized criticality. Most of uUnderstood.

the available results are purely numerical. Success in ana- The random neighbor version of the OFC model (R-
lytical investigations have been achieved mainly in the study OFC) has the same dynamical rules of the original OFC,
of a special class of models that became known as abeliarexcept by the fact that it is not defined on a lattice. Now, the
models [2], in mean-field type calculations [3-9] or through relaxation of any critical site affects four other sites cho-
a renormalization group approach [10]. sen at random, instead of affecting the nearest neighbors
In this paper we discuss the random neighbor version of defined by the lattice. It has been proved that the R-OFC
the Olami-Feder-Christensen (R-OFC) model. The original model is critical only in the conservative regime [5-7]. In
OFC model introduced in 1992 [11] is a two-dimensional references [5] and [6] it was shown that, in the infinite-size
coupled map model, defined on a square lattice, whose dydimit, the mean value of the avalanche size,s >, is fi-
namical rules were inspired in a spring-block model [12] nite for all values ofe < 1/q, whereq is the connectivity
proposed to describe the dynamics of earthquakes, which if each site of the system. They also showed that >
related to some empirical power-laws (like the Gutenberg- goes fast to infinity agx approachesd /q (the conservative
Ritcher law). With each node of a square lattice we asso-limit). In reference [5], Boker and Grassberger proposed
ciate a real state variable (or 'energy));. The model is  and solved numerically an equation based on the mean value
globally driven, and each time the energy of a given site of the avalanche size and the mean energy of unstable site:
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for infinite systems. This equation has an exact solution for Boulter [15]. Finally, we present our conclusions in sec-
a = 1/q. Their simulation results are in very good agree- tion V.
ment with theoretical predictions. In reference [6] Chabanol

and Hakim also obtained the exact solution for the equa- . - .
tion that governs the evolution of probability distribution I Self-organlzed C”tlcallty as a

of energy sites, again for an infinite system. They derived branching process
a master equation, assuming that, in this limit, during an
avalanche, the probability of a site relax twice is zero. Be- The importance of the so called 'random neighbor’ versions
cause the redistribution of energy of relaxing sites, in ran- of models showing self-organized critical behavior was rec-
dom models, are independent events, they may be identifiechgnized since the introduction of this concept [16]. Because
with a branching process, and as a conseguence, conservan those random models there are no spatial correlations
tion is a essential ingredient to achieve criticality. (there is no lattice, and ‘neighbors’ are chosen at random),
In 1996, in a controversial paper about the R-OFC model they are usually considered a kind of mean-field approxi-
[4], Lise and Jensen developed a formalism that enabledmation of the corresponding lattice model. In 1995, Zap-
them to perform some analytical calculations. The use of peri, Lauritsen and Stanley [17] introduced a simple model,
an oversimplified approximation for the energy distribution called by them self-organized branching process (SOBP),
across the system (they considered a uniform distribution),that made clear the relation between random conservative
in the stationary state, lead them to incorrectly predict a SOC models (in the case, sandpile models) and a branching
crossover between critical/noncritical behavior in the non- process.
conservative regime (they concluded that, dop 2/9, the A branching process [18] can be characterized by a se-
R-OFC model would be critical). However, although the re- guence of random variabld%,, }5° ,, n € N, in which Z,,
sult obtained by them is incorrect, the approach proposed inrepresents the total number of individuals in #i& gen-
this paper, based on the analysis of the branchingaase  eration. The number of individuals in generation- 1 is
correct, clever and interesting. It has been employed with related to the number of individuals in the next generation
success in other works (see, for instance, [7-9,15]). Basedthrough a probability;, that is the probability that a given
on that approach, we were able to show that the use of aindividual, belonging to a given generation, gives birth to
slightly better approximation for the distribution of energy : descendants; (= 1,...,q). This probability depends on
in the stationary state could lead to much more reasonableneither what has happened in the previous generations (itis a
results [7]. markovian process), nor on the number of descendents that
In this paper, we intend to generalize our previous anal- other individuals, in the same generation, eventually give
ysis to deal with models with a generic coordination number birth to. Branching processes may be pictorially represented
(or connectivity)q, and address some other aspects relatedin a tree, in whichZ,, represents the number of nodes of the
to the Lise-Jensen approach. Despite the fact that it had aliree in each generation. The so called branchingaatie-
ready been proved that the R-OFC model is not critical if fined asc = "2 ) i p; corresponds to the average number
dissipative, we think that is important to understand exactly of descendants a single individual gives birth to. In this con-
why the ideas presented in [4] failed. We show that a bet- text, a sequence of births can be thought as an ‘avalanche’,
ter approximation for the distribution of energy is enough and critical branching processes, for whigh= 1, are de-
to lead to correct predictions. The approximation we pro- scribed by power laws.
pose for the distribution of energy in the stationary state, = Consider now the random version of the sandpile model.
although still simplified if compared to the real one, also al- In the limit of an infinite system, the probability that a site
low most of the analytical calculations proposed in [4] and topples twice in the same avalanche is zero, so it is rea-
can probably be useful in other situations. The paper is orga-sonable to assume that different sites topple independently.
nized as follows: in section Il, we review, with some detail, However, because SOC models are constantly driven, the
a simple model that elucidates the connection between ran-existence of open boundaries plays a fundamental role in
dom models with self-organized criticality and the theory the self-organizing process. The SOBP model was the first
of branching process (and, of course, its fundamental sta-to take that point into account. In this model, the number
tistical results). We show that, for this model with= 2, of toppling sites is equivalent to the number of nodes in a
the probability of having an avalanche of sizecales with branching process. A node in the tree corresponds to an
7 = 3/2, as obtained for other random conservative mod- active site that may generagenew active sites in the next
els with SOC. In section lll, we present the dynamical rules generation. Thus the sizeof an avalanche, usually iden-
of the OFC and R-OFC models, as well as the Lise-Jensertified with the number of sites that toppled, is equal to the
analytical approach. In section IV, we generalize our previ- total number of sites that became active throughout the gen-
ous analysis to systems with any coordination number. Weerations. Boundaries were introduced in the SOBP model
also discuss our results in the context of other aspects ofby allowing no more than generations for each avalanche.
Lise-Jensen approach, raised in a recent paper of Miller and  In this section, we calculate, with some detail, for the
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SOBP model withy = 2, the probabilityP,, (s, p) of hav-
ing an avalanche of siz¢ for any value ofp, in a system
with n generations. The generating functionf, in the
n-generation [18], is defined by
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in which z is the expansion variable of a power series
(lz] < 1). For the SOBP model, in the = 0 generation,
there is only one active site (= 1); in generatiomm = 1,
there is a probability of having 2 active sitess(= 3) and

a probabilityl — p of having no active sites(= 1). Hence,
we have, fom = 0 en = 1, respectively,

fn(xap) :an(sap)xsv (1)
s=0
J
{ fO(xap) = (2)
fi(z,p) = f(z,p) = (1 — p)z + pa® = z(1 — p+ pa?).

Sincef,1(z,p) = f[fn(x,p)], forn > 1, we can write a recursion relation betwegn 1 (x, p) and f,, (z, p):

Jra1(z,p) = [l —p+pfi(z,p)). ®3)

Inthe limitofn > 1, fu11(x,p) =~ fu(z,p). Solving (3) forf(z, p) gives

1—\/1—4x2p(1—p)' @

fz,p) = S2p

Expanding (4) in power series afaroundz = 0 and comparing this result with (1) leads to the following coefficients of the
first terms of the series

Pn(17p) = 1- b;
P.(3,p) = p(1-p)*
P.(5,p) = 2p°(1—-p)°. ®)
For a generia we have
s+l A@

Pn(s,p) = [4p(1 —p)] 2 (6)

2p(s+ 1)1

whereA, = d**1h/dyst |,—o, with h(y) = /1 — y2. Itis easy to see that, for even valuesspfi, = 0. For odd values of
s we have

s—1
(s))?
Ag=s(s =)Ao =s[[(s— k)’ = ————. 7)
e 2:-1s [(55H)1]
The expressiofitp(1 — p)]*/2, presented in (6), can be re-written as
. , sln[dp(1 —
[4p(1 = p)]*/? = exp{In[4p(1 — p)]*/*} = exp {[p;p)]} = exp(—s/sc), (8)
in which s, = —2/1In[4p(1 — p)]. Substituting (8) into (6) gives, for the probabiliB, (s, p),
41 —p) exp(—s/s.)As
whereA; is zero if s is even, and defined by (7) sfis odd.
Using the Stirling relation gives
! ~ /2715(5+1/2) exp(—s);
(5 +1)! =~ V27(s + 1)+3/2) exp[—(s + 1)] ~ V215632 exp[—(s + 1)]; (10)

(5523)! ~ v2r (552) % expl—(s — 1/2)] ~ V2 (3)" exp[—(s — 1/2)],
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and it is possible to write (7) as

As 1 73/2. Ern - Ern + aEi ’

~ S
2(s+ 1)! V2 . .
) ( ) ] whereF,., is the energy of sites chosen at random.
Finally, ass > 1, expression (9) becomes The dissipation parameter is defined in the range
[0,1/q]. If & = 1/q the model is conservative.

(11)

2(1—p) exp(—s/sc)
D 82

P (s,p) = (12) The R-OFC model, fo = 4, was studied in the con-
text of branching processes by Lise and Jensen [4]. They
This branching process is not critical in general. How- were able to calculate, after making some hypotheses and
ever, forp = p. = 1/2, s, — oo, andexp(—s/s.) — 1 and approximations, the branching rateof the R-OFC model,
the process is critical. In this case, expression (12) can beand concluded, on the contrary of what was expected by the
written as arguments presented in the previous section, that the model
was critical in the nonconservative regime, for> 2/9.
B _ ]2 5 Their result is not correct [5,6]. We showed, however,
P.(s,p=pc)=1/—= s . (13) that the bl i i
problem was not in the approach used by Lise and
Jensen, but in the very poor approximation they employed
for the energy distribution in the stationary state [7]. We
recover the intuitive approach of Lise-Jensen’s paper, and
used, instead, a slightly better approximation for the energy
distribution. Before generalizing those results for a version
of the R-OFC model with a generic coordination number, we
é/\(qll review the basic concepts proposed by Lise and Jensen
adapting them for a general connectivity
Consider the R-OFC model during an avalanche. We

Also, it is quite clear from the results presented above, il d h f . ble sitéhat i
that we shall not expect to find criticality in non conserv- will denote the energy of a generic stable ditéthat is, a
site for whichE), < E.) by E, and the energy of an un-

ing models. Only in the conservative case, random self- . T ;
organized critical systems are related to a branching process?table site ,Ek ZiEC) by E,". Note that, for a §|t§ that
is not toppling,E,. € [0, E.]. A generic stable sitg be-

comes unstable during an avalanche after receiving a frac-
Il The Random Olami-Feder- tion aE; of the energy of another sitethat was unstable
) and relaxed in the previous generation. Hence, the proba-
Christensen model bility that a generic site, with energy,, becomes unstable
due to the relaxation of another site with enegy can

The original OFC model [11] is a lattice model that asso- pe defined as the fraction of sites with eneffgysuch that
ciates to each site of the lattice a continuous state variableg, ¢ [E. — aEt, E,]:

E, ;, initially in the interval[0, E.), whereE. is a thresh-

This result is exactly the probability distribution of
avalanche sizes in the mean-field approximation [19, 20].
The same exponent = 3/2 was also obtained for other
random versions of conservative models, like, for instance,
the Bak-Tang-Wiesenfeld sandpile model [21] and it reflects
the absence of spatial correlations. FKog 2, the proce-
dure presented above can be generalized and the associat
branching process will be critical fgr=p. = 1/q.

old value. The system is slowly driven, and, every time the Ee

energy of a sitdi, j) exceedsE,, the system relaxes. All . p(E) dE

or part of the energy of sité, j) is then distributed among P (ET) = E”:;E , (16)

its nearest neighbors. As a consequence, the engérgf [ p(E)dE

some of the neighbors may also excéed and the process 0

goes on, generating an “avalanche”, udtikc £, again for The branching ratie is defined as the average number

all sites in the lattice. We assume open boundaries. Theof new unstable sites generated by a single site that has just
size of an avalanche is equal to the number of relaxationrelaxed. Since the probability that an active site (a node),
events. In the random version of the OFC model, every time generateg new active sites (branches) 4§+>’ where we

a site becomes unstable and relaxes, “neighbors” are choseByerage over all possible values Bft (E+ > E.), the

atrandom. branching ratio can be written as
More specifically, for the R-OFC model, the rules are:

e driving dynamics: the energy of all the sitési = OOP ENp(EY) dE+
1,...,Nisincreased by E, that is, bf +(ET)p(ET)d

o=q(Pr)=g¢q = - (7)

| p(E*)dE*

E.

c

Ey — Ex+0E, k=1,...N (14)

e Avalanche dynamics: If any siteis unstable, i. e., if The branching process is subcritical when< 1 (the
its energyFE; > E., whereFE, is the threshold value, avalanches are always finite), supercritical when> 1
an avalanche is triggered and the system relaxes ac{the probability of having infinite avalanche is not zero and
cording to the rules: < s >— 0), and critical ifc = 1. Sincec = ¢ (P4),
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the branching process is critical whegn= (P.) = 1/¢, in

agreement with what was obtained in the previous section

for the SOBP model.

10.0

(a)

4, ®

e
15

8.0

o—o a=0.21
— 0=0.22
=—= 0=0.23

p,(E)

P(E)

Figure 1. a) Probability distribution of energy per gilg”) versus
energyE of R-OFC model, for; = 4 and for different values of
a: a = 0.21, 0.22 e 0.23; the width of the peaks decreases as
a increases. b) An approximation fp{ E): ps(E) formed by 4
peaks ¢ = 4) in which A,, is the half-width of the peaks); is
the width of the gaps between the peaks, arglthe amplitude of
peaks. We assum@. > E* = TA, + 3A,.

In order to employ equation (17) to calculate the branch-

ing ratio, it is necessary to estimate the probability distribu-
tion of energy per site(E), which depends on. Fig. 1a,
obtained numerically, exhibits(E) for the R-OFC model
with ¢ = 4, for three different values aof. Lise and Jensen,
in their paper, approximates £') by a uniform distribution
pu(E):
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[ a, forEel0,E.]
pu(E) = { 0, forE € (E,., ). (18)
Hence,
75
pu(E) dE
u E.—aE+ aEt
PYET) = = ==— (9
f pu(E) dE )
0
and
[ p(EV)E* dE
+
ot qu Ee_ _ 9B (20)
© [ p(EY)dET ‘

E.

where(ET) is the average energy of active sites defined by

[ p(Eh)E* dB*
E.

(Bf) ==% (21)
| p(E*)dE*
E.

Consider now a relaxing unstable sitethat gives the
fraction o E;", of its energy to a stable sitg with E; €
[E. — aE], E], such that, afterward#;;” = E; + oE;".
Assuming tha{ E") = (E;") = (E™) (what is reasonable
in the stationary state and was another assumption made by
Lise and Jensen) gives

_{ET)
1—a’

where(E~) is the average value of the energy of all stable
sites that may become unstable, and can be written as

(ET) (22)

]
Ec Ec
[ Ep(E")dE- [ E p(E")dE-
_ E.—aE+ E.—a(Et)
(B) = EF - (23)
| p(E-)dE- i p(E~)dE~
E.—aEt+ E.—a(ET)
The assumption that( E) is uniform leads to
v B2 (Be—o(ET)? alET)
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and to
(= e (25) |
2—-« a, forEel;,i=1,...,q
Finally, substituting (25) into (20), we get, for the branching pe(E) = { 0, for other cases (28)
rate
o 22 (26) | | |
2—« wherel; = [0,A,] andl; = [(2i —3)A, + (1 — 1) Ay, (20 —

The process is critical & = 1, what happens if DA, 4+ (1 —1)Ay],i=2,...,q. p(E) now is a distribution

characterized by ‘square peaks’ of widtl2 A, (see figure
=, 2 (27) 1bforq = 4). A, is the width of the gaps between the peaks.

2+ Note thatE* = (¢ — 1)Ay + (2¢ — 1)A,, is the maximum
For ¢ = 4, Lise-Jensen’s result is recovered, that is value ofE for whichp,(E) # 0, in other wordsE,. > E*.
a. =2/9. .

/ If Ay — 0andA, — E./(2¢— 1), the uniform approx-
imation is recovered, singeg,(E) = p,(E). On the other

IV Abetter approximation forthe en-  hand, ifA, — 0 andA, — aF,, p,(E) tends tog delta
distributi E functions, that is what we would obtain in the conservative
ergy IStribution p( ) case (see reference [5]).
Suppose that we now assume a slightly more realistic ap- We repeat the same steps exhibited in previous subsec-
proximation forp(E), tion, using now the distribution (28):
|
E. E.
pq(E) dE I p(E)dE
P+(E+) Ec*;EJr _ ch(;Ei 1)aA ’ (29)
qu(E) dE 1 b
0
where the inferior limitE, — o £+ belongs to any of the intervals, i = 1, ..., ¢, the denominator is
00 A, (2i—1)Ap+(i—1)A,
q
/pq(E)dE = /adE—i—Z adE | =
0 0 =2 | (2i-3)Ap+(i—1)A,
= al,+ (¢—1)(2a)A, = (29 — 1)alr,, (30)
and the numerator is
E. (2i—1)Ap+(i—1)A,
pe(E)dE = / adE + (¢ —i)2al, =
E.—aE+ E.—aE+t
= a[(2¢— 1A, + (i — 1)Ay — (E. — aE1)]. (31)

The superscript indicates in which of the intervalg, i = 1, ..., g, the expressio(E, — aE™) is located. Putting (30) and
(31) into (29), leads to

. — 1) A, E. aE*t
PL(EN)Y=1+ (i - = + , 32
HE) =1 A, T G- 08, | a4, 42
and, for the branching ratio (17)
, ] i~ 1)A E, Et)
Uz:q<P+>L:q 1+ (Z ) b — + a< > (33)

2¢-1)4A, (2¢—-1A, (2¢—-1)A, |’

where(P, )* means the average over all possible valueBtfsuch thatt, — aE™ € I;.
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Analogously to (22), we also have
i_ (E-)
1-a’

where(E+)? and(E~)? are, respectively, the average values of energy of unstable and stable sites. From (28) and (23) we

(E*) (34)

(20— 1)2A2 + (i — 1)2A + 28,4 — [E. — a(ET)]?

E7) = , 35
e 22— 1, + (i~ DAy~ BotalBT)] 9
in which
q—1
zo= 22i-16-1)+ 2] =
j=i
= 2[2i-DiE-D+(@-1)g—i(i-1)] =
= 2[(i—1)*+ (¢ 1)gl, (36)
withi =1,...,¢. Substituting (35) into equation (34), we obtain a second-order equation whose solution is
i E. [(2¢—DA,+ (-1 A)] (1 — ) VYi
+ _ _ P
(E7) Ca(2-a) a(2—a) i2o¢(27a)’ (37)
with
yi = 4 Ee(1 — @) — [(2¢ = DA, + (i = DAY +8a(2 — a)[(i — 1)(i — 29) + q(g — DA, (38)
Substituting (37) into (33) and imposing that= 1 (critical condition), we get
—2qE.(1 —ac) +2(2¢ — 1)(q — 2+ ac)Ap + 2q(i — 1) Ay £ ¢/y; = 0, (39)
wherey; is given by the expression (38). It is possible to show, from (39), that
Aiag + Bia.+C; =0, (40)
where the constants;, B; andC; are given by
Ai =2q¢(2q = 1)Ec + (20 — 1)*Ap + 2¢°[(i — 1) (i — 2¢) + q(q — 1)]As
B; = —6q(2q — DE. +2(g — 2)(2¢ — 1)*Ap+ (41)
+2¢{(i = D[(2¢ — 1) — 2q(i — 29)] — 2¢° (¢ — 1)} A,
Ci =429 — D)[gEc + (1 — ¢)(2¢ — 1)Ap — q(i — 1)A)]
The polynomial (40) can be written as

whereR; = 44, + 2B; + C; = 0. The two solutions of (42) are. = 2 anda. = —(24; + B;)/ A;. Since, in our case,
a € [0,1/¢], only the second solution is valid.

The uniform distribution of energy, (E), is recovered i, — E./(2¢ — 1) andA, — 0. In this case the coefficients
expressed by (41) become

Bi=B=—-4(q+1)(2¢ - 1)E. . (43)

Ai=A=(2¢+1)(2¢ - 1)E.
C;=C=4(2¢—1)E,

anda. = 2/(2q + 1), which is equal to (27); as expected, in the particular cage-o#, a. = 2/9.
Let now consider the other limit. 1A, — 0 andA, — a.E. the energy distribution becomes a sequence of delta
functions, and that is exactly what is expected for the conservative R-OFC model. In this case the coefficients (41) becor

Ai = qEA2(2q — 1) + 2qa.[(i — 1)(i — 2q) + q(q — 1)]}
Bi = 2qE{—3(2¢ — 1) + [(i — 1)(2¢ — 1) — 2q(i — 1)(i — 2¢) — 2¢*(q — 1)]exc} . (44)
Ci =4q(2¢ — 1)E.[1 — (i — 1)
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and equation (40) becomes

=2y +(@— 1w <1, 49

4508 + 4302 + araee + o = 0, 45) E. 2¢ =1+ (@—Dn (49)

with wherey, = A, /E. andy, = A/ E.. The question we now
ask is: Are there any values of < 1/q for which ¢ may
be equal tal? In other words, if we approximaig E) by

az = 2q[(i —1)(i — 2q) + q(q — 1))] the distribution of energy given in (28), can the model still
az = 2[(2¢ — 1)i —2q(i — 1)(i — 2q) — 2¢°(q — 1)] display a critical behavior in the nonconservative case?
ar = —2(2¢ — 1)(1 + 2i) ' In this case, the second solution of (45) may be written
ap =4(2¢ — 1) as
(46)
P
Dividing (45) by (ar, — 2) yields @ =g (50)
boaf + brae + by = 0, (47)  where
where _ _
e = (PRI M Y
by = 2q((i — 1)(i — 2¢) + q(q — 1)] and
by = 2i(2 — 1) .48
bo = —2(2q — 1)
g=1,+ %1 dG-1)(-29)+q(q—1)]
If i = q, we haveb, = 0, anda, = 1/q. If i < g, 2 P 2q — 1 Vos
it is not hard to prove (see appendix) that the solutions of (52)
equation (47) are such that > 1/q or a. < 0, what is im- forallg > 0,7, > 0,7 > 0.

possible. We conclude then that, in the conservative limit, Let us consider the regions of the parameter spgce
we must have = g anda, = 1/q (for ¢ =4, a. = 1/4) as M, ¥ I;, for which0 < a. < 1/¢, under the restriction (49).

expected. In order to havey, > 0, (51) must be positive, sinag > 0,
In the generic casf, > 0, A, > 0 with the restriction v i. This is guaranteed by inequality (4%),7, > 0 and
thatE* > E., that is, v > 0, because
]

12(2q_1)7p+(q—1)%>(2qg(ql)

Y+ (i = . (83)
Supposing now that. < 1/¢, (50) leads to the following inequality:

(2 —1)(2¢> —2q + 1) q[(i —1)* + q(q — 1)]

— — <
! 2G-0 " @-De-p =" &9
|
that, for the particular case gf= 4, takes the form that there is a non-zero, but small, probability of having crit-
. icality, in the physically accessible range of the parameter
1 17757 A4 -1)* +12] vy <0 (55) «. That probability decreases amcreases, since the prob-
24 P 21 - ability that a stable site becomes unstable is higher for larger
This particular case was presented in Fig. 2, for each value of.
of the intervals/;, just to illustrate the general discussion From figures 2a and 2b, we see that the valueg, @fs-

we will present below. In this figure, the shaded regions, sociated with the shaded area (the values,pind-~, for

for each of thel peaks ofp4(F), indicate pairs of values of  which the model is possibly critical) are very smali.is re-

(7», 7») compatible with the conditions imposed by inequal- lated to the size of the gaps between the peaks. That means
ities (49) and (55). They represents the value&/of, A;) that, to allow criticality,p4(F) ~ p,(E) and very far from

for which we cannot guarantee (based on logical argumentsthe expectegh(E) for o =~ 0.25. In figures 2c and 2d, the
and restrictions as the ones deduced above) that the modelalues ofy, are a bit larger, but still not compatible with the

is not critical. From now on we will call them “critical re-  range of values of those parameters that would approximate
gions” in the parameter space. For all values @ie ob- the four peak distribution to the ‘real’ distribution shown in
serve that there is a small shaded region, which shows udigure 1a (wherey, ~ 0.08 ey, ~ 0.1).
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(@ (b)
0.40 | : 0.40 :
=
0.20 - : 0.20 | J
0.00 : 0.00 *
0.00 0.10 0.20 0.00 0.10 0.20
Yo Yo
0.40 : 0.40 :
(©) (d
0.20 - : = 0.20 .
0.00 * 0.00
0.00 0.10 0.20 0.00 0.10 0.20

Yo Yo

Figure 2. The parameter spacemf(E), with ¢ = 4 in terms ofy, = A,/E. and~v, = A,/E.. The shaded regions correspond to
limited regions by the interception between< 1/4 and 7+, + 37, < 1. Depending on the value df. — aE™", there are 4¢ = 4)
cases: (AQF. — aET €[0,A,]; (D) E. — aE™' € [Ap + Ay, 34, + Ap]; (€) Ec — aE™T € [3A, + 244,54, +2A,); e () E. —aE* €
[5Ap + 3Ap, 7Ap + 3Ab]

In the case of a genericwe can state that: the parameter space, where we cannot exclude the critica
a) there is no value af such that the lines, that limit the  behavior, intercept each other fox ¢ — 1.
critical regions, coincide, since the coefficientsypffor the In order to see that, we compare inequalities (49) and (54).

lines corresponding to inequalities (49) and (54), never haveThe lines intercept when
identical values;

b) for anyi < ¢, there is always a region, in the param- 2¢-1lg-1) _ 1 (58)
eter space, for which the model may be critical. This can be qli —1)2+q(g—1)] = ¢—1
proved with the same argument employed in item a).

c¢) the smaller the value @fthe smaller the region, in the
parameter space, for which the model may be critical; for the

This expression can be re-written in the following form:

-2 -3 2
highest value of, i = ¢, the shaded ared, decreases with ¢ —2qi—q" +4q" =3¢+ 1<0. (59)
g according to a power law given by Solving this equation foi gives
D
A 1 2(g—1) 1+ =1+ \ZF, (60)
= —_ = q
! 20¢-1)(2¢—1) (2¢-1)(2¢> —2¢ +1)
1 where D = 4q(q® — 4¢®> + 4q — 1). Forq = 1 we have
= — 2 _ : (56) D =0,s0i =q = 1; for ¢ = 2, it follows that D < 0, so
2(¢—1)(2¢> —2¢ + 1) . [TV
there is no value of such that the lines intercept each other.
Moreover, For g > 2, we see thatD > 0, what means that there is
some value of such that the lines intercept each other.
1 is always smaller thah. In this case, it is easy to prove, by
lim A, = 1i =0. 57 contradiction, that; < ¢ — 1.
dm A= e e —a - ©D .

Recently, Miller and Boulter [15] used this branching-
rate approach in a more general discussion about the criti-
d) For anyq > 2, the lines that define the region, in cality of the OFC model in the non-conservative regime.
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In order to argue that the OFC model indeed organizessites,(E™) and, as a consequence, obtained also better re-
itself towards criticality (regardless of whether it is critical sults for the branching rate versus the dissipation parame-
or not), they calculated the branching rate and compared theter o (than the one obtained with Lise-Jensen approximation
behavior of both OFC and R-OFC models. They revisited (61)).

Lise-Jensen’s approach, but now without assuming that
We think that, even if we assume (61), what is reason-

+ +
() =(B]) = (E7). (61) able for the stationary state, the use of a better approxima-
Instead, they estimated a recursion relation connecting thetion for the energy distributiop(E), like the one suggested
average energy of active sites between two successive genby us (see (28)), will also led to better fittings for bd#it)
erations in an avalanche, at the beginning of the organizationando versusa. In the particular case af = ¢ - when the
process. With this approach they were able to get, for the R-probability of having criticality is greatest (see figure 2d) -
OFC model, better fittings for the average energy of active the expression (38) becomes

]
Yimq = 2|Ec(l — @) = [(2¢ — 1)Ap + (i — 1)Ab]2|a (62)
and the solutions (37) can be rewritten as
_ (E. — E*)/a, ifa<1—(E./E")
(B = { (Bt E)/2—a), ifa>1—(E/E) (63)
| (B.+EY)/2-a), fa<l-—(E./E")
(EN) = { (B — B /o, ifa>1—(B/EY) (64)

whereE* = (2¢ — 1)A, + (¢ — 1)A,.
Analogously, the expressions for (33) become

. _ 0, if o < 1— (E./E)

ol = { 2B — Eo(1—a))/A)(2¢ — D2 —a), ifa>1—(EJE) (65)
q 2q[E* — E.(1—-a)]/Ap(2¢—1)a(2— ), fa<l—(E./E*

7 T { g ( )]/o, ! e :f o i 1- EE/E% (66)

Examining theses expressions we notice that they alsoeralizing our previous results to systems with an arbitrary
do notincrease linearly with, as in what was called “ Lise-  connectivityq. Our calculations made clear how sensitive
Jensen approximation” in [15]. We think that this is an evi- the results, to the approximation made for the energy distri-
dence that, if we define as a function of?, we also would bution, necessary to calculate the branching sate
obtain, foro x «a, a curve much closer to the simulation re-

sults obtained by Miller and Boulter [15]. We were also able to show that, for the more realistic ap-

proximation to the energy distributign, (£) in the station-

ary state §(E) is approximated by square peaks) there is
VV Conclusions only a small region of parameter spagg, x Ay, for which

we cannot exclude criticality in the non conservative case.
In this paper, we discuss the importance, to the analysis offowever, the values of, and~, for which our simplified
random versions of models with self-organized criticality, Pa(E) is close to the distribution obtained from numerical
of the the branching rate approach introduced in ([4]). We Simulations do not belong to those regions.
review the branching rate approach and we calculate, in de-

tail, the exponent that characterizes the probability distri- We suggest that this better, but still simple approxima-

bution of avalanche sizes. The result obtained= 3/2, tion, might also be able to reproduce the numerical simula-
corroborates the connection between random SOC modelsions of the average energy of active sites and the branching
and branching processes. rate for R-OFC model as functions of the dissipation param-

We concentrate our attention in the R-OFC model, gen- etera.
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Appendix Dem] The solutions of (47) are given by
—2i(2¢g — 1) = vD

_ , _ 4q((i = 1)(i — 29) + q(g — )]
In that appendix we prove thatif< ¢, the solutions of
(47) are such that, > 1/q or a. < 0. In other words, we ~ with D = 4i?(2q — 1) + 16¢(2q — 1)[(i — 1)(i — 2q) +

Qe =

(67)

must assumé = ¢ in order to havev. € [0,1/q]. q(q — 1)]. Then, under the assumptiorc ¢, and setting
]
(-1(—-29)+qlg=1) = #-2qi—i+2+q¢"—q=
= (¢—i)*+(¢g—1i)>0. (68)

we gety/D > 2i(2q — 1). This relation guarantees that, if one solution is negative, the other is positive.
Suppose now that the positive solutien, > 0, is such that,, < 1/q; soa? < 1/4¢%. Then the inequality can be written
as follows:

b b
baa? + by + by < q%-&-;l—i-bo- (69)
Using equation (47), (69) is then

by + b1 + ¢°by > 0. (70)

Putting the coefficients (48) into (70) leads to

bo+ b+ %0 = 2q[(i—1)* +qlg—1) = (2¢ - 1)(i — 1) +i(2¢ = 1) —q(2¢ — 1)] =
= 29[ -1 +q(¢-1)-(2¢-1)(¢g-1)] =

2[(i 1) = (¢=1)%] >0 (71)

Itis easy to see that, wheén< ¢, we have a contradiction. Therefore, fox. ¢, a. < 00ra, > 1/¢q. O
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